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The closer you look the more there is to see



Preface

It seems to be a strange enterprise to attempt write a physics book about a
single number. It was not my idea to do so, but why not. In mathematics,
maybe, one would write a book about 7. Certainly, the muon’s anomalous
magnetic moment is a very special number and today reflects almost the full
spectrum of effects incorporated in today’s Standard Model (SM) of funda-
mental interactions, including the electromagnetic, the weak and the strong
forces. The muon g — 2, how it is also called, is a truly fascinating theme
both from an experimental and from a theoretical point of view and it has
played a crucial role in the development of QED which finally developed into
the SM by successive inclusion of the weak and the strong interactions. The
topic has fascinated a large number of particle physicists, last but not least
it was always a benchmark for theory as a monitor for effects beyond what
was known at the time. As an example, nobody could believe that a muon is
just a heavy version of an electron; why should nature repeat itself, it hardly
can make sense. The first precise muon g — 2 experiment at CERN answered
that question: yes the muon is just a heavier replica of the electron! Today we
know we have a threefold replica world, there exist three families of leptons,
neutrinos, up-quarks and down-quarks, and we know we need them to get in a
way for free a tiny breaking at the per mill level of the fundamental symmetry
of time-reversal invariance, by a phase in the family-mixing matrix. At least
three families must be there to allow for this possibility. This symmetry break-
ing also know as CP-violation is mandatory for the existence of all normal
matter in our universe which clustered into galaxies, stars, planets, and after
all allowed life to develop. Actually, this observed matter—antimatter asymme-
try, to our present knowledge, cries for additional CP-violating interactions,
beyond what is exhibited in the SM. And maybe it is a, which already gives
us a hint how such a basic problem could find its solution. The muon was the
first replica particle found. At the time, the existence of the muon surprised
physicists so much that the Nobel laureate Isidor I. Rabi exclaimed, “Who
ordered that?”. But the muon is special in many other respects and its unique
properties allow us to play experiment and theory to the extreme in precision.
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One of the key points of the anomalous magnetic moment is its simplicity
as an observable. It has a classical static meaning while at the same time it
is a highly non-trivial quantity reflecting the quantum structure of nature in
many facets. This simplicity goes along with an unambiguous definition and
a well-understood quasi-classical behavior in a static perfectly homogeneous
magnetic field. At the same time the anomalous magnetic moment is tricky
to calculate in particular if one wants to know it precisely. To start with,
the problem is the same as for the electron, and how tricky it was one may
anticipate if one considers the 20 years it took for the most clever people of
the time to go form Dirac’s prediction of the gyromagnetic ratio g = 2 to the
anomalous g — 2 = a/7 of Schwinger.

Today the single number a,, = (g, —2)/2 in fact is an overlay of truly many
numbers, in a sense hundreds or thousands (as many as there are Feynman
diagrams contributing), of different signs and sizes and only if each of these
numbers is calculated with sufficient accuracy the correct answer can be ob-
tained; if one single significant contribution fails to be correct also our single
number ceases to have any meaning beyond that wrong digit. So high accuracy
is the requirement and challenge.

For the unstable short-lived muon which decays after about 2 micro sec-
onds, for a long time nobody knew how one could measure its anomalous
magnetic moment. Only when parity violation was discovered by end of the
1950s one immediately realized how to polarize muons, how to study the mo-
tion of the spin in a magnetic field and how to measure the Larmor precession
frequency which allows to extract a,. The muon g — 2 is very special, it is in
many respects much more interesting than the electron g — 2, and the g — 2
of the 7; for example, we are not even able to confirm that g, ~ 2 because
the 7 is by far too short-lived to allow for a measurement of its anomaly with
presently available technology. So the muon is a real lucky case as a probe for
investigating physics at the frontier of our knowledge. By now, with the ad-
vent of the recent muon g — 2 experiment, performed at Brookhaven National
Laboratory with an unprecedented precision of 0.54 parts per million, the
anomalous magnetic moment of the muon is not only one of the most pre-
cisely measured quantities in particle physics, but theory and experiment lie
apart by three standard deviations, the biggest “discrepancy” among all well
measured and understood precision observables at present.

This promises nearby new physics, which future accelerator experiments
are certainly going to disentangle. It may indicate that we are at the begin-
ning of a new understanding of fundamental physics beyond or behind the
SM. Note, however, that this is a small deviation and usually a five-standard
deviation is required to be accepted as a real deviation, i.e. there is a small
chance that the gap is a statistical fluctuation only.

One would expect that it is very easy to invent new particles and/or
interactions to account for the missing contribution from the theory side.
Surprisingly other experimental constraints, in particular the absence of any
other real deviation from the SM, make it hard to find a simple explanation.
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Most remarkably, in spite of these tensions between different experiments, the
minimal supersymmetric extension of the standard model, which promised
new physics to be “around the corner”, is precisely what could fit. So the
presently observed deviation in g — 2 of the muon feeds hopes that the end of
the SM is in sight.

About the book: in view of the fact that there now exist a number of
excellent more or less extended reviews, rather than adding another topical
report, I tried to write a self-contained book not only about the status of
the present knowledge on the anomalous magnetic moment of the muon, but
also reminding the reader about its basic context and the role it played in
developing the basic theoretical framework of particle theory. After all, the
triumph this scientific achievement marks, for both theory and experiment,
has its feedback on its roots as it ever had in the past. I hope it makes the
book more accessible for non-experts and it is the goal to reach a broader
community to learn about this interesting topic without compromising with
resect to provide a basic understanding of what it means.

So the books is addressed to graduate students and experimenters inter-
ested in deepening some theoretical background and to learn in some detail
how it really works. Thus, the book is not primarily addressed to the experts,
but nevertheless gives an up-to-date status report on the topic. Knowledge
of special relativity and quantum mechanics and a previous encounter with
QED are expected.

While the structural background of theory is indispensable for putting
into perspective its fundamental aspects, it is in the nature of the theme that
numbers and the comparison with the experiment play a key role in this book.

The book is organized as follows: Part I presents a brief history of the
subject followed in Chap. 2 by an outline of the concepts of quantum field
theory and an introduction into QED, including one-loop renormalization and
a calculation of the leading lepton anomaly as well as some tools like the
renormalization group, scalar QED for pions and a sketch of QCD. Chapter 3
first discusses the motion of leptons in an external field in the classical limit
and then overviews the profile of the physics which comes into play and what
is the status for the electron and the muon g — 2’s. The basic concept and
tools for calculating higher-order effects are outlined.

In Part II the contributions to the muon g — 2 are discussed in detail.
Chapter 4 reviews the QED calculations. Chapter 5 is devoted to the hadronic
contributions, in particular to the problems of evaluating the leading vac-
uum polarization contributions from electron—positron annihilation data. Also
hadronic light-by-light scattering is critically reviewed. Chapter 6 describes
the principle of the experiment in some detail as well as some other back-
ground relevant for determining g, — 2. The final Chap. 7 gives a detailed
comparison of theory with the experiment and discusses possible impact for
physics beyond the standard theory and future perspectives.
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Introduction

The book gives an introduction to the basics of the anomalous magnetic
moments of leptons and reviews the current state of our knowledge of the
anomalous magnetic moment (g — 2) of the muon and related topics. The
muon usually is denoted by p. Recent g — 2 experiments at Brookhaven Na-
tional Laboratory (BNL) in the USA have reached the impressive precision
of 0.54 parts per million [I]. The anomalous magnetic moment of the muon
is now one of the most precisely measured quantities in particle physics and
allows us to test relativistic local Quantum Field Theory (QFT) in its depth,
with unprecedented accuracy. It puts severe limits on deviations from the
standard theory of elementary particles and at the same time opens a win-
dow to new physics. The book describes the fascinating story of uncovering
the fundamental laws of nature to the deepest by an increasingly precise in-
vestigation of a single observable. The anomalous magnetic moment of the
muon not only encodes all the known but also the as of yet unknown non—
Standard-Model physicsE'. The latter, however, is still hidden and is waiting
to be discovered on the way to higher precision which allows us to see smaller
and smaller effects.

In order to understand what is so special about the muon anomalous mag-
netic moment we have to look at leptons in general. The muon (1), like the
much lighter electron (e~) or the much heavier tau (77) particle, is one of the
3 known charged leptons: elementary spin 1/2 fermions of electric charge —1
in units of the positron charge e, as free relativistic one particle states de-
scribed by the Dirac equation. Each of the leptons has its positively charged

! As a matter of principle, an experimentally determined quantity always includes
all effects, known and unknown, existing in the real world. This includes electromag-
netic, strong, weak and gravitational interactions, plus whatever effects we might
discover in future.

F. Jegerlehner: Introduction, STMP 226, 3-21] (2008)
DOI 10.1007/978-3-540-72634-0 1 © Springer-Verlag Berlin Heidelberg 2008



4 1 Introduction

antiparticle, the positron e™, the pu+ and the 7T, respectively, as required by
any local relativistic quantum field theory ﬂZIE

Of course the charged leptons are never really free, they interact elec-
tromagnetically with the photon and weakly via the heavy gauge bosons W
and Z, as well as very much weaker also with the Higgs. Puzzling enough,
the three leptons have identical properties, except for the masses which are
given by m. = 0.511 MeV, m, = 105.658 MeV and m, = 1776.99 MeV,
respectively. In reality, the lepton masses differ by orders of magnitude and
actually lead to a very different behavior of these particles. As mass and
energy are equivalent according to Einstein’s relation E = mc?, heavier par-
ticles in general decay into lighter particles plus kinetic energy. An immediate
consequence of the very different masses are the very different lifetimes of
the leptons. Within the Standard Model (SM) of elementary particle inter-
actions the electron is stable on time scales of the age of the universe, while
the p has a short lifetime of 7, = 2.197 x 107% seconds and the 7 is even
more unstable with a lifetime 7. = 2.906 x 10~!3 seconds only. Also, the
decay patterns are very different: the p decays very close to 100% into elec-
trons plus two neutrinos (ev.v,), however, the 7 decays to about 65% into
hadronic states 7~ v, 7~ 70, - - - while the main leptonic decay modes only
account for 17.36% p~ v, v, and 17.85% e~ .., respectively. This has a dra-
matic impact on the possibility to study these particles experimentally and
to measure various properties precisely. The most precisely studied lepton
is the electron, but the muon can also be explored with extreme precision.
Since the muon, the much heavier partner of the electron, turns out to be
much more sensitive to hypothetical physics beyond the SM than the elec-
tron itself, the muon is much more suitable as a “crystal ball” which could
give us hints about not yet uncovered physics. The reason is that some ef-
fects scale with powers of m?, as we will see below. Unfortunately, the 7 is
so short lived, that corresponding experiments are not possible with present
technology.

A direct consequence of the pronounced mass hierarchy is the fundamen-
tally different role the different leptons play in nature. While the stable elec-
trons, besides protons and neutrons, are everywhere in ordinary matter, in
atoms, molecules, gases, liquids, metals, other condensed matter states etc.,
muons seem to be very rare and their role in our world is far from obvious.
Nevertheless, even though we may not be aware of it, muons as cosmic ray
particles are also part of our everyday life. They are continuously created
when highly energetic particles from deep space, mostly protons, collide with
atoms from the Earth’s upper atmosphere. The initial collisions create pions
which then decay into muons. The highly energetic muons travel at nearly
the speed of light down through the atmosphere and arrive at ground level at

2Dirac’s theory of electrons, positrons and photons was an early version of what
later developed into Quantum FElectrodynamics (QED), as it is known since around
1950.
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a rate of about 1 muon per cm? and minute. The relativistic time dilatation
thereby is responsible that the muons have time enough to reach the ground.
As we will see later the basic mechanisms observed here are the ones made use
of in the muon g — 2 experiments. Also remember that the muon was discov-
ered in cosmic rays by Anderson & Neddermeyer in 1936 [3], a few years after
Anderson [4] had discovered antimatter in form of the positron, a “positively
charged electron” as predicted by Dirac, in cosmic rays in 1932.

Besides charge, spin, mass and lifetime, leptons have other very interesting
static (classical) electromagnetic and weak properties like the magnetic and
electric dipole moments. Classically the dipole moments can arise from either
electrical charges or currents. A well known example is the circulating current,
due to an orbiting particle with electric charge e and mass m, which exhibits
a magnetic dipole moment p; = 2lce T X v given by

e

K = Ome L (11)
where L = mr X v is the orbital angular momentum (r position, v velocity).
An electrical dipole moment can exist due to relative displacements of the
centers of positive and negative electrical charge distributions. Thus both
electrical and magnetic properties have their origin in the electrical charges
and their currents. Magnetic charges are not necessary to obtain magnetic
moments. This aspect carries over from the basic asymmetry between electric
and magnetic phenomena in Maxwell’s equations. While electric charges play
the fundamental role of the sources of the electromagnetic fields, elementary
magnetic charges, usually called magnetic monopoles, are absent. A long time
ago, Dirac [5] observed that the existence of magnetic charges would allow
us to naturally explain the quantization of both the electric charge e and the
magnetic charge m. They would be related by

1 . .
em = 2nhc , where n is an integer.

Apparently, nature does not make use of this possibility and the question of
the existence of magnetic monopoles remains a challenge for the future in
particle physics.

Whatever the origin of magnetic and electric moments are, they contribute
to the electromagnetic interaction Hamiltonian (interaction energy) of the
particle with magnetic and electric fields

H=—ptm -B—d. E, (1.2)

where B and E are the magnetic and electric field strengths and w,, and
d. the magnetic and electric dipole moment operators. Usually, we measure
magnetic moments in units of the Bohr magneton

1o = eh/2me (1.3)
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and the spin operator ho
S = 9 (1.4)

is replacing the angular momentum operator L. Thus, generalizing the clas-
sical form (L)) of the orbital magnetic moment, one writes (see Sect. B.1))

o g

d, = , 1.
5 1@ po (1.5)

Hm =g Q Ho
where o; (i = 1,2,3) are the Pauli spin matrices, @ is the electrical charge in
units of e, Q = —1 for the leptons @ = +1 for the antileptons. The equations
are defining the gyromagnetic ratio g (g-factor) and its electric pendant 7,
respectively, quantities exhibiting important dynamical information about the
leptons as we will see later.

The magnetic interaction term gives rise to the well known Zeeman effect:
atomic spectra show a level splitting

AE = 2;c(L+gS)-B=gJ,LLOij.
The second form gives the result evaluated in terms of the relevant quantum
numbers. m; is the 3rd component of the total angular momentum J = L+ S
in units of h and takes values m; = —j,—j+1,---,j with j =1+ % g, is
Landé’s gffactorﬁ. If spin is involved one calls it anomalous Zeeman effect.
The latter obviously is suitable to study the magnetic moment of the electron
by investigating atomic spectra in magnetic fields.

The anomalous magnetic moment is an observabldd which can be relatively
easily studied experimentally from the motion of the lepton in an external
magnetic field. The story started in 1925 soon after Goudsmit and Uhlenbeck
[6] had postulated that an electron had an intrinsic angular momentum of
;h, and that associated with this spin angular momentum there is a mag-
netic dipole moment equal to efi/2mc, which is the Bohr magneton pg. The

3The Landé g, may be calculated based on the “vector model” of angular
momentum composition:

L+gS)-JJ-B _(L+gS) (L+89)
J J J?
L +gS°+(g+1)L-S (g+1)J>—(g—1)L*+(g—1) 52
= thB =
J? 2.2
where we have eliminated L - S using J> = L?> + S* + 2L - S. Using J = j(j + 1) h
etc. we find

(L+gS) B =" J.B

m]hB

JG+D =11 +1)+s(s+1)

With the Dirac value g = 2 we find the usual textbook expression.

4A quantity which is more or less directly accessible in an experiment. In general
small corrections based on well understood and established theory are necessary for
the interpretation of the experimental data.
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important question “is (pm,)e precisely equal to pg”, or “is ¢ = 1”7 in our
language, was addressed by Back and Landé in 1925 [7]. Their conclusion,
based on a study of numerous experimental investigations on the Zeeman ef-
fect, was that the magnetic moment of the electron (p,, ). was consistent with
the Goudsmit and Uhlenbeck postulate. In fact, the analysis was not conclu-
sive, as we know, since they did not really determine g. Soon after Pauli had
formulated the quantum mechanical treatment of the electron spin in 1927 [g],
where g remains a free parameter, Dirac presented his relativistic theory in
1928 [9].

The Dirac theory predicted, unexpectedly, g = 2 for a free electron [9],
twice the value ¢ = 1 known to be associated with orbital angular momentum.
After first experimental confirmations of Dirac’s prediction g. = 2 for the
electron (Kinster and Houston 1934) [10], which strongly supported the Dirac
theory, yet within relatively large experimental errors at that time, it took
about 20 more years of experimental efforts to establish that the electrons
magnetic moment actually exceeds 2 by about 0.12%, the first clear indication
of the existence of an “anomalous™ contribution

_9e—2
2

to the magnetic moment [I1]. By end of the 1940’s the breakthrough in un-
derstanding and handling renormalization of QED (Tomonaga, Schwinger,
Feynman, and others around 1948 [12]) had made unambiguous predictions
of higher order effects possible, and in particular of the leading (one-loop
diagram) contribution to the anomalous magnetic moment

ag , U=e,pu,7) (1.6)

ED «
a®PW = " (t=ep) (L.7)

by Schwinger in 1948 [I3] (see Sect. and Chap. [3). This contribution is
due to quantum fluctuations via virtual electron photon interactions and in
QED is universal for all leptons. The history of the early period of enthusiasm
and worries in the development and first major tests of QED as a renormaliz-
able covariant local quantum field theory is elaborated in great detail in the
fascinating book by Schweber [T4] (concerning g—2 see Chap. 5, in particular).

In 1947 Nafe, Nelson and Rabi [T5] reported an anomalous value by about
0.26% in the hyperfine splitting of hydrogen and deuterium, which was quickly
confirmed by Nagle et al. [16], and Breit [I7] suggested a possible anomaly
g # 2 of the magnetic moment of the electron. Soon after, Kusch and Foley
[18], by a study of the hyperfine-structure of atomic spectra in a constant mag-
netic field, presented the first precision determination of the magnetic moment
of the electron g, = 2.00238(10) in 1948, just before the theoretical result had

5The anomalous magnetic moment is called anomalous for historic reasons, as a
deviation from the classical result. In QED or any QFT higher order effects, so called
radiative corrections, are the normal case, which does not make such phenomena less
interesting.



8 1 Introduction

been settled. Together with Schwinger’s result at? = a/(2m) ~ 0.00116 (which
accounts for 99% of the anomaly) this provided one of the first tests of the
virtual quantum corrections, usually called radiative corrections, predicted
by a relativistic quantum field theory. The discovery of the fine structure
of the hydrogen spectrum (Lamb-shift) by Lamb and Retherford [I9] and
the corresponding calculations by Bethe, Kroll & Lamb and Weisskopf &
French [20] was the other triumph of testing the new level of theoretical
understanding with precision experiments. These successes had a dramatic
impact in establishing quantum field theory as a general framework for the
theory of elementary particles and for our understanding of the fundamen-
tal interactions. It stimulated the development of QEDY in particular and
the concepts of quantum field theory in general. With the advent of non—
Abelian gauge theories, proposed by Yang and Mills (YM) [22] in 1954, and
after ’t Hooft and Veltman [23] found the missing clues to understanding and
handling them on the quantum level, many years later in 1971, the SM [24]
(Glashow, Weinberg, Salam 1981/1987) finally emerged as a comprehensive
theory of weak, electromagnetic and strong interactions. The strong inter-
actions had emerged as Quantum Chromodynamics (QCD) [25] (Fritzsch,
Gell-Mann, Leutwyler 1973), exhibiting the property of Asymptotic Freedom
(AF) [26] (Gross, Politzer and Wilczek 1973). All this structure today is cru-
cial for obtaining sufficiently precise predictions for the anomalous magnetic
moment of the muon as we will see.

The most important condition for the anomalous magnetic moment to be
a useful monitor for testing a theory is its unambiguous predictability within
that theory. The predictability crucially depends on the following properties
of the theory:

1. it must be a local relativistic quantum field theory and
2. it must be renormalizable.

As a consequence g — 2 vanishes at tree level. This means that g cannot be
an independently adjustable parameter in any renormalizable QFT, which in
turn implies that g — 2 is a calculable quantity and the predicted value can be
confronted with experiments. As we will see g— 2 can in fact be both predicted
as well as experimentally measured with very high accuracy. By confronting
precise theoretical predictions with precisely measured experimental data it is
possible to subject the theory to very stringent tests and to find its possible
limitation.

The particle-antiparticle duality [2], also called crossing or charge conju-
gation property, which is a basic consequence of any relativistic local QFT,
implies in the first place that particles and antiparticles have identical masses
and spins. In fact, charge conjugation turned out not to be a universal symme-
try of the world of elementary particles. Since, in some sense, an antiparticle

5Today we understand QED as an Abelian gauge theory. This important struc-
tural property was discovered by Weyl [21] in 1929.
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is like a particle propagating backwards in time, charge conjugation C has
to be considered together with time-reversal T (time-reflection), which in a
relativistic theory has to go together with parity P (space-reflection). Besides
C, T and P are the two other basic discrete transformation laws in particle
physics. A well known fundamental prediction which relates C', P and T is
the CPT theorem: the product of the three discrete transformations, taken
in any order, is a symmetry of any relativistic QFT. Actually, in contrast
to the individual transformations C'; P and T', which are symmetries of the
electromagnetic— and strong-interactions only, C'PT is a universal symmetry
and it is this symmetry which guarantees that particles and antiparticles have
identical masses as well as equal lifetimed]. But also the dipole moments are
very interesting quantities for the study of the discrete symmetries mentioned.

To learn about the properties of the dipole moments under such transfor-
mations we have to look at the interaction Hamiltonian ([2]). In particular
the behavior under parity and time-reversal is of interest. Naively, one would
expect that electromagnetic (QED) and strong interactions (QCD) are giving
the dominant contributions to the dipole moments. However, both preserve P
and T and thus the corresponding contributions to (L2]) must conserve these
symmetries as well. A glimpse at (LH) tells us that both the magnetic and the
electric dipole moment are proportional to the spin vector o which transforms
as an axial vector. Thus, on the one hand, both p,, and d. are axial vectors.
On the other hand, the electromagnetic fields E and B transform as a vec-
tor (polar vector) and an axial vector, respectively. An axial vector changes
sign under T but not under P, while a vector changes sign under P but not
under T'. We observe that to the extent that P and/or T are conserved only
the magnetic term —pu, - B is allowed while an electric dipole term —d. - E
is forbidden and hence we must have n = 0 in (LI]). Since the weak inter-
actions violate parity maximally, weak contributions cannot be excluded by
the parity argument. However, T' (by the C PT—theorem equivalent to C'P) is
also violated by the weak interactions, but only via fermion family mixing in
the Yukawa sector of the SM (see below). It turns out that, at least for light
particles like the known leptons, effects are much smaller. So electric dipole

"In some cases particle and antiparticle although of different flavor may have the
same conserved quantum numbers and mix. Examples of such mixing phenomena
are K — K% oscillations or B® — B%oscillations. The time evolution of the neutral
kaon system, for example, is described by

d (K° K° i
el A Y H=M-'r
1dt<K0> (K0>’ 2

where M and I' are Hermitian 2 X 2 matrices, the mass and the decay matrices.
The corresponding eigenvalues are Ar,,s = mr s — ;’yL,s. CPT invariance in this
case requires the diagonal elements of M to be equal. In fact |mgo —mgo| < 4.4 X
107 GeV (90%CL) provides the best test of CPT, while the mass eigenstates K,
and Ks exhibit a mass difference Am = mx, —mxg = 3.483 £ 0.006 x 10712 MeV.
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moments are suppressed by approximate 7' invariance at the level of second
order weak interactions (for a theoretical review see [27]). In fact experimental
bounds tell us that they are very tiny 23

|de| < 1.6 x 1072 ¢ - cm at 90% C.L. (1.8)

This will also play an important role in the interpretation of the g — 2 ex-
periments as we will see later. A new dedicated experiment for measuring the
muon electric dipole moment in a storage ring is under discussion [29].

As already mentioned, the anomalous magnetic moment of a lepton is
a dimensionless quantity, a pure number, which may be computed order by
order as a perturbative expansion in the fine structure constant « in QED,
and beyond QED, in the SM of elementary particles or extensions of it. As
an effective interaction term an anomalous magnetic moment is induced by
the interaction of the lepton with photons or other particles. It corresponds
to a dimension 5 operator and since a renormalizable theory is constrained to
exhibit terms of dimension 4 or less only, such a term must be absent for any
fermion in any renormalizable theory at tree level. It is the absence of such a
possible Pauli term that leads to the prediction g = 2 + O(«). On a formal
level it is the requirement of renormalizability which forbids the presence of
a Pauli term in the Lagrangian defining the theory (see Sect. 2.4.2)).

In 1956 a. was already well measured by Crane et al. [30] and Berestetskii
et al. [31] pointed out that the sensitivity of a; to short distance physics scales
like

Sa;  m?

Qyp ~ A2
where A is an UV cut—off characterizing the scale of new physics. It was there-
fore clear that the anomalous magnetic moment of the muon would be a much
better probe for possible deviations from QED. However, parity violation of
weak interaction was not yet known at that time and nobody had an idea how
to measure a,,.

As already discussed at the beginning of this introduction, the origin of
the vastly different behavior of the three charged leptons is due to the very
different masses gy, implying completely different lifetimes 7. = oo, 7 =
/Iy o< 1/G%Em3 (¢ = p,7) and vastly different decay patterns. G is the
Fermi constant, known from weak radioactive decays. In contrast to muons,
electrons exist in atoms which opens the possibility to investigate a. directly
via the spectroscopy of atoms in magnetic fields. This possibility does not
exist for muondd. However, Crane et al. [30] already used a different method
to measure a.. They produced polarized electrons by shooting high—energy
electrons on a gold foil. The part of the electron bunch which is scattered
at right angles, is partially polarized and trapped in a magnetic field, where

(1.9)

8The unit e - cm is the dipole moment of an e e —pair separated by 1cm. Since

d=1 2‘:‘552 , the conversion factor needed is hc = 1.9733 - 107" MeV cm and e = 1.

We discard here the possibility to form and investigate muonic atoms.
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spin precession takes place for some time. The bunch is then released from
the trap and allowed to strike a second gold foil, which allows to analyze the
polarization and to determine a.. Although this technique is in principle very
similar to the one later developed to measure a,,, it is obvious that in practice
handling the muons in a similar way is not possible. One of the main questions
was: how is it possible to polarize such short lived particles like muons?

After the proposal of parity violation in weak transitions by Lee and
Yang [32] in 1957, it immediately was realized that muons produced in weak
decays of the pion (77 — p*+ neutrino) should be longitudinally polarized.
In addition, the decay positron of the muon (u+ — e + 2 neutrinos) could
indicate the muon spin direction. This was confirmed by Garwin, Lederman
and Weinrich [33] and Friedman and Telegdi ﬂE] The first of the two papers
for the first time determined g,, = 2.00 within 10% by applying the muon spin
precession principle (see Chap. [6). Now the road was free to seriously think
about the experimental investigation of a,,.

It should be mentioned that at that time the nature of the muon was quite
a mystery. While today we know that there are three lepton—quark families
with identical basic properties except for differences in masses, decay times
and decay patterns, at these times it was hard to believe that the muon is
just a heavier version of the electron (u — e—puzzle). For instance, it was
expected that the p exhibited some unknown kind of interaction, not shared
by the electron, which was responsible for the much higher mass. So there was
plenty of motivation for experimental initiatives to explore a,.

The big interest in the muon anomalous magnetic moment was motivated
by Berestetskii’s argument of dramatically enhanced short distance sensitiv-
ity. As we will see later, one of the main features of the anomalous magnetic
moment of leptons is that it mediates helicity flip transitions. The helicity
is the projection of the spin vector onto the momentum vector which defines
the direction of motion and the velocity. If the spin is parallel to the direc-
tion of motion the particle is right-handed, if it is antiparallel it is called
left-handed. For massless particles the helicities would be conserved by the
SM interactions and helicity flips would be forbidden. For massive particles
helicity flips are allowed and their transition amplitude is proportional to the
mass of the particle. Since the transition probability goes with the modulus
square of the amplitude, for the lepton’s anomalous magnetic moment this
implies, generalizing (L)), that quantum fluctuations due to heavier particles
or contributions from higher energy scales are proportional to

10T he latter reference for the first time points out that P and C' are violated simul-
taneously, in fact P is maximally violated while C'P is to very good approximation
conserved in this decay.

"Handedness is used here in a naive sense of the “right-hand rule”. Naive because
the handedness defined in this way for a massive particle is frame dependent. The
proper definition of handedness in a relativistic QFT is in terms of the chirality (see
Sect. 2:2). Only for massless particles the two different definitions of handedness
coincide.
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day m%
M 1.1
ar X M2 ( > mf) ) ( 0)

where M may be

— the mass of a heavier SM particle, or
— the mass of a hypothetical heavy state beyond the SM, or
— an energy scale or an ultraviolet cut—off where the SM ceases to be valid.

On the one hand, this means that the heavier the new state or scale the harder
it is to see (it decouples as M — o0). Typically the best sensitivity we have for
nearby new physics, which has not yet been discovered by other experiments.
On the other hand, the sensitivity to “new physics” grows quadratically with
the mass of the lepton, which means that the interesting effects are magnified
in a, relative to a. by a factor (m,/m.)? ~ 4 x 10%. This is what makes
the anomalous magnetic moment of the muon a, the predestinated “monitor
for new physics”. By far the best sensitivity we have for a, the measurement
of which however is beyond present experimental possibilities, because of the
very short lifetime of the 7.

The first measurement of the anomalous magnetic moment of the muon
was performed at Columbia in 1960 [35] with a result a, = 0.00122(8) at a
precision of about 5%. Soon later in 1961, at the CERN cyclotron (1958-1962)
the first precision determination became available [36] [37]. Surprisingly, noth-
ing special was observed within the 0.4% level of accuracy of the experiment.
It was the first real evidence that the muon was just a heavy electron. In par-
ticular this meant that the muon was point-like and no extra short distance
effects could be seen. This latter point of course is a matter of accuracy and
the challenge to go further was evident.

The idea of a muon storage rings was put forward next. A first one was
successfully realized at CERN (1962-1968) [38 [39, 40]. It allowed to measure
a, for both p* and g~ at the same machine. Results agreed well within
errors and provided a precise verification of the CPT theorem for muons. An
accuracy of 270 ppm was reached and an insignificant 1.7 o (1 o = 1 Standard
Deviation (SD)) deviation from theory was found. Nevertheless the latter
triggered a reconsideration of theory. It turned out that in the estimate of
the three-loop O(a®) QED contribution the leptonic light-by-light scattering
part (dominated by the electron loop) was missing. Aldins et al. [4I] then
calculated this and after including it, perfect agreement between theory and
experiment was obtained.

One also should keep in mind that the first theoretical successes of QED
predictions and the growing precision of the a. experiments challenged theo-
reticians to tackle the much more difficult higher order calculations for a.
as well as for a,. Soon after Schwinger’s result Karplus and Kroll 1949 [42]
calculated the two-loop term for a.. In 1957, shortly after the discovery of
parity violation and a first feasibility proof in [33], dedicated experiments to
explore a, were discussed. This also renewed the interest in the two-loop
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calculation which was reconsidered, corrected and extended to the muon by
Sommerfield [43] and Petermann [44], in the same year. Vacuum polariza-
tion insertions with fermion loops with leptons different from the external
one were calculated in [45] [46]. About 10 years later with the new gener-
ation of g — 2 experiments at the first muon storage ring at CERN O(a?)
calculations were started by Kinoshita [47], Lautrup and De Rafael [48] and
Mignaco and Remiddi [49]. Tt then took about 30 years until Laporta and
Remiddi [50] found a final analytic result in 1996. Many of these calculations
would not have been possible without the pioneering computer algebra pro-
grams, like ASHMEDAI [51], SCHOONSHIP [52] [53] and REDUCE [54]. More recently
Vermaseren’s FORM [55] package evolved into a standard tool for large scale cal-
culations. Commercial software packages like MACSYMA or the more up—to—date
ones MATEMATICA and MAPLE, too, play an important role as advanced tools
to solve difficult problems by means of computers. Of course, the dramatic
increase of computer performance and the use of more efficient computing
algorithms have been crucial for the progress achieved. In particular calcula-
tions like the ones needed for ¢ — 2 had a direct impact on the development
of these computer algebra systems.

In an attempt to overcome the systematic difficulties of the first a second
muon storage ring was built (1969-1976) [56] 57]. The precision of 7 ppm
reached was an extraordinary achievement at that time. For the first time
the mi /m?—enhanced hadronic contribution came into play. Again no devi-
ations were found. With the achieved precision the muon g — 2 remained a
benchmark for beyond the SM theory builders ever since. Only 20 years later
the BNL experiment E821, again a muon storage ring experiment, was able
to set new standards in precision. Now, at the present level of accuracy the
complete SM is needed in order to be able to make predictions at the appro-
priate level of precision. As already mentioned, at present further progress is
hampered somehow by difficulties to include properly the non—perturbative
strong interaction part. At a certain level of precision hadronic effects become
important and we are confronted with the question of how to evaluate them
reliably. At low energies QCD gets strongly interacting and a perturbative
calculation is not possible. Fortunately, analyticity and unitarity allow us to
express the leading hadronic vacuum polarization contributions via a disper-
sion relation (analyticity) in terms of experimental data [58]. The key rela-
tion here is the optical theorem (unitarity) which determines the imaginary
part of the vacuum polarization amplitude through the total cross section
for electron—positron annihilation into hadrons. First estimations were per-
formed in [59] 60} [6T] after the discovery of the p— and the w-resonancedd,
and in [64], after first ete™ cross—section measurements were performed at

2The p is a w7 resonance which was discovered in pion nucleon scattering 7~ +
p—or a’pandn” +p—n wtn [62] in 1961. The neutral p is a tall resonance in
the 777~ channel which may be directly produced in e™e™—annihilation and plays
a key role in the evaluation of the hadronic contributions to azad. The p contributes
about 70% to azad which clearly demonstrates the non—perturbative nature of the
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the colliding beam machines VEPP-2 and ACO in Novosibirsk [65] and Orsay
[66], respectively. One drawback of this method is that now the precision of
the theoretical prediction of a, is limited by the accuracy of experimental
data. We will say more on this later on.

The success of the CERN muon anomaly experiment and the progress in
the consolidation of the SM, together with given possibilities for experimental
improvements, were a good motivation for Vernon Hughes and other interested
colleagues to push for a new experiment at Brookhaven. There the intense pro-
ton beam of the Alternating Gradient Synchrotron (AGS) was available which
would allow to increase the statistical accuracy substantially [67]. The main
interest was a precise test of the electroweak contribution due to virtual W
and Z exchange, which had been calculated immediately after the renormal-
izability of the SM had been settled in 1972 [68]. An increase in precision
by a factor 20 was required for this goal. On the theory side the ongoing
discussion motivated, in the early 1980’s already, Kinoshita and his collabo-
rators to start the formidable task to calculate the O(a?) contribution with
more than one thousand four—loop diagrams. The direct numerical evalua-
tion was the only promising method to get results within a reasonable time.
Early results [69] [70] could be improved continuously [7I] and this work is
still in progress. Increasing computing power was and still is a crucial factor
in this project. Here only a small subset of diagrams are known analytically
(see Sect. ] for many more details and a more complete list of references).
The size of this contribution is about 6 ¢’s in terms of the present experimen-
tal accuracy and thus mandatory for the interpretation of the experimental
result.

The other new aspect, which came into play with the perspectives of a sub-
stantially more accurate experiment, concerned the hadronic contributions,
which in the early 1980’s were known with rather limited accuracy only. Much
more accurate e e~ —data from experiments at the electron positron storage
ring VEPP-2M at Novosibirsk allowed a big step forward in the evaluation of
the leading hadronic vacuum polarization effects [70] [72] [73] (see also [74]).
A more detailed analysis based on a complete up—to—date collection of data
followed about 10 years later [75]. Further improvements were possible thanks
to new hadronic cross section measurements by BES II [76] (BEPC ring) at
Beijing and by CMD-2 [77] at Novosibirsk. More recently, cross section mea-
surements via the radiative return mechanism by KLOE [78] (DA®NE ring)
at Frascati became available. The new results are in fair agreement with the
new CMD-2 and SND data [79] [80]. Attempts to include 7 spectral functions
via isospin relations will be discussed in Sect. A radiative return exper-
iment is in progress at BABAR [81] and a new energy scan experiment by

CLEO-c [82].

hadronic effects. The w-resonances was discovered as a 7%~ peak shortly after

the p in proton—antiproton annihilation pp — 77t 707~ 7~ [63].
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The physics of the anomalous magnetic moments of leptons has challenged
the particle physics community for more than 50 years now and experiments
as well as theory in the meantime look rather intricate. For a long time a.
and a, provided the most precise tests of QED in particular and of relativistic
local QFT as a common framework for elementary particle theory in general.

Of course it was the hunting for deviations from theory and the theorists
speculations about “new physics around the corner” which challenged new ex-
periments again and again. The reader may find more details about historical
aspects and the experimental developments in the interesting recent review:
“The 47 years of muon g-2” by Farley and Semertzidis [83].

Until about 1975 searching for “new physics” via a, in fact essentially
meant looking for physics beyond QED. As we will see later, also standard
model hadronic and weak interaction effect carry the enhancement factor
(m,/me)?, and this is good news and bad news at the same time. Good
news because of the enhanced sensitivity to many details of SM physics like
the weak gauge boson contributions, bad news because of the enhanced sen-
sitivity to the hadronic contributions which are very difficult to control and
in fact limit our ability to make predictions at the desired precision. This is
the reason why quite some fraction of the book will have to deal with these
hadronic effects (see Chap. [).

The pattern of lepton anomalous magnetic moment physics which emerges
is the following: a. is a quantity which is dominated by QED effects up to
very high precision, presently at the .66 parts per billion (ppb) levell The
sensitivity to hadronic and weak effects as well as the sensitivity to physics
beyond the SM is very small. This allows for a very solid and model indepen-
dent (essentially pure QED) high precision prediction of a.. The very precise
experimental value and the very good control of the theory part in fact allows
us to determine the fine structure constant o with the highest accuracy in
comparison with other methods (see Sect. B22)). A very precise value for «
of course is needed as an input to be able to make precise predictions for
other observables like a,, for example. While a., theory wise, does not at-
tract too much attention, although it requires to push QED calculation to
high orders, a, is a much more interesting and theoretically challenging ob-
ject, sensitive to all kinds of effects and thus probing the SM to much deeper
level (see Chap. H]). Note that in spite of the fact that a. has been measured
about 829 times more precisely than a, the sensitivity of the latter to “new
physics” is still about 52 times larger. The experimental accuracy achieved
in the past few years at BNL is at the level of 0.54 parts per million (ppm)
and better than the accuracy of the theoretical predictions which are still ob-
scured by hadronic uncertainties. A small discrepancy at the 2 to 3 o level
persisted [84], [85] [86] since the first new measurement in 2000 up to the one in
2004 (four independent measurements during this time), the last for the time
being (see Chap. [7). Again, the “disagreement” between theory and experi-
ment, suggested by the first BLN measurement, rejuvenated the interest in
the subject and entailed a reconsideration of the theory predictions. The most
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prominent error found this time in previous calculations concerned the prob-
lematic hadronic light—by—light scattering contribution which turned out to
be in error by a sign [87]. The change improved the agreement between theory
and experiment by about 1 0. Problems with the hadronic e™e™—annihilation
data used to evaluate the hadronic vacuum polarization contribution led to a
similar shift in opposite direction, such that a small discrepancy persists.

Speculations about what kind of effects could be responsible for the de-
viation will be presented in Sect. No real measurement yet exists for a.
Bounds are in agreement with SM expectation [88]. Advances in exper-
imental techniques one day could promote a, to a new “telescope” which
would provide new perspectives in exploring the short distance tail of the
unknown real world, we are continuously hunting for. The point is that the
relative weights of the different contributions are quite different for the 7 in
comparison to the p.

In the meantime activities are expected to go on to improve the impressive
level of precision reached by the muon g — 2 experiment E821 at BNL. Since
the error was still dominated by statistical errors rather than by systematic
ones, further progress is possible in any case. But also new ideas to improve on
sources of systematic errors play an important role for future projects. Plans
for an upgrade of the Brookhaven experiment in USA or a similar project
J-PARC in Japan are expected to be able to improve the accuracy by a fac-
tor 5 or 10, respectively [89]. For the theory such improvement factors are a
real big challenge and require much progress in our understanding of non—
perturbative strong interaction effects. In addition, challenging higher order
computations have to be pushed further within the SM and beyond. Another
important aspect: the large hadron collider LHC at CERN will go into op-
eration soon and will certainly provide important hints about how the SM
has to be completed by new physics. Progress in the theory of a, will come
certainly in conjunction with projects [in the state of realization]| to measure
hadronic electron—positron annihilation cross—sections with substantially im-
proved accuracy (see Sect. [[3]). These cross sections are an important input
for reducing the hadronic vacuum polarization uncertainties which yield the
dominating source of error at present. In any case there is good reason to
expect also in future interesting promises of physics beyond the SM from this
“crystal ball” of particle physicists.

Besides providing a summary of the status of the physics of the anomalous
magnetic moment of the muon, the aim of this book is an introduction to the
theory of the magnetic moments of leptons also emphasizing the fundamental
principles behind our present understanding of elementary particle theory.
Many of the basic concepts are discussed in details such that physicists with
only some basic knowledge of quantum field theory and particle physics should
get the main ideas and learn about the techniques applied to get theoretical

3 Theory predicts (g- —2)/2 = 117721(5) x 10~%; the experimental limit from the
LEP experiments OPAL and L3 is —0.052 < a, < 0.013 at 95% CL.
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predictions of such high accuracy, and why it is possible to measure anomalous
magnetic moments so precisely.

Once thought as a QED test, today the precision measurement of the
anomalous magnetic moment of the muon is a test of most aspects of the
SM with the electromagnetic, the strong and the weak interaction effects and
beyond, maybe supersymmetry is responsible for the observed deviation.

There are many excellent and inspiring introductions and reviews on the

subject [90, 911 92} (93] 94} [95] 96} 97} 98, 99 100} 10T} 102, 103} 104} 106 107],

which were very helpful in writing this book. For a recent rewiew see also [10§].

After completion of this work a longer review article appeared [109], which es-
pecially reviews the experimental aspects in much more depth than this book.
For a recent reanalysis of the light-by—light contribution I refer the reader
to [110], which presents the new estimate a;," = (110 & 40) x 10~ An-
other update is comparing electron, muon and tau anomalous magnetic mo-

ments [I11)].

A last minute update was necessary to include the new result [I12] (June
2007) on the universal O(a?) term, which implies a 7 o shift in . Note that
with « defined via a. the change in the universal part of g — 2 only modifies
the bookkeeping but does not affect the final result as a™ = a}® and the

non-universal part of a. only accounts for (aP — a™)/a®P = 3.8 parts per
billion.
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2

Quantum Field Theory and Quantum
Electrodynamics

One of the main reasons why quantities like the anomalous magnetic moment
of the muon attract so much attention is their prominent role in basic tests of
QFT in general and of Quantum Electrodynamics (QED) and the Standard
Model (SM) in particular. QED and the SM provide a truly basic framework
for the properties of elementary particles and allow to make unambiguous
theoretical predictions which may be confronted with clean experiments which
allow to control systematic errors with amazing precision. In order to set up
notation we first summarize some basic concepts. The reader familiar with
QED, its renormalization and leading order radiative corrections may skip
this introductory section, which is a modernized version of material covered
by classical textbooks [T} 2]. Since magnetic moments of elementary particles
are intimately related to the spin the latter plays a key role for this book. In
a second section, therefore, we will have a closer look at how the concept of
spin comes into play in quantum field theory.

2.1 Quantum Field Theory Background

2.1.1 Concepts, Conventions and Notation

We briefly sketch some basic concepts and fix the notation. A relativistic
quantum field theory (QFT), which combines special relativity with quan-
tum mechanics [3], is defined on the configuration space of space-time events
described by points (contravariant vector)

H = (xo,xl,xz,xB) = (xo,:n) i xY =t (= time)
in Minkowski space with metric

0

—_
o O

Guv = g =

(el en il e il
o O O

0 -1
0 0 -1

F. Jegerlehner: Quantum Field Theory and Quantum Electrodynamics, STMP 226, 23-[I33]
(2008)
DOI 10.1007/978-3-540-72634-0 2 (© Springer-Verlag Berlin Heidelberg 2008
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The metric defines a scalar produc‘ﬂ
_,.0,0 _ oV b
ry=xYy —x- Y= gur'y’ =atz,
invariant under Lorentz transformations, which include

1. rotations
2. special Lorentz transformations (boosts)

The set of linear transformations (4, a)
-t = AR ¥+ at (2.1)
which leave invariant the distance

(z —y)? = g (@ —y") (=" —y") (2.2)

between two events x and y form the Poincaré group P. P includes the
Lorentz transformations and the translations in time and space.

Besides the Poincaré invariance, also space reflections (called parity) P
and time reversal T, defined by

Pr=P (% x)= (2, —x), Te=T ") =(-2"2), (2.3)

play an important role. They are symmetries of the electromagnetic (QED)
and the strong interactions (QCD) but are violated by weak interactions. The
proper orthochronous transformations ”Pl do not include P and T, which
requires the constraints det/A = 1 and /100 > 0.

Finally, we will need the totally antisymmetric pseudo—tensor

+1 (pvpo) even permutation of (0123)
gtr? = ¢ —1 (urpo) odd permutation of (0123)
0 otherwise ,

which besides g"¥ is the second numerically Lorentz-invariant (L—invariant)
tensor.

In QFT relativistic particles are described by quantum mechanical statesﬁ,
like [£~(p,r)) for a lepton £~ of momentum p and 3rd component of spin r [4]

! As usual we adopt the summation convention: Repeated indices are summed
over unless stated otherwise. For Lorentz indices u,--- = 0,1,2,3 summation only
makes sense (i.e. respects L—invariance) between upper (contravariant) and lower
(covariant) indices and is called contraction.

2 A relativistic quantum mechanical system is described by a state vector |[¢) € H
in Hilbert space, which transforms in a specific way under PJ_. We denote by [¢")
the state transformed by (A,a) € PL Since the system is required to be invariant,
transition probabilities must be conserved

(¢ [W")* = [(lw)]* . (2.4)
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(Wigner states). Spin will be considered in more detail in the next section.
These states carry L-invariant mass p> = m? and spin s, and may be obtained
by applying corresponding creation operators a™(p,r) to the ground state |0),
called vacuum:

lp.7) =a*(p,r)[0) . (2.7)

The energy of the particle is p® = w, = \/p? + m2. The hermitian adjoints
of the creation operators, the annihilation operators a(p,r) = (a*(p,r))T,
annihilate a state of momentum p and 3rd component of spin 7,

a(pv T)|p,7 T/> = (277)3 2(")10 5(3) (p —DP /) 57’7” |0>
and since the vacuum is empty, in particular, they annihilate the vacuum
a(p.)0) = 0. (2.8)

The creation and annihilation operators for leptons (spin 1/2 fermions), a and
a™, and the corresponding operators b and bt for the antileptons, satisfy the
canonical anticommutation relations (Fermi statistics)

Therefore, there must exist a unitary operator U(A, a) such that

W) = [0y =U(Aa)[¥) € H
and U(A, a) must satisfy the group law:

U (A2,a2) U (A1,a1) = wU (A241, Azar + a2) .

This means that U(4, a) is a representation up to a phase w (ray representation)
of PJ_. Without loss of generality one can choose w = +1 (Wigner 1939).
The generators of PJ_ are the relativistic energy-momentum operator P,
U@ =U(l,a) =" =1+iPa"+... (2.5)

and the relativistic angular momentum operator M,
_ _ L whY M vo__ i 5%
U(A)=U(A,0)=e2 " —1—|—2w My, + ... (2.6)
Since for infinitesimal transformations we have
A, =61, + W, with wu = —wup,
the generators My, are antisymmetric:
My, =—M,, .

By unitarity of U(A, a), P, and M,, are Hermitian operators on the Hilbert space.
The generator of the time translations Py represents the Hamiltonian H of the
system (H = Pp) and determines the time evolution. If [¢)) = |¢),, is a Heisenberg
state, which coincides with the Schrédinger state [(0))s at ¢t = 0, then |¢(t))s =
et |1(0)) 4 represents the state of the system at time .
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{a(p,r),a* (@', 7")} = {b(p,r), 0" (p',7")} = (27)° 2w, 6P (P —p') 6,n  (29)

with all other anticommutators vanishing. Note, the powers of 27 appearing at
various places are convention dependent. Corresponding creation and annihi-
lation operators for photons (spin 1 bosons) satisfy the commutation relations
(Bose statistics)

[e(p, N, e (p' N)] = (27)° 2w, 6P (D — ") Sanr - (2.10)

In configuration space particles have associated fields [5] [6] [7]. The leptons
are represented by Dirac fields 1, (), which are four—component spinors o =
1,2,3,4, and the photon by the real vector potential field A*(z) from which
derives the electromagnetic field strength tensor F*¥ = gAY — 9V A*. The
free fields are represented in terms of the creation and annihilation operators

= > [ Au) {ualpir) alpr) e 4 valpr) b () €7}

r=+1/2
(2.11)
for the fermion, and

Z/du ) {eu(p, A) c(p, \) e7P* + h.c.} (2.12)

for the photon (h.c. = hermitian conjugation). The Fourier transformation has
to respect that the physical state is on the mass—shell and has positive energy
(spectral condition: p*> = m?, p° > m, m > 0), thusp’ = w, = \/m2 + p? and

/du(p)...z/%j;;ﬂ)g... /(;1; OO0 — ).

Note that Fourier amplitudes e¥?* in (ZII) and (ZI2), because of the
on-shell condition p® = w,, are plane wave (free field) solutions of the
Klein-Gordon equation: (O, + m?) eTP? = 0 or the d’ Alembert equation
(0,) eFP® = 0 for the photon where m., = 0. Therefore, the fields themselves
satisfy the Klein-Gordon or the d’” Alembert equation, respectively. The “am-
plitudes” u, v and ¢, appearing in ([211]) and ([ZI2)) respectively, are classical
one-particle wave functions (plane wave solutions) satisfying the free field
equations in momentum spacd]. Thus u the lepton wavefunction and v the

30ur convention for the four-dimensional Fourier transformation for general
(off—shell) fields, reads (all integrations from —oo to +00)

U(p) = /d4x P y(z), At(p) = /d4x eP” AM(x) . (2.13)

The inverse transforms then take the form

v = [ o8 ow . @ = [ G b e i), i@ = [ o8 e
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antilepton wavefunction are four—spinors, c-number solutions of the Dirac
equations,

(p —m) ua(p,r) =0, for the lepton

(P +m)va(p,7) =0, for the antilepton. (2.14)

As usual, we use the short notation p = y#p, = 7v°p° — 4p (repeated indices
summed over). Note that the relations (22I4]) directly infer that the Dirac field
is a solution of the Dirac equation (iy*9,, —m) ¥(x) = 0.

The vy—matrices are 4 x 4 matrices which satisfy the Dirac algebra:ﬁ

{97 = Y At = 29" (2.15)

The L-invariant parity odd matrix vs5 (under parity v° — A% ~% — —~¢
1=1,2,3)

5 =1y B =1; =14 (2.16)

satisfies the anticommutation relation

{v5: 7"} =" + s =0 (2.17)

and is required for the formulation of parity violating theories like the weak
interaction part of the Standard Model (SM) and for the projection of Dirac
fields to left-handed (L) and right-handed (R) chiral fields

and hence the derivative with respect to x* turns into multiplication by the four—
momentum —ip,: O, (x) — —ipub(p) ete.

“Dirac’s y-matrices are composed from Pauli matrices. In quantum mechanics
spacial rotations are described by the group of unitary, unimodular (detU = 1)
complex 2 X 2 matrix transformations SU(2) rather than by classical O(3) rotations.
The structure constants are given by €5 (i,k,1 = 1,2,3) the fully antisymmetric
permutation tensor. The generators of SU(2) are given by T; = %' ; o (i = 1,2,3)
in terms of the 3 hermitian and traceless Pauli matrices

/(01 (0 —i (10
1= 10) 27 io0) 7 \0o-1

one of which (03) is diagonal. The properties of the Pauli matrices are

(04, 0%) = 2i€ini0r, {03, 0%} = 20k
cfj':m, 01-2:1, Tro; =0
1 1 .
giok = {oi,01} + 5 [03,0k] = ik + i€iri0u
As usual we denote by [A, B] = AB — BA the commutator, by {A, B} = AB+ BA

the anticommutator. Dirac’s y—matrices in standard representation (as an alterna-
tive to the helicity representation, considered below) are

o_(1 0\ ,_[ Oo _ (o1
T7\o-1) 7" T e 0) T \10)
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Yr=11¢; =11 (2.18)

where

= (1) (2.19)

are hermitian chiral projection matricedd

VIES

Oy+H_=1, 10,0 =1_1; =0, [I? =1I_ and II} =1I,.

Note that ™1 or w'u, which might look like the natural analog of
|1|? = 1p*1 of the lepton wave function in quantum mechanics, are not scalars
(invariants) under Lorentz transformations. In order to obtain an invariant we
have to sandwich the matrix A which implements hermitian conjugation of the
Dirac matrices Ay, A~ = ’yf[. One easily checks that we may identify A = ~0.
Thus defining the adjoint spinor by 1 = ¢+~° we may write ¢+ Ay = 1) etc.

The standard basis of 4 x 4 matrices in four—spinor space is given by the
16 elements

Fi = 17 5 7M7 7M75 and o' = ; [,-yﬂ,,yl’] . (221)

The corresponding products ¥ 11 are scalars in spinor space and transform
as ordinary scalar (S), pseudo-scalar (P), vector (V), axial-vector (A) and
tensor (T), respectively, under Lorentz transformations.

The Dirac spinors satisfy the normalization conditions

u(p, r)y*ulp, ') = 2p"br . 0(p,r)y*u(p,r') = 2p"or
a(p,r)v(p,’) = 0 ,alp,r)ulp,r) = 2m Oy (2.22)
o(p,r)ulp,r’) = 0, op,r)o(p,r) =—2mdp

5Usually, the quantization of a massive particle with spin is defined relative to
the z-axis as a standard frame. In general, the direction of polarization &, &2 =
in the rest frame may be chosen arbitrary. For a massive fermion of momentum p

s =, (1)

define the general from of covariant spin projection operators, where n is a space
like unit vector orthogonal to p

The general form of n is obtained by applying Lorentz—boost L, to the polarization
vector in the rest frame

p-§ p-§
n= Ly (0 = . 2.20
When studying polarization phenomena the polarization vectors n enter as inde-
pendent additional vectors in covariant decompositions of amplitudes, besides the
momentum vectors.
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and completeness relations

2 ulpr)ulp,r) =p+m, 32 vp,r)o(p,r) =p—m. (2.23)

For the photon the polarization vector €,(p, \) satisfies the normalization

Eu(p, )\)Eu* (p, )\I) = —5)\)\/ s (224)
the completeness relation
Z Eﬂ(p, /\)ﬁi(p, >\) = —Y9uv +pufu +pz/fu ) (2-25)

A=+
and the absence of a scalar mode requires
pue”(p,A) =0. (2.26)

The “four—vectors” f in the completeness relation are arbitrary gauge depen-
dent quantities, which must drop out from physical quantities. Gauge invari-
ance, i.e. invariance under Abelian gauge transformations A, — A, — 0, a(x),
a(z) an arbitrary scalar function, amounts to the invariance under the
substitutions

€y — €u+Apy; A an arbitrary constant (2.27)

¢

of the polarization vectors. One can prove that the polarization “vectors”
for massless spin 1 fields can not be covariant. The non—covariant terms are
always proportional to p,, however.

Besides a definite relativistic transformation property, like

U(4,a)ta(2)U~ (A, a) = Dap(A™")p(Az +a),

for a Dirac field, where D(A) is a four—dimensional (non—unitary) represen-
tation of the group SL(2,C) which, in contrast to Ll itself, exhibits true
spinor representations (see Sect. 22)). The fields are required to satisfy Ein-
stein causality: “no physical signal may travel faster than light”, which means
that commutators for bosons and anticommutators for fermions must vanish
outside the light cone

[Au(2), A (2)] =0, {¥alz),vp(a’)} =0 for (z—2')><0

This is only possible if all fields exhibit two terms, a creation and an anni-
hilation part, and for charged particles this means that to each particle an
antiparticle of the same mass and spin but of opposite charge must exist [§]. In
addition, and equally important, causality requires spin 1/2, 3/2, - - - particles
to be fermions quantized with anticommutation rules and hence necessarily
have to fulfill the Pauli exclusion principle [9], while spin 0, 1, --- must be
bosons to be quantized by normal commutation relations [I0]. Note that neu-
tral particles only, like the photon, may be their own antiparticle, the field
then has to be real.



30 2 Quantum Field Theory and Quantum Electrodynamics

2.1.2 C, P, T and CPT

In QED as well as in QCD, not however in weak interactions, interchanging
particles with antiparticles defines a symmetry, charge conjugation C. It is
mapping particle into antiparticle creation and annihilation operators and
vice versa:

ap.r) Sbpr) . atpr) Sb(p.r)
up to a phase. For the Dirac field charge conjugation reads (see [2.35])

a(@) S Capil (@) (2.28)

with (XT= transposition of the matrix or vector X)

C=i(y*°) = —i ( 0 "2> : (2.29)

oy 0
Properties of C are:
cr=— . cycl=-("" |
and for the spinors charge conjugation takes the form
Cuw)'' =5 and (Cv)' =a , (2.30)

which may be verified by direct calculation.
As under charge conjugation the charge changes sign, also the electromag-
netic current must change sign

U(C) jln(2) UHC) = —jbin(@) - (2.31)

Notice that for any contravariant four—vector j# we may write the parity trans-
formed vector (j°,—j) = Ju as a covariant vector. We will use this notation
in the following.

Since the electromagnetic interaction ESIIED = ejl (x)A,(z) respects C-,
P- and T-invariancdd separately, we immediately get the following transfor-
mation properties for the photon field:

6 Any transformation which involves time-reversal 7' must be implemented as a
anti-unitary transformation U(T), because the Hamiltonian cannot be allowed to
change sign by the requirement of positivity of the energy (Wigner 1939). Anti—
unitarity is defined by the properties

Ulaly) +Bl¢)) = a"Uly) + B°Ulp) = " [¢") + 87|¢") (2.32)

and

W) = (Wlo)" . (2.33)
The complex conjugation of matrix elements is admitted by the fact that it also
preserves the probability |(4|¢)|*. Because of the complex conjugation of matrix
elements an anti—unitary transformation implies a Hermitian transposition of
states and operators.
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U(C) A(z) U—HC) = —Ar(x)
U(P) A(z) U~ (P) = (PA)*(Px) = A,(Px) (2.34)
U(T) Ar(z) U-Y(T) = —(TA)*(Tx) = A, (Tx) .

Notice that the charge parity for the photon is 5, = —1.
For the Dirac fields C', P and T take the form

U(C) Ya(z) ’1(C)= 1(7270)a5¢§( x)
UP)a(z) UH(P) = (1°),,%s(Px) (2.35)
U(T) $a(x) UTHT) =i (v 75)aﬁ¢g(Tx)

where the phases have been chosen conveniently. We observe that, in contrast
to the boson fields, the transformation properties of the Dirac fields are by no
means obvious; they follow from applying C, P and T to the Dirac equation.

A very important consequence of relativistic local quantum field theory
is the validity of the CPT—theorem: Any Poincaré (Pl) [special Lorentz
transformations, rotations plus translations] invariant field theory with nor-
mal commutation relations [bosons satisfying commutation relations, fermions
anticommutation relations] is CPT invariant.

Let © = CPT where C, P and T may be applied in any order. There ex-
ists an anti—unitary operator U(©) which (with an appropriate choice of the
phases) is transforming scalar, Dirac and vector fields according to

Uu®) ¢(x) U1(O)= ¢*(-x)
U(®) (z) U’1(9)=175¢( x) (2.36)
U(©) Au(z) UTHO) = —Au(-2) ,

and which leaves the vacuum invariant: U(©)|0) = |0) up to a phase. The
CPT-theorem asserts that the transformation U(©) under very general con-
ditions is a symmetry of the theory (Liiders 1954, Pauli 1955, Jost 1957) [I1].

The basic reason for the validity of the CPT-theorem is the following:
If we consider a Lorentz transformation A € LL_ represented by a unitary
operator U(x,w = n#) (x parametrizing a Lorentz—boost, w parametrizing a
rotation), then the operator U(x,n (0+2m)) = —U(x, n0) is representing the
same L-transformation. In a local quantum field theory the mapping A — —A
for A € LL, which is equivalent to the requirement that @ : x — —z must be
a symmetry: the invariance under four—dimensional reflections.

Consequences of C'PT are that modulus of the charges, masses, g—factors
and lifetimes of particles and antiparticles must be equal. Consider a one
particle state |¢)) = |e, p, s) where e is the charge, p the momentum and s the
spin. The CPT conjugate state is given by |@7J} = |—e,p,—s). The state |¢))
is an eigenstate of the Hamiltonian which is describing the time evolution of
the free particle:

Hlp) = El) (2.37)

and the CPT conjugate relation reads H|¢) = E[). Since H = H by the
CPT theorem, we thus have
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Hlp) = El) . (2.38)

At p = 0 the eigenvalue F reduces to the mass and therefore the two eigenvalue
equations say that the mass of particle and antiparticle must be the same:

m=m. (2.39)

The equality of the g—factors may be shown in the same way, but with a
Hamiltonian which describes the interaction of the particle with a magnetic
field B. Then ([Z37) holds with eigenvalue

E:m—g(eh>s-B. (2.40)

2me

The CPT conjugate state (¢ — —e, 8 — —s, m — m, g — g, B — B)
according to (238)) will have the same eigenvalue

E:m—g(eh>s-B. (2.41)

2me
and since m = m we must have
g=g (2.42)
For the proof of the equality of the lifetimes
T=T (2.43)

we refer to the textbook [I2]. Some examples of experimental tests of CPT,
relevant in our context, are (see [13])

|get+ + qe-|/e <4x1078

(Me+ — Me-)/Maverage <8x%x107? 90% CL
(ge+ - ge*)/gavcragc (—05 + 21) x 10712
(gp,‘*' - gp,—)/gaverage (—26 + 16) x 108
(Tu+ - Tu—)/Taverage (2 + 8) x 1072 .

The best test of CPT comes from the neural kaon mass difference

m .0 — Mgo
K < 10—18 .

mgo

The existence of a possible electric dipole moment we have discussed earlier
on p. I of the Introduction. An electric dipole moment requires a T violating
theory and the C'PT theorem implies that equivalently C'P must be violated.
In fact, C'P invariance alone (independently of C PT and T') gives important
predictions relating decay properties of particles and antiparticles. We are
interested here particularly in u—decay, which plays a crucial role in the muon
g — 2 experiment. Consider a matrix element for a particle a with spin s,
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at rest decaying into a bunch of particles b, ¢, - -+ with spins sy, s, -+ and
momenta pp, Pe, * -

M = (py, 815 Pe, S¢; -+ [Hint|0, 8a) - (2.44)

Under C'P we have to substitute s, — sz, Po — —Pa, etc. such that, provided
Hint is C P symmetric we obtain

M = (—py, S5 —Pe, Se; ++ [Hint|0, 8a) = M. (2.45)

The modulus square of these matrix—elements gives the transition probability
for the respective decays, and ([2:48]) tells us that the decay rate of a particle
into a particular configuration of final particles is identical to the decay rate of
the antiparticle into the same configuration of antiparticles with all momenta
reversed.

For the muon decay p~ — e~ Vv, after integrating out the unobserved

neutrino variables, the decay electron distribution is of the form
dN,-

© =A B(x) 8, - Pe— 2.46

dedeosy — A@) + B(@) 8- Pe—, (2.46)

where & = 2p.— /m,, with p.- the electron momentum in the muon rest frame
and cos = 3, - P.—, 8, and P._ the unit vectors in direction of s, and p._.

The corresponding expression for the antiparticle decay pu* — etv.v,
reads AN
N _ _
© =A B S, - Pe 2.4
dxdcose (:I:)"’ (a:)sll p+ ) ( 7)
and therefore for all angles and all electron momenta
A(z) + B(x) cosf = A(z) — B(x) cosf
or B B
A(x) = A(z), B(z)=-B(x). (2.48)

It means that the decay asymmetry is equal in magnitude but opposite in
sign for = and p*. This follows directly from CP and independent of the
type of interaction (V-AV4+A S,P or T) and whether P is violated or not.
In spite of the fact that the SM exhibits C'P violation (see the Introduction
to Sect. 2]), as implied by a C'P violating phase in the quark family mixing
matrix in the charged weak current, in y—decay C'P violation is a very small
higher order effect and by far too small to have any detectable trace in the
decay distributions, i.e. C'P symmetry is perfectly realized in this case. The
strong correlation between the muon polarization and charge on the one side
(see Chap. [6l) and the decay electron/positron momentum is a key element of
tracing spin polarization information in the muon g — 2 experiments.

CP violation, and the associated T" violation plays an important role in
determining the electric dipole moment of electrons and muons. In principle



34 2 Quantum Field Theory and Quantum Electrodynamics

it is possible to test 1" invariance in u—decay by searching for T' odd matrix
elements like
S (8u X Ppe) - (2.49)

This is very difficult and has not been performed. A method which works is
the study of the effect of an electric dipole moment on the spin precession in
the muon g — 2 experiment. This will be studied in Sect. on p.

The best limit for the electron (L8] comes from investigating T' violation
in Thallium (2°°T1) where the EDM is enhanced by the ratio R = datom/de,
which in the atomic Thallium ground state studied is R = —585. Investigated
are v X E terms in high electrical fields E in an atomic beam magnetic—
resonance device [14].

2.2 The Origin of Spin

As promised at the beginning of the chapter the intimate relation of the
anomalous magnetic moment to spin is a good reason to have a closer look
at how spin comes into play in particle physics. The spin and the magnetic
moment of the electron became evident from the deflection of atoms in an
inhomogeneous magnetic field and the observation of the fine structure by
optical spectroscopy [15] [I6]. Spin is the intrinsic “self-angular momentum”
of a point—particle and when it was observed by Goudsmit and Uhlenbeck it
was completely unexpected. The question about the origin of spin is interesting
because it is not obvious how a point—like object can possess its own angular
momentum. A first theoretical formulation of spin in quantum mechanics was
given by Pauli in 1927 [I7], where spin was introduced as a new degree of
freedom saying that there are two kinds of electrons in a doublet.

In modern relativistic terms, in the SM, particles and in particular leptons
and quarks are considered to be massless originally, as required by chiral
symmetry. All particles acquire their mass due to symmetry breaking via the
Higgs mechanism: a scalar neutral Higgs field H develops a non—vanishing
vacuum expectation value v and particles moving in the corresponding Bose
condensate develop an effective mass. In the SM, in the physical unitary gauge
a Yukawa interaction term upon a shift H — H + v

EYukawa = ; 31; wif’@[]f H — ; (mf wifdjf + TZf ¢7f¢f H) (250)

induces a fermion mass term with mass my = f;/gv where G is the Yukawa
coupling.

In the massless state there are actually two independent electrons charac-
terized by positive and negative helicities (chiralities) corresponding to right—
handed (R) and left-handed (L) electrons, respectively, which do not “talk”
to each other. Helicity h is defined as the projection of the spin vector onto
the direction of the momentum vector
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h=s P (2.51)
p|

as illustrated in Fig. 2] and transform into each other by space-reflections
P (parity). Only after a fermion has acquired a mass, helicity flip transitions
as effectively mediated by an anomalous magnetic moment (see below) are
possible. In a renormalizable QFT an anomalous magnetic moment term is
not allowed in the Lagrangian. It can only be a term induced by radiative
corrections and in order not to vanish requires chiral symmetry to be broken
by a corresponding mass term.

Angular momentum has to do with rotations, which form the rotation
group O(3). Ordinary 3-space rotations are described by orthogonal 3 x 3
matrices R (RRT = RTR = I where I is the unit matrix and RT denotes
the transposed matrix) acting as ' = Ra on vectors & of three-dimensional
Euclidean position space R®. Rotations are preserving scalar products be-
tween vectors and hence the length of vectors as well as the angles between
them. Multiplication of the rotation matrices is the group operation and
of course the successive multiplication of two rotations is non—commutative
[R1, R2] # 0 in general. The rotation group is characterized by the Lie algebra
[Ji, Jj] = €ijk Tk, where the J;’s are normalized skew symmetric 3 x 3 matrices
which generate the infinitesimal rotations around the z, y and z axes, labeled
by 4,5,k = 1,2,3. By €4, we denoted the totally antisymmetric Levi-Civita
tensor. The Lie algebra may be written in the form of the angular momentum
algebra

[Ji, Jj] = ié‘ijk Jk (2.52)

by setting J; = —iJ;, with Hermitian generators J; = J;r. The latter form is
well known from quantum mechanics (QM). In quantum mechanics rotations
have to be implemented by unitary representations U(R) (UUT =UTU =1
and U™ is the Hermitian conjugate of U) which implement transformations
of the state vectors in physical Hilbert space |¢) = U(R)|¢) for systems
rotated relative to each other. Let J; be the generators of the infinitesimal
transformations of the group O(3), the angular momentum operators, such
that a finite rotation of magnitude |w| = € about the direction of n = w/6
may be represented by U(R(w)) = exp —iwd (w;, ¢ = 1,2,3 a real rotation
vector). While for ordinary rotations the Ji’s are again 3 x 3 matrices, in fact
the lowest dimensional matrices which satisfy (Z52) in a non—trivial manner
are 2 X 2 matrices. The corresponding Lie algebra is the one of the group
SU(2) of unitary 2 x 2 matrices U with determinant unity: detU = 1. It is a
simply connected group and in fact it is the universal covering group of O(3),
the latter being doubly connected. Going to SU(2) makes rotations a single

wL PwR

Fig. 2.1. Massless “electrons” have fixed helicities
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valued mapping in parameter space which is crucial to get the right phases
in the context of QM. Thus SU(2) is lifting the two—fold degeneracy of O(3).
As a basic fact in quantum mechanics rotations are implemented as unitary
representations of SU(2) and not by O(3) in spite of the fact that the two
groups share the same abstract Lie algebra, characterized by the structure
constants €;;,. Like O(3), the group SU(2) is of order » = 3 (number of
generators) and rank [ = 1 (number of diagonal generators). The generators
of a unitary group are hermitian and the special unitary transformations of
determinant unity requires the generators to be traceless. The canonical choice
is J; = % ; o0; the Pauli matrices

01 0 —i 10
O'1=<10), 0'2:<i 0), 0'3:(0_1) (253)
o3

There is one diagonal operator S3 = % the 3rd component of spin. The
eigenvectors of S5 are

SONO R

characterized by the eigenvalues of ; ,— ; of S5 called spin up [1] and spin down
[l], respectively. The eigenvectors represent the possible independent states
of the system: two in our case. They thus span a two—dimensional space of
complex vectors which are called two-spinors. Thus SU(2) is acting on the
space of spinors, like O(3) is acting on ordinary configuration space vectors.
From the two non—diagonal matrices we may form the two ladder operators:

Sil = % (0’1 :|:i(72)
01 00
Sy1= (00>7 Sy = <10)

which map the eigenvectors into each other and hence change spin by one
unit. The following figure shows the simplest case of a so called root di-
agram: the full dots represent the two states labeled by the eigenvalues
S3 = :I:; of the diagonal operator. The arrows, labeled with Si; denote
the transitions between the different states, as implied by the Lie algebra:

S+1

° > o > Sg
-

1 1

—1 S 4!

The simplest non-trivial representation of SU(2) is the so called funda-
mental representation, the one which defines SU(2) itself and hence has di-
mension two. It is the one we just have been looking at. There is only one
fundamental representation for SU(2), because the complex conjugate U* of
a representation U which is also a representation, and generally a new one,
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is equivalent to the original one. The fundamental representation describes
intrinsic angular momentum ; with two possible states characterized by the
eigenvalues of the diagonal generator :l:;. The fundamental representations
are basic because all others may be constructed by taking tensor products of
fundamental representations. In the simplest case of a product of two spin %
vectors, which are called (two component) spinors u;v; may describe a spin
zero (anti—parallel spins [1]]) or a spin 1 (parallel spins [{1]).

In a relativistic theory, described in more detail in the previous section,
one has to consider the Lorentz group Ll of proper (preserving orientation of
space—time [+]) orthochronous (preserving the direction of time [{]) Lorentz
transformations A, in place of the rotation group. They include besides the
rotations R(w) the Lorentz boosts (special Lorentz transformations) L(x)ﬁ
by velocity x. Now rotations do not play any independent role as they are
not a Lorentz invariant concept. Correspondingly, purely spatial 3—vectors
like the spin vector S = 7 do not have an invariant meaning. However, the
three—vector of Pauli matrices o may be promoted to a four—vector of 2 x 2
matrices:

o,=(1,0)and 6, =(1,—-0) (2.56)

which will play a key role in what follows. Again, the L-transformations
A€ Ll on the classical level in (relativistic) quantum mechanics have to
be replaced by the simply connected universal covering group with identical
Lie algebra, which is SL(2, C'), the group of unimodular (det U = 1) complex
2 X 2 matrix transformations U, with matrix multiplication as the group op-
eration. The group SL(2, C) is related to Ll much in the same way as SU(2)
to O(3), namely, the mapping Uy € SL(2,C) — A € Ll is two—to—one and
the two—fold degeneracy of elements in LL is lifted in SL(2,C).

The key mapping establishing a linear one-to—one correspondence between
real four—vectors and Hermitian 2 x 2 matrices is the following: with any real
four—vector z* in Minkowski space we may associate a Hermitian 2 x 2 matrix

20+ 23 ! —iz?
ﬂju — X = ZI:NUH = <ZII1 + i,fIIQ 3]‘0 . 3]‘3 (257)
with
det X = 2? =2z, , (2.58)

" The special L-transformation L(p) which transforms from a state in the rest
frame (m,0) to a state of momentum p* may be written as

L'; =8+ pipj(cosh § — 1)
L'y = L% = pisinh 3
L% = cosh 3 (2.55)

with p = p/|p|, coshB = w,/m, sinh 3 = |p|/m and tanh 3 = |p|/wp, = v the
velocity of the state.
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while every Hermitian 2 x 2 matrix X determines a real four vector by
1
X -t = 2Tr (Xo") . (2.59)

An element U € SL(2,C) provides a mapping
X - X' =UXU" ie 2Mo,=2"Uc,U" (2.60)
between Hermitian matrices, which preserves the determinant
det X' = det Udet X det Ut = det X , (2.61)
and corresponds to the real linear transformation
ot — o' = A 2 (2.62)

which satisfies 2’2/, = 2z, and therefore is a Lorentz transformation.
The Lie algebra of SL(2, C) is the one of Ll and thus given by 6 generators:
J for the rotations and K for the Lorentz boosts, satisfying

i Jk] = 1€y, [Ji, Ki) = leim K, [K;, Ki) = —iep (2.63)

as a coupled algebra of the J;’s and K;’s. Since these generators are Hermitian
J =J% and K = K+ the group elements e=7 and eX¥ are unitaryf. This
algebra can be decoupled by the linear transformation

1 1
A:2(J+iK), B:2(J—iK) (2.64)
under which the Lie algebra takes the form
AxA=iA, BxB=iB, [A;,B;|=0 (2.65)

of two decoupled angular momentum algebras. Since AT = B and BT = A,
the new generators are not Hermitian any more and hence give rise to non—
unitary irreducible representations. These are finite dimensional and evi-
dently characterized by a pair (A, B), with 24 and 2B integers. The dimension
of the representation (A, B) is (2A+1)-(2B+1). The angular momentum of
the representation (A, B) decomposes into J = A+ B, A+B—1,---|A— B|.
Massive particle states are constructed starting from the rest frame where J is
the spin and the state corresponds to a multiplet of 2J+ 1 degrees of freedom.

8In SL(2,C) the Lie algebra obviously has the 2 x 2 matrix representation
Ji = 0i/2 K; = +i 0;/2 in terms of the Pauli matrices, however, KT = —-K is
non-Hermitian and the corresponding finite dimensional representation non—unitary.
Unitary representations of the Lorentz group, required to implement relativistic co-
variance on the Hilbert space of physical states, are necessarily infinite dimensional.
Actually, the two possible signs of K; indicated exhibits that there are two different
inequivalent representations.
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The crucial point is that in relativistic QM besides the mass of a state
also the spin has an invariant (reference—frame independent) meaning. There
exist exactly two Casimir operators, invariant operators commuting with
all generators (Z3]) and (Z6]) of the Poincaré group PL One is the mass
operator

M? =pP? = guuPMPV (266)
the other is )
L? =g, L'L"; L'= 5T P Mo (2.67)

where L* is the Pauli-Lubansky operator. These operators characterize mass
m and spin j of the states in an invariant way: M?2|p, j, j3; @) = p?|p, 7, j3; @)
and L2|p7j7j3§ Oé> = _m2j(j + 1)|p;j7j3§ a>'

The classification by (A,B) together with (264]) shows that for SL(2,C)
we have two inequivalent fundamental two-dimensional representations: ( 3, 0)
and (0, }). The transformations may be written as a unitary rotation times a
hermitian boost as followsH:

Ur=U(x,w)=DE)(A) = ex? e @S for (1,0)

~ Z - e 27 2.68
Uy = U/J{,l :D(é)(/l):e*xz e w2 for (0,;) . ( )

While o, ([250) is a covariant vector
Uro, Ut =AY, 0, (2.69)

with respect to the representation U, = D(2)(A), the vector 6, ([238) is
covariant with respect to Uy = D(2)(A)

U6, Ut = A, 6, . (2.70)

Note that
U(x,nd) and U(x,n (04 27)) = —-U(x,nb) (2.71)

represent the same Lorentz transformation. U, is therefore a double—valued
representation of Ll.

An important theorem [I8] says that a massless particle of helicity A may
be only in the representations satisfying

(A,B) = (A, A—\)

where 24 and 2(A — \) are non—negative integer numbers. Thus the simplest
representations for massless fields are the spin 1/2 states

9Again, these finite dimensional representations Ua, Up (below), etc. should
not be confused with the corresponding infinite dimensional unitary representations
U(A), U(P), etc acting on the Hilbert space of physical states considered in the
preceding section.
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A=+3:(3,0) right —handed (R)

—2:(0,3)  left — handed (L)

(2.72)

of helicity —l—; and —;, respectively.

The finite dimensional irreducible representations of SL(2,C) to mass 0
and spin j are one—dimensional and characterized by the helicity A = 3. To
a given spin j > 0 there exist exactly two helicity states. Each of the two
possible states is invariant by itself under LL, however, the two states get
interchanged under parity transformations:

UphUp'=~h . (2.73)

Besides the crucial fact of the validity of the spin-statistics theorem (valid in
any relativistic QFT), here we notice an other important difference between
spin in non-relativistic QM and spin in QFT. In QM spin 1/2 is a system of
two degrees of freedom as introduced by Pauli, while in QFT where we may
consider the massless case we have two independent singlet states. Parity P,
as we know, acts on four—vectors like Pz = (2, —x ) and satisfies P? =
With respect to the rotation group Os, P? is just a rotation by the angle 27
and thus in the context of the rotation group P has no special meaning. This
is different for the Lorentz group. While

Upd =JUp (2.74)
commutes
UpK =—-KUp (2.75)
does not. As a consequence, we learn that
UpU(x;n0) =U(—x,n0)Up (2.76)
and hence -
UpUp=UUp . (2.77)

Thus under parity a left—handed massless fermion is transformed into a right—
handed one and vice versa, which of course is also evident from Fig. 211 if we
take into account that a change of frame by a Lorentz transformation (velocity
v < ¢) cannot flip the spin of a massless particle.

The necessity to work with SL(2,C) becomes obvious once we deal with
spinors. On a classical level, two—spinors or Weyl spinors w are elements of
a vector space V of two complex entries, which transform under SL(2,C) by
matrix multiplication: w’ = Uw, w € V, U € SL(2,C)

w:(Z) . abeC. (2.78)

ONote that while P? = 1 the phase np of its unitary representation Up is con-
strained by U2 = 41 only, i.e. np = %1 or =+i.
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Corresponding to the two representations there exist two local Weyl spinor

fields (see (2I10))
Palz) = > /du(p) {ualp,r) a(p,r) e 7" + va(p,r) b (p,7) "}

r=+1/2

Xa(f) = Z /dﬂ(p) {@a(p, r) a(p, T) eiipw + f)a(p, r) b+(p’ ,r) eipw} ,

r=+1/2
(2.79)

with two components a = 1,2, which satisfy the Weyl equations

i (&Nau)ab wp(r) = mxa(z)
i(0"0,),, xo(7) = mpa(z) . (2.80)

The appropriate one—particle wave functions u(p,r) etc. may be easily con-
structed as follows: for a massive particle states are constructed by starting
in the rest frame where rotations act as (w = |w|, ® = w/w)

D& (R(w)) = D& (R(w)) =e @5 =1 cos;’ —ie-® sin;” . (2.81)

Notice that this SU(2) rotation is a rotation by half of the angle, only, of
the corresponding classical O3 rotation. Here the non-relativistic construc-
tion of the states applies and the spinors at rest are given by (254]). The
propagating particles carrying momentum p are then obtained by perform-
ing a Lorentz—boost to the states at rest. A boost L(p) [2355) of momentum
p is given by D) (L(p)) = X% = N~ (pto, +m) and D(2) (L(p)) =
e X2 = N1 (p*6, +m), respectively, in the two basic representations.
N = (2m(p°+m))~2 is the normalization factor. The one-particle wave func-
tions (two-spinors) of a Weyl particle and its antiparticle are thus given by

u(p,r) = N~" (p"o,+m) U(r) and w(p,r) =N"" (plo,+m) V(r),

respectively, where U(r) and V(r) = —ioaU(r) are the rest frame spinors
@354)). The last relation one has to require for implementing the charge con-
jugation property for the spinors (230) in terms of the matrix ([229]). For the
adjoint representation, similarly,

a(p,r)= N! (p'6,+m) U(r) and o(p,r) = —N"! (p'é,+m) V(r).

The — sign in the last equation, (—1)?7 for spin j, is similar to the —io in
the relation between U and V, both are required to make the fields local and
with proper transformation properties. We can easily derive ([2.80) now. We
may write 6,p" =wpl—0op = 2|p|(2T;" 1—h) where h = ¢ Ig\ is the helicity
operator, and for massless states, where w, = |p|, we have &,p" = 2|p| (; —h)
a projection operator on states with helicity — 3}, while o,p* =2|p|(} +h) a
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projection operator on states with helicity —l—é. Furthermore, we observe that
prpYouo, = ptpPouo, = p? = m? and one easily verifies the Weyl equations
using the given representations of the wave functions.

In the massless limit m — 0 : p’ = w, = |p| we obtain two decoupled

equations
1(670u) (@) =
L(o"Ou) g xo (@) =

In momentum space the fields are just multiplied by the helicity projector
and the equations say that the massless fields have fixed helicities:

1 1

( aO) opr ¢R (07 2) X 1/)1, (282)

which suggests to rewrite the transformations as

Ya L,R(x) ngL,R(x/) = (AL,R)abwb L,R(Air) (2.83)

with _
(A, ), = (XFe7™@3) (AL =47, (2.84)
Using 090,09 = —0o} one can show that oo Apos = A%,. Thus, ¥§ = o9t} (up

to arbitrary phase) is defining a charge conjugate spinor which transforms
as PS¢ ~ bp. Indeed Apy§ = Apooths = oo ALt = ootpt = 1% and thus
V§ = 099} = ¢ ~ Pg. Similarly, Y% = 02¢) = x ~ Y. We thus learn, that
for massless fields, counting particles and antiparticles separately, we may con-
sider all fields to be left-handed. The second term in the field, the antiparticle
creation part, in each case automatically includes the right—handed partners.

The Dirac field is the bispinor field obtained by combining the irreducible
fields ¢, (z) and x, () into one reducible field (3,0) @ (0, 3 ). It is the natural
field to be used to describe fermions participating parity conserving interac-
tions like QED and QCD. Explicitly, the Dirac field is given by

Val(w) = <§Z> (@)= / dpu(p) {a(p, ) alp,7) e + va(p,7) U (p,7) 7 |

”“:<ZZ) ; ua:(gz> . (2.85)

Yo (2) satisfies the Dirac equation:

(iv"0, — m)aﬁ Yp(x) =0

= <00u CB“) (2.86)

are the Dirac matrices in the helicity representation (Weyl basis).

where

where
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The Dirac equation is nothing but the Weyl equations written in terms of the
bispinor . Note that a Dirac spinor combines a right-handed Weyl spinor
of a particle with a right-handed Weyl spinor of its antiparticle. For m = 0,
the Dirac operator iy#9,, in momentum space is p = v*p,. Thus the Dirac
equation just is the helicity eigenvalue equation:

YVpub(p) = <(},2?“ Uuop“> (i) (p) =2|p| (@ ﬂh) G gh)> (g) (p)=0.
(2.87)

Under parity ¥, (x) transforms into itself

Ya(z) — UP(VO)aﬁwﬁ(Px)

where 7° just interchanges ¢ « x and hence takes the form

0. (01
7 _(10

The irreducible components ¢ and x are eigenvectors of the matrix

L (10
RS

and the projection operators (Z.I9) projecting back to the Weyl fields accord-
ing to .

The kinetic term of the Dirac Lagrangian decomposes into a L and a R
part Lpiac = Py, = Y "0, + ¥, 70,1, (4 degrees of freedom).
A Dirac mass term mayp = m (Yrir + ¥ripr) breaks chiral symmetry as
it is non—diagonal in the Weyl fields and induces helicity flip transitions as
required by the anomalous magnetic moment in a renormalizable QFT. A
remark concerning hadrons. It might look somewhat surprising that hadrons,
which are composite particles made of colored quarks and gluons, in many
respects look like “elementary particles” which are well described as Wigner
particles (if one switches off the electromagnetic interaction which cause a

"' The standard representation of the Dirac field/algebra, described in Sect. EZT1]
is adapted to a simple interpretation in the rest frame (requires m # 0). It may be
obtained from the ones in the Weyl basis (“helicity” representation) by a similarity
transformation S

- - _ _ 1 1 1
_ helicity _ helicity 1 _ 1 _
V@) =S Y | = saltens L s=stt= (] ]

such that
u(0,7) = v/2m (U(()T)) . v(0,7) = vV2m (V(()r))

in the standard basis.
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serious IR problem which spoils the naive Wigner state picture as we will
describe below), particles of definite mass and spin and charge quantized in
units of e and have associated electromagnetic form factors and in particular
a definite magnetic moment. However, the gyromagnetic ratio gp from the
relation up = gp eh/(2mp ¢) s turns out to be gp ~ 2.8 or ap = (gp —
2)/2 ~ 0.4 showing that the proton is not really a Dirac particle and its
anomalous magnetic moment indicates that the proton is not a point particle
but has internal structure. This was first shown long time ago by atomic
beam magnetic deflection experiments [I9], before the nature of the muon was
clarified. For the latter it was the first measurement at CERN which yielded
a, = 0.00119(10) [20] and revealed the muon to be just a heavy electron.
Within errors at that time the muon turned out to have the same value of
the anomalous magnetic moment as the electron, which is known to be due
to virtual radiative corrections.

The analysis of the spin structure on a formal level, discussing the quan-
tum mechanical implementation of relativistic symmetry principles, fits very
naturally with the observed spin phenomena. In particular the existence of
the fundamental spin ; particles which must satisfy Pauli’s exclusion princi-
ple has dramatic consequences for real life. Without the existence of spin as
an extra fundamental quantum number in general and the spin ; fermions in
particular, stability of nuclei against Coulomb collapse and of stars against
gravitational collapse would be missing and the universe would not be ours.

2.3 Quantum Electrodynamics

The lepton—photon interaction is described by QED, which is structured by
local U(1) gauge invariancdd

w(x) _ e—iea(z)¢(x)
Au(z) = Ay(z) — Opa(z) (2.88)

with an arbitrary scalar function a(x), implying lepton—photon interaction ac-
cording to minimal coupling, which means that we have to perform the substi-
tution 0, — D,, = 0, —ieA,(x) in the Dirac equation (iy*0, —m)¥(z) = 0 of
a free lepto. This implies that the electromagnetic interaction is described
by the bare Lagrangian

12The known elementary particle interactions, the strong, electromagnetic and
weak forces, all derive from a local gauge symmetry principle. This was first observed
by Weyl [21] for the Abelian QED and later extended to non—Abelian gauge theories
by Yang and Mills [22]. The gauge symmetry group governing the Standard Model
of particle physics is SU(3). ® SU(2)r @ U(1)y.

13The modified derivative D, = 9, —ieA, (z) is called covariant derivative. e is the
gauge coupling. The minimal substitution promotes the global gauge symmetry of
the free Dirac Lagrangian to a local gauge symmetry of the electron—photon system,
i.e. the interacting system has more symmetry than the free electron.
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1 1 _
LQED = _4F#VFHV - 25_1 (aﬂAH)Q =+ ¢ (YYHD;L - m) ¢
= L5, + Loy +ejl (@) Au(z) (2.89)

and the corresponding field equations read™

(iv"0, —m)Y(x) = —e : Ay (x)yHy(z)

L _ (2.90)
(Dg“” — (1 & ) 8“8”) Ay (z) = —e: Y(x)y*u(x) « .
The interaction part of the Lagrangian is
Lin = ejtin(2)Au(3) | (2.91)

while the bilinear free field parts Eg 4 and Loy define the propagators of the
photon and the leptons, respectively (given below). As in classical electrody-
namics the gauge potential A" is an auxiliary field which exhibits unphysical
degrees of freedom, and is not uniquely determined by Maxwell’s equations.
In order to get a well defined photon propagator a gauge fixing condition is
required. We adopt the linear covariant Lorentz gauge : d,A* = 0, which is
implemented via the Lagrange multiplier method, with Lagrange multiplier
A = 1/, € is called gauge paramete. The gauge invariance of physical
quantities infers that they do not depend on the gauge parameter.

Above we have denoted by e the charge of the electron, which by convention
is taken to be negative. In the following we will explicitly account for the sign
of the charge and use e to denote the positive value of the charge of the
positron. The charge of a fermion f is then given by @ re, with @ the charge
of a fermion in units of the positron charge e. A collection of charged fermions
f enters the electromagnetic current as

Jhn = Zf Qs (2.92)

for the leptons alone jLIP = — 3" ahyyiipy (¢ = e, pu,7). If not specified
otherwise 1 (x) in the following will denote a lepton field carrying negative
charge —e.

One important object we need for our purpose is the unitary scattering
matrix S which encodes the perturbative lepton—photon interaction processes
and is given by

S=T (eif d'a ‘533@) ‘ . (2.93)
®

“The prescription : --- : means Wick ordering of products of fields: write the
fields in terms of creation and annihilation operators and order them such that all
annihilation operators are to the right of all creation operators, assuming the oper-
ators to commute (bosons) or to anticommute (fermions). This makes the vacuum
expectation value of the field product vanish.

5The parametrization of the gauge dependence by the inverse of the Lagrange
multiplier £ = 1/ is just a commonly accepted convention.
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The prescription ® says that all graphs (see below) which include vacuum
diagrams (disconnected subdiagrams with no external legs) as factors have to
be omitted. This corresponds to the proper normalization of the S—operator.
Unitarity requires

SSt=8t5=1 & St=g"1 (2.94)

and infers the conservation of quantum mechanical transition probabilities.
The prescription 7" means time ordering of all operators, like

T{6(2)¢(y)} = O(" — y°)p(x)d(y) + Oy" — 2°)d(y)d(x) (2.95)

where the 4+ sign holds for boson fields and the — sign for fermion fields.
Under the T prescription all fields are commuting (bosons) or anticommuting
(fermions). All fields in (Z93]) may be taken to be free fields. With the help of
S we may calculate the basic objects of a QFT, the Green functions. These
are the vacuum expectation values of time ordered or chronological products
of fields like the electromagnetic correlator

Guap(@y,9) = (01T {Au(2)va(y)Ps(H)} 0) - (2.96)

2.3.1 Perturbation Expansion, Feynman Rules

The full Green functions of the interacting fields like A*(x), ¥ (z), etc. can be
expressed completely in terms of corresponding free fields via the Gell-Mann
Low formula [23] (interaction picture)

(OIT {4, (@) ()05 @)} 10) = i
O { AP @) )y (@) €T 4 RO L j0)g = 30 7 fata iz,
n=0
(O { AP @0 )0 @) £00 1) - L3 n) } 0 + Oe™)
(2.97)

with Ei(gt) () the interaction part of the Lagrangian. On the right hand side
all fields are free fields and the vacuum expectation values can be computed
by applying the known properties of free fields. Expanding the exponential
as done in (ZO7) yields the perturbation expansion. The evaluation of the
formal perturbation series is not well defined and requires regularization and
renormalization, which we will discuss briefly below. In a way the evaluation
is simple: one writes all free fields in terms of the creation and annihilation op-
erators and applies the canonical anticommutation (fermions) and the canon-
ical commutation (bosons) relations to bring all annihilation operators to the
right, where they annihilate the vacuum - - - a(p, r)|0) = 0 and the creation op-
erators to the left where again they annihilate the vacuum 0 = (0[b* (p,7) - - -,
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until no operator is left over (Wick ordering) [24]. The only non—vanishing
contribution comes from the complete contraction of all fields in pairs, where
a pairing corresponds to a propagator as a factor. The rules for the evaluation
of all possible contributions are known as the Feynman Rules.

The Feynman Rules

1) draw all vertices as points in a plane: external ones with the correspond-
ing external fields 1 (y;), 1 (y;) or A*(z)) attached to the point, and the
internal interaction vertices —ieiﬁvuwA“ (zn) with three fields attached to
the point z,.

2) contract all fields in pairs represented by a line connecting the two vertices,
thereby fields of different particles are to be characterized by different

types of lines.

As a result one obtains a Feynman diagram.
The field pairings define the free propagators

| ——|

Y(y) -+ (Y) & iSr(y — g) and A¥(zy) -+ A¥(z2) & iDM (21 — 22)

given by the vacuum expectation values of the pair of time-ordered free fields,

iSp ap(y —4) = (O[T {0 (y)at(¥)s} 0)
iD" (21 — w2) = (0T {A¥(21) A" (22)}0) .

The latter may easily be calculated using the free field properties.

Feynman diagrams translate into Feynman integrals via the famous
Feynman rules given by Fig. in momentum space.

In configuration space all interaction vertices in (Z97)) are integrated over.
The result thus is a Feynman integral. In fact the perturbation expansion is
not yet well defined. In order to have a well defined starting point, the theory
has to be regularized [25] and parameter and fields have to be renormalized
in order to obtain a well defined set of renormalized Green functions. The
problems arise because propagators are singular functions (so called distri-
butions) the products of them are not defined at coinciding space—time ar-
guments (short—distance [coordinate space] or ultra—violet [momentum space]
singularities). An example of such an ill-defined product is the Fermion loop
contribution to the photon propagator:

1Sp(T = Y)ap (—ievu)ay 1SP(Y — )46 (—ieT0)sa

The ambiguity in general can be shown to be a local distribution, which for
a renormalizable theory is of the form [27]

ad(x —y) +b"0,0(x —y) +cOd(x — y) +d"0,0,0(x — y)
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(1) Lepton propagator

O_.p_o : iSF(p)aﬁ = <I‘—’"i7'+i5)a5
o B
(2) Photon propagator
o DB = =i (g = (1= g7 !
OVNNANNNO - b, = g 2 ) p2tic
1 v
(3) Lepton—photon vertex
@, P3

= —ie ('Yu)ag =ieQr ('Yu)ag
s P1
B, p2

Fig. 2.2. Feynman rules for QED (I)

with derivatives up to second order at most, which, in momentum space, is a
second order polynomial in the momentad. The regularization we will adopt
is dimensional regularization [32], where the space-time dimension is taken to
be d arbitrary to start with (see below).

In momentum space each line has associated a d—momentum p; and at
each vertex momentum conservation holds. Because of the momentum conser-
vation d—functions many d—-momentum integrations become trivial. Each loop,
however, has associated an independent momentum (the loop-momentum) I;
which has to be integrated over

(Qi)d / d; - (2.98)

6The mathematical problems with the point-like structure of elementary parti-
cles and with covariant quantization of the photons hindered the development of
QFT for a long time until the break through at the end of the 1940s [26]. In 1965
Tomonaga, Schwinger and Feynman were honored with the Nobel Prize “for their
fundamental work in quantum electrodynamics, with deep—ploughing consequences
for the physics of elementary particles”. For non—Abelian gauge theories like the
modern strong interaction theory Quantum Chromodynamics (QCD) [29] [30] and
the electroweak Standard Model [31], the proper quantization, regularization and
renormalization was another obstacle which was solved only at the beginning of the
1970s by ’t Hooft and Veltman. They were awarded the Nobel Prize in 1999 “for elu-
cidating the quantum structure of electroweak interactions in physics”. They have
placed particle physics theory on a firmer mathematical foundation. They have in
particular shown how the theory, beyond QED, may be used for precise calcula-
tions of physical quantities. Needless to say that these developments were crucial for
putting precision physics, like the one with the anomalous magnetic moments, on a
fundamental basis.
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in d space—time dimensions. For each closed fermion loop a factor —1 has
to be applied because of Fermi statistics. There is an overall d—-momentum
conservation factor (27)? 5(d)(2 Di external)- INOte that the lepton propagators
as well as the vertex insertion iey,, are matrices in spinor space, at each vertex
the vertex insertion is sandwiched between the two adjacent propagators:

- 1SE(P)ay (—ievu)ys 1SE(P )sp - -

Since any renormalizable theory exhibits fermion fields not more than bilinear,
as a conjugate pair v - - - ¢, fermion lines form open strings

Iy (Sy)i] S=o© IS S O o (2.99)

of matrices in spinor space

[Se(P1) Yur SE(P2) Yo+ Vian SE(Pr41)] 45

or closed strings (fermion loops),

Tr (117X, (S7)i] = (2.100)

which correspond to a trace of a product of matrices in spinor space:

Tr [Sr(p1) Vur SE(P2) Vo =+ SE(Pn) V] -

Closed fermion loops actually contribute with two different orientations. If
the number of vertices is odd the two orientations yield traces in spinor space
of opposite sign such that they cancel provided the two contributions have
equal weight. If the number of vertices is even the corresponding traces in
spinor space contribute with equal sign, i.e. it just makes a factor of two
in the equal weight case. In QED in fact the two orientations have equal
weight due to the charge conjugation invariance of QED and is called Furry’s
theorem [33]. As already mentioned, each Fermion loop carries a factor —1
due the Fermi statistics. All this is easy to check using the known properties
of the Dirac fieldd!.

For a given set of external vertices and a given order n of perturbation
theory (n internal vertices) one obtains a sum over all possible complete con-
tractions, where each one may be represented by a Feynman diagram I". The
Fourier transform (FT) thus, for each connected component of a diagram, is
given by expressions of the form

"Note that in QCD the corresponding closed quark loops with quark—gluon ver-
tices behave differently because of the color matrices at each vertex. The trace of
the product of color matrices in general has an even as well as an odd part.
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FT <O|T {Au(xl) e wa(yl) e &B(ﬂl) e } |0>Cormected =
. di;
= ()7 205D (3" pesst) (Hf!l / (2m)1 )

X ZHieLg,ieifiSF(pi) (—ievu,) [UfeifiSF(pf)} ey iD"Yi(gq;)
r

where Ly is the set of lepton lines, L, the set of photon lines and L ¢ the set
of lines starting with an external 1) field, N the number of independent closed
loops and F' the number of closed fermion loops. Of course, spinor indices
and Lorentz indices must contract appropriately, and momentum conservation
must be respected at each vertex and over all. The basic object of our interest
is the Green function associated with the electromagnetic vertex dressed by
external propagators:

Guap(@,y,2) = (0T {Au(2)a(y)ds(2)} 0) =
Jda'dy'd2’ iD;,, (2" — ) iSpaa (¥ — v) (iFg,B, (', y, z’)) 1Spg5(2" — 2)

which graphically may be represented as follows

where iD;W(x’ — ) is a full photon propagator, a photon line dressed with all
radiative corrections:

18Djagrams which cannot be cut into two disconnected diagrams by cutting a
single line. 1PI diagrams are the building blocks from which any diagram may be
obtained as a tree of 1PI “blobs”.
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iD,, (' —x) = = OO+ ova/v\o+

MO0+ oo + @v@v@—l— @@m+

and 1S}, (¥ — y) is the full lepton propagator, a lepton line dressed by all
possible radiative corrections

Stoaa (¥ —y) = 0o»=C)»0= 00— 0 +orl Ne o4

TN D /5 S ’Ojl O+

The tools and techniques of calculating these objects as a perturbation series
in lowest non—trivial order will be developed in the next section.

2.3.2 Transition Matrix—Elements, Particle-Antiparticle Crossing

The Green functions from the point of view of a QFT are building blocks of
the theory. However, they are not directly observable objects. The physics is
described by quantum mechanical transition matrix elements, which for scat-
tering processes are encoded in the scattering matrix. For QED the latter is
given formally by (Z93). The existence of a S—matrix requires that for very
early and for very late times (¢ — Foo) particles behave as free scattering
states. For massless QED, the electromagnetic interaction does not have fi-
nite range (Coulomb’s law) and the scattering matrix does not exist in the
naive sense. In an order by order perturbative approach the problems manifest
themselves as an infrared (IR) problem. As we will see below, nevertheless a
suitable redefinition of the transition amplitudes is possible, which allows a
perturbative treatment under appropriate conditions. Usually, one is not di-
rectly interested in the S—matrix as the latter includes the identity operator
I which describes through—going particles which do not get scattered at all.
It is customary to split off the identity from the S—matrix and to define the
T—matrix by

S=I+iQ@2n)*és" (P —P)T, (2.101)

with the overall four-momentum conservation factored out. In spite of the
fact, that Green functions are not observables they are very useful to under-
stand important properties of the theory. One of the outstanding features of
a QFT is the particle-antiparticle crossing property which states that in a
scattering amplitude an incoming particle [antiparticle] is equivalent to an
outgoing antiparticle [particle] and vice versa. It means that the same func-
tion, namely an appropriate time—ordered Green function, at the same time
describes several processes. For example, muon pair production in electron
positron annihilation ete™ — puTp~ is described by amplitudes which at
the same time describe electron-muon scattering ey~ — e~ pu~ or whatever
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process we can obtain by bringing particles from one side of the reaction bal-
ance to the other side as an antiparticle etc. Another example is muon decay
pt — etv.i, and neutrino scattering v,e~ — u~ v.. For the electromagnetic
vertex it relates properties of the electrons [leptons, quarks] to properties of
the positron [antileptons, antiquarks].

Since each external free field on the right hand side of (2.97) exhibits an
annihilation part and a creation part, each external field has two interpreta-
tions, either as an incoming particle or as an outgoing antiparticle. For the
adjoint field incoming and outgoing get interchanged. This becomes most ob-
vious if we invert the field decomposition (21T for the Dirac field which yields
the corresponding creation/annihilation operators

a(p,r) = u(p,r /d?’a: ) , bT(p,r)=10(p,r /dga: e T y(z) .

Similarly, inverting ([Z.12]) yields
c(p, A) = — e (p, \) i/d3x eP® 50 A,(x)

and its hermitian conjugate for the photon, with f(x) 5# g(x) = f(x)0,g9(z)—
(0uf(x)) g(z). Since these operators create or annihilate scattering states, the
above relations provide the bridge between the Green functions, the vacuum
expectation values of time—ordered fields, and the scattering matrix elements.
This is how the crossing property between different physical matrix elements
comes about. The S—matrix elements are obtained from the Green functions
by the Lehmann, Symanzik, Zimmermann [34] (LSZ) reduction formula: the
external full propagators of the Green functions are omitted (multiplication by
the inverse full propagator, i.e. no radiative corrections on external amputated
legs) and replaced by an external classical one particle wave function and the
external momentum is put on the mass shell. Note that the on—shell limit only
exists after the amputation of the external one particle poles. Graphically, at
lowest order, the transition from a Green function to a 7" matrix—element for
a lepton line translates into

dlil%—l}é m) O_’_é 4,_6 = u(p,r)---

and a corresponding operation has to be done for all the external lines of the
Green function.
The set of relations for QED processes is given in Table 211

We are mainly interested in the electromagnetic vertex here, where the
crossing relations are particularly simple, but not less important. From the
1PI vertex function I'*(p1, p2) we obtain
the electron form factor for e~ (p1) + v(q) — e~ (p2)

T = u(pa,r2) ™ (p1, p2)u(p1, 1),
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the positron form factor for e™(—ps2) + v(q) — et (—p1)
T = v(p2,r2) " (—p2, —p1)v(p1,71)
and the ete~—annihilation amplitude of e~ (p1) + e (—p2) — v(—q)
T" = 9(pa, r2) " (p1, p2)u(pr, 1) -

Given the T matrix—elements, the bridge to the experimental numbers is
given by the cross—sections and decay rates, which we present for completeness
here.

2.3.3 Cross Sections and Decay Rates

The differential cross section for a two particle collision
A(p1) + B(p2) — C(p}) +D(p) -+

is given by

do = CT/ OV 2 d(ph)du(ph) -
2\/)\(s7m%7m§) ! 1 2

s = (p1 +p2)? is the square of the total CM energy and A(z,y, z) = 22 + 4% +
22 — 2xy — 222 — 2yz is a two body phase-space function. In the CM frame
(see the figure):

Table 2.1. Rules for the treatment of external legs in the evaluation of T-matrix
elements

Scattering state Graphical representation Wave function

Dirac particles:
incoming particle

u(p,7)
incoming antiparticle
outgoing particle

outgoing antiparticle

Photon:

incoming photon e'(p,r)

outgoing photon e (p,r)

To TYaA
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\/)\Z\/)\(s,m%,mg):2|p|\/s (2.102)

where p = p; is the three—momentum of the initial state particle A.

The total cross—section follows by integration over all phase space

U:/dU.

Finally, we consider the decay of unstable particles. The differential decay
rate for A — B+ C + --- is given by

s 45(4) — I
ar = B0 R 2 du(pl)dp(ph) -

mi

By “summing” over all possible decay channels we find the total width

1
F:%[dfz , (2.103)
T
where 7 is the lifetime of the particle, which decays via the exponential
decay law

N(t) = Noe /7. (2.104)

Cross sections are measured typically by colliding beams of stable parti-
cles and their antiparticles like electrons (e™), positrons (e™), protons (p) or
antiprotons (p). The beam strength of an accelerator or storage ring required
for accelerating and collimating the beam particles is determined by the par-
ticle flux or luminosity L, the number of particles per cm? and seconds. The
energy of the machine determines the resolution

hc 1.2GeV

A= ~ 107 m,
Fem. * Eem.(GeV) "

while the luminosity determines the collision rate

AN

:L~
At 7

and the cross—section o is thus given by dividing the observed event rate by
the luminosity
1 AN

T L A

(2.105)
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2.4 Regularization and Renormalization

The vertex and self-energy functions, as well as all other Green functions, on
the level of the bare theory are well defined order by order in perturbation the-
ory only after smoothing the short distance or ultraviolet (UV) divergences
by appropriate regularization. Here we assume QED or the SM to be reg-
ularized by dimensional regularization [32]. By going to lower dimensional
space—times the features of the theory, in particular the symmetries, remain
the same, however, the convergence of the Feynman integrals gets improved.
For a renormalizable theory, in principle, one can always choose the dimension
low enough, d < 2, such that the integrals converge. By one or two partial in-
tegrations one can analytically continue the integrals in steps from d to d+ 1,
such that the perturbation expansion is well defined for d = 4 — ¢ with € a
small positive number. For ¢ — 0 (d — 4) the perturbative series in the fine
structure constant o = e? /4w exhibits poles in e:

N n
A= Z a” Z Apm (L))"
n=0 m=0

and the limit d — 4 to the real physical space-time does not exist, at first.
The problems turn out to be related to the fact that the bare objects are
not, physical ones, they are not directly accessible to observation and require
some adjustments. This in particular is the case for the bare parameters, the
bare fine structure constant (electric charge) which is modified by vacuum
polarization (quantum fluctuations), and the bare masses. Also the bare fields
are not the ones which interpolate suitably to the physical states they are
assumed to describe. The appropriate entities are in fact obtained by a sim-
ple reparametrization in terms of new parameters and fields, which is called
renormalization.

2.4.1 The Structure of the Renormalization Procedure

Renormalization may be performed in three steps:

(i) Shift of the mass parameters or mass renormalization: replace the bare
mass parameters of the bare Lagrangian by renormalized ones

Mo = Mfren + OMy for fermions
(2.106)
M2y = M., +dMZ  for bosons

(ii) Multiplicative renormalization of the bare fields or wave function renor-
malization: replace the bare fields in the bare Lagrangian by renormal-
ized ones

Yo = \/wafren , Ag = \/Z’YA{:Len (2.107)
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and correspondingly for the other fields of the SM. To leading order Z; = 1
and hence

1
Zi=1+67;, \/Zi:1+25Zi+--- (2.108)

(i) Vertex renormalization or coupling constant renormalization: substitute
the bare coupling constant by the renormalized one

€0 = €ren + de . (2.109)

The renormalization theorem states that order by order in the perturbation
expansion all UV divergences showing up in physical quantities (S—matrix
elements) get eliminated by an appropriate choice of the counter terms
omy, 5Mb2, de and 6Z; = Z; — 1. In other words, suitably normalized physical
amplitudes expressed in terms of measurable physical parameters are finite
in the limit € — 0, i.e. they allow us to take away the regularization (cut—off
A — oo if a UV cut—off was used to regularize the bare theory). Note that
for Green functions, which are not gauge invariant in general, also the ficti-
tious gauge parameter has to be renormalized in order to obtain finite Green
functions.

The reparametrization of the bare Lagrangian ([2.89)) in terms of renormal-
ized quantities reads

LU = By of@) FY () = 565" QuAf(2))” + () (70, — mo) ()

—eoto () Yo (z) Apo(x)
_ .QED QED
- E(O) + ‘Cint
QED 1 nv 1 -1 m 2
E(O) == 4FMV ren (x)Frcn ((E) - 2§rcn (8MArcn(x))
+1/’rcn (ZIJ) (ifyﬂau - mrcn) 1/)rcn (33)
58115'1) = — €ren ’J]ren ((E) Pyuwren(ﬁ) Ap, ren ((E)
1 , . .
4 (Zy — 1) Fyp ren () FEY (2) + (Ze — 1) Yren(x) 17" 0uthren
_(mOZe - mren) ’J]renwren (x)
_(60\/Z'yZe - ercn) ¢rcn($) ’Y'uwrcn(x) A;L rcn(x) (2110)
with &en = Z,&o the gauge fixing term remains unrenormalized (no corre-
sponding counter term). The counter terms now are showing up in £;> and

may be written in terms of 62, = Z, — 1, 0Z, = Z. — 1, dm = moZe — Mren
and Je = eg \/ZVZE — eren- They are of next higher order in €2, either O(e?)
for propagator insertions or O(e®) for the vertex insertion, in leading order.
The counter terms have to be adjusted order by order in perturbation theory



2.4 Regularization and Renormalization 57

by the renormalization conditions which define the precise physical meaning
of the parameters (see below).

The Feynman rules Fig. have to be supplemented by the rules of in-
cluding the counter terms shown in Fig in momentum space.

Obviously the propagators (two—point functions) of the photon and of the
electron get renormalized according to

Dy = ZvDren

SFO = ZGSF ren - (2111)

The renormalized electromagnetic vertex function may be obtained according
to the above rules as

1 1

[ W
Gren JZ, 2, Go (2.112)
1 1
= DienSF ranrl:;nSF ren — D()SF OFSLSFQ
/2y Ze
= 2 DinSerenll'S
\/Z’Y Ze vLe ren”F rent o PF ren

and consequently

Ilen = \/ZvZeF(#: \/Z’YZG {607N+F(;“}

ep—e+de, mo—m—+dm, ...

oe

= /1462, (1+62.) {e(l—l— 6)7#+Fg“}

1 5 ,
= <1+2627+6Z@+ :>e’y“—|—FO“—|—-~- (2.113)

(1) Lepton propagator insertions

p .
> ®> 3 11(6Ze (p—m)—0dm),,
e
(2) Photon propagator insertion

p M v v

ANABAN, | 107y (PQQ” —php )

L v
(3) Lepton—photon vertex insertion

«, P3

= —ide (7”)aﬁ
My P1

B, p2

Fig. 2.3. Feynman rules for QED (II): the counter terms
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where now the bare parameters have to be considered as functions of the
renormalized ones:

eo = eo(e,m), mo =mo(m,e) ete. (2.114)

and e, m etc. denote the renormalized parameters. The last line of (ZI13)
gives the perturbatively expanded form suitable for one-loop renormalization.
It may also be considered as the leading n—th order renormalization if F(;“ has
been renormalized to n — 1-st order for all sub—divergences. More precisely,
if we expand the exact relation of (ZI13]) (second last line) and include all
counter terms, including the ones which follow from (ZIT4]), up to order n—1

in F(;“ , such that all sub—divergences of F(;“ are renormalized away, only the
overall divergence of order n will be there. After including the wavefunction
renormalization factors of order n as well (by calculating the corresponding
propagators) the remaining overall divergence gets renormalized away by fix-
ing de(™, according to the last line of (ZI13)), by the charge renormalization
condition:

(pa,r2) Ly (p1, p2)u(pi, m1) = €renti(p2, r2) Y u(p1,71)

at zero photon momentum ¢ = py — p; = 0 (classical limit, Thomson limit).

2.4.2 Dimensional Regularization

Starting with the Feynman rules of the classical quantized Lagrangian, called
bare Lagrangian, the formal perturbation expansion is given in terms of ul-
traviolet (UV) divergent Feynman integrals if we try to do that in d = 4
dimensions without UV cut—off. As an example consider the scalar one—loop
self—energy diagram and the corresponding Feynman integral

k+p
© _ 1 /ddk 1 1 k> |plm / d?k
k - (2n)d k2 —m2+ie (k+p)? —m?+1ie k4

which is logarithmically divergent for the physical space-time dimension d = 4
because the integral does not fall-off sufficiently fast at large k. In order to
get a well-defined perturbation expansion the theory must be regularizedl@.

90ften one simply chooses a cut—off (upper integration limit in momentum space)
to make the integrals converge by “brute force”. A cut—off may be considered to
parametrize our ignorance about physics at very high momentum or energy. If the
cut—off A is large with respect to the energy scale E of a phenomenon consid-
ered, £ < /A, the cut—off dependence may be removed by considering only relations
between low—energy quantities (renormalization). Alternatively, a cut—off may be
interpreted as the scale where one expects new physics to enter and it may serve
to investigate how a quantity (or the theory) behaves under changes of the cut—off
(renormalization group). In most cases simple cut—off regularization violates sym-
metries badly and it becomes a difficult task to make sure that one obtains the right
theory when the cut—off is removed by taking the limit A — oo after renormalization.
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The regularization should respect as much as possible the symmetries of the
initial bare form of the Lagrangian and of the related Ward- Takahashi (WT)
identities of the “classical theory”. For gauge theories like QED, QCD or the
SM dimensional regularization [32] (DR) is the most suitable regularization
scheme as a starting point for the perturbative approach, because it respects as
much as possible the classical symmetries of a Lagrangiar@. The idea behind
DR is the following;:

i) Feynman rules formally look the same in different space—time dimensions
d = n(integer)
ii) In the UV region Feynman integrals converge the better the lower d is.

The example given above demonstrates this, in d = 4 — € (¢ > 0) dimensions
(just below d = 4) the integral is convergent. Before we specify the rules of
DR in more detail, let us have a look at convergence properties of Feynman
integrals.

Dyson Power Counting

The action
S = i/ddx Leg (2.115)

measured in units of & = 1 is dimensionless and therefore dim L.g = d in mass
units. The inspection of the individual terms yields the following dimensions
for the fields:

@7“(9#1/) cdim ¢ = dgl
(0uA, —--)? : dim A, = 4,2 (2.116)
éow’}/p’@/}AM cdim ey = 45(1 = eg = 60/146/2

where ¢ = 4 — d, ey denotes the dimensionless bare coupling constant

(dim ep = 0) and p is an arbitrary mass scale. The dimension of time ordered
Green functions in momentum space is then given by (the Fourier transfor-
mation [ d?ge19% ... gives —d for each field):

d—2 d—1

dimGB2r) = 9 +2np 5 — (np 4+ 2np)d

where
np : #of boson fields : Gy, - - - -
2np : #of Dirac fields (in pairs) : ¢ -1 .

It is convenient to split off factors which correspond to external propagators
(see p. 50) and four-momentum conservation and to work with 1PI ampli-
tudes, which are the objects relevant for calculating 7' matrix elements. The
corresponding proper amputated vertex functions are of dimension

20 An inconsistency problem, concerning the definition of s for d # 4, implies that
the chiral WT identities associated with the parity violating weak fermion currents
in the SM are violated in general (see e.g. [39]).
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A -2 -1
dimG*™P = d — an 5 2npd g - (2.117)

A generic Feynman diagram represents a Feynman integral

%@IF fédﬂ.k)ld dJF(pvk)'

The convergence of the integral can be inspected by looking at the behavior
of the integrand for large momenta: For k; = A\k; and A — oo we find

;4% Jr (p, k) — A4

where

d—2 d—1 &
dr)=d—np" " —2np" +;(di—d)

is called the superficial divergence of the 1PI diagram I'. The sum extends
over all (n) vertices of the diagram and d; denotes the dimension of the vertex
i. The —d at each vertex accounts for d-momentum conservation. For a vertex
exhibiting n;;, Bose fields, n; ; Fermi fields and [; derivatives of fields we have

di =n;p d 9 2 + ng ¢ d 9 L +1; (2.118)
Here it is important to mention one of the most important conditions for
a QFT to develop its full predictive power: renormalizability. In order that
d(I") in (2I18) is bounded in physical space—time d = 4 all interaction vertices
must have dimension not more than d; < 4. An anomalous magnetic moment
effective interaction term (Pauli term)

SLAMM = Zﬁ&(x) O V() P (x) (2.119)
has dlmensmn 5 (in d = 4) and thus would spoil the renormalizability of

the theor . Such a term is thus forbidden in any renormalizable QFT. In
contrast, in any renormalizable QTF the anomalous magnetic moment of a
fermion is a quantity unambiguously predicted by the theory.

The relation (ZI1I8]) may be written in the alternative form

d(F)=4—TLB—2nF§—|—L(d—4) .

The result can be easily understood: the loop expansion of an amplitude has
the form

2The dimension of F*" is 2, 1 for the photon field plus 1 for the derivative.
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AP = AO 1 taataza®+--+apal +---] (2.120)

where a = €?/4r is the conventional expansion parameter. AO) is the tree
level amplitude which coincides with the result in d = 4.
We now are ready to formulate the convergence criterion which reads:

I convergent 1 d(y) <0 V 1PI sub—diagrams v C I"
I divergent 1 3 v C I" with d(y) > 0.

In d < 4 dimensions, a renormalizable theory has the following types of
primitively divergent diagrams (i.e. diagrams with d(I") > 0 which may have
divergent subfintegrals

MN@NW+@+W@<

d—2172 d-3]

+(Lp —1)(d —4) for a diagram with Ly (> 1) loops. The list shows the non—
trivial leading one—loop d(I') to which per additional loop a contribution
(d —4) has to be added (see ([Z.120))), in square brackets the values for d = 4.
Thus the dimensional analysis tells us that convergence improves for d < 4.
For a renormalizable theory we have

— dIN'<2ford=4.
In lower dimensions
- dI)<2ford<4

a renormalizable theory becomes super-renormalizable, while in higher
dimensions

— d(I") unbounded! d > 4
and the theory is non—-renormalizable.

22 According to (ZI20) there are two more potentially divergent structures

d—3[] d—4]0]

with superficial degree of divergence as indicated. However, the triple photon vertex
is identically zero by Furry’s theorem, C' odd amplitudes are zero in the C' preserving
QED. The four photon light—by-light scattering amplitude, due the transversality of
the external physical photons, has an effective dimension d(I")eg = —4, instead of 0,
and is thus very well convergent. For the same reason, transversality of the photon
self-energy, actually the photon propagator has d(I")eq = 0 instead of 2. In both
cases it is the Abelian gauge symmetry which makes integrals better convergent
than they look like by naive power counting.
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Dimensional Regularization

Dimensional regularization of theories with spin is defined in three steps.

1. Start with Feynman rules formally derived in d = 4.

2. Generalize to d = 2n > 4. This intermediate step is necessary in order to
treat the vector and spinor indices appropriately. Of course it means that
the UV behavior of Feynman integrals at first gets worse.

1) For fermions we need the d = 2n—dimensional Dirac algebra:

A =29""15 {51 =0 (2.121)

where 5 must satisfy 72 = 1 and 74 = 75 such that %(1 =+ 75) are the chiral
projection matrices. The metric has dimension d

01
99w =g, =d 5 gu =

-1

By 1 we denote the unit matrix in spinor space. In order to have the usual
relation for the adjoint spinors we furthermore require

AT = A 0pa0 (2.122)
Simple consequences of this d-dimensional algebra are:

Yay” =d1

Yoy = (2-d) "

VYT = 4gh 1+ (d = 4) My
VoYY = =290 £ (4 = d)yiaP ete.

(2.123)

Traces of strings of y—matrices are very similar to the ones in 4-dimensions. In
d = 2n dimensions one can easily write down 24/2-dimensional representations
of the Dirac algebra [36]. Then

Tr1 = f(d) = 24/?
Tr [[;2, 7" (7°) = 0

i= 2.124
Trty” = f(d) g* (2124
Traky Py = f(d) (9""9" — g"g"7 + g"7g"") etc.

One can show that for renormalized quantities the only relevant property
of f(d) is f(d) — 4 for d — 4. Very often the convention f(d) = 4 (for
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any d) is adopted. Bare quantities and the related minimally subtracted MS
or modified minimally subtracted MS quantities (see below for the precise
definition) depend upon this convention (by terms proportional to In 2).

In anomaly free theories we can assume 75 to be fully anticommuting!
But then

Try#~4"~vP~%y5 = 0 for all d # 4! (2.125)

The 4—dimensional object

LePP? = Tr AP~V ~Py7~5 for d =4

cannot be obtained by dimensional continuation if we use an anticommuting
¥5 [36].

Since fermions do not have self interactions they only appear as closed
fermion loops, which yield a trace of y—matrices, or as a fermion string con-
necting an external 1 - --1) pair of fermion fields. In a transition amplitude
|T|? = Tr(---) we again get a trace. Consequently, in principle, we have elim-
inated all v’s! Commonly one writes a covariant tensor decomposition into
invariant amplitudes, like, for example,

v ! Qv
:iF‘uifie{’y‘uAlﬁ’iO"uV A2+’Y#V5A3+~~'}
: 2m

where 1 is an external index, ¢* the photon momentum and A;(q?) are scalar
form factors.

2) External momenta (and external indices) must be taken d = 4
dimensional, because the number of independent “form factors” in covariant
decompositions depends on the dimension, with a fewer number of indepen-
dent functions in lower dimensions. Since four functions cannot be analytic
continuation of three etc. we have to keep the external structure of the theory
in d = 4. The reason for possible problems here is the non—trivial spin struc-
ture of the theory of interest. The following rules apply:

External momenta : p* = (p°, p*, p*,p%,0,---,0) 4 — dimensional
Loop momenta :  k* = (k°,---k%71) d — dimensional

k2 (k}o)z—(kl)Q—"-—(kd_l)Q

pk=p"k° —p -k 4 — dimensional etc.

3. Interpolation in d to complex values and extrapolation to d < 4.
Loop integrals now read

d
i / (gﬂ’)ﬂd . (2.126)
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with p an arbitrary scale parameter. The crucial properties valid in DR inde-
pendent of d are: (F.P. = finite part)

a) [dkk,f(k?) =0
b) [ dkf(k +p) = [ dkf (k)
which is not true with UV cut — off’s
) 1 (k) = £(| )
Jalkfk) =gy Jo~ drrttf(r)
d) For divergent integrals, by analytic subtraction :
F.P. [ drr?=tT® =0 for arbitrary o
so called minimal subtraction (MS). Consequently

F.P. [d%f(k) =F.P. [d%f(k+p) =F.P. [d¥\k)f(\k) .

This implies that dimensionally regularized integrals behave like con-
vergent integrals and formal manipulations are justified. Starting with d
sufficiently small, by partial integration, one can always find a representation
for the integral which converges for d =4 — ¢, € > 0 small.

In order to elaborate in more detail how DR works in practice, let us
consider a generic one—loop Feynman integral

I, b

Itu‘l'“'u’m ‘e n) = d
r (p1, ; Pn) /d kH?:l((k+pi)2_m12+i‘€)

which has superficial degree of divergence
dI'Y=d+m—-2n<d-2

where the bound holds for two— or more—point functions in renormalizable
theories and for d < 4. Since the physical tensor and spin structure has to be
kept in d = 4, by contraction with external momenta or with the metric tensor
Guip; it is always possible to write the above integral as a sum of integrals of
the form

- m'
Illfl"'ﬂm/ (]517 .. ;ﬁn’) — /ddk » H]jl .

Ly (B +0)* —m3 +ie)
where now fi; and p; are d = 4-dimensional objects and

d% = d*%k A%k = d*k w0 dw d2,_, .

In the d — 4-dimensional complement the integrand depends on w only! The
angular integration over d{2;_, yields

ome/?

I(e/2)’ e=d—4,

/ A4 = Sas =
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which is the surface of the d — 4—dimensional sphere. Using this result we get
(discarding the four—dimensional tensor indices)

Ir({pi}) = / Qe (d, p. )

where -
Jr(d,p, k) = Sq_4 / dww? 2 f(p, k,w) .
0

Now this integral can be analytically continued to complex values of d. For
the w—integration we have

d“(I'N=d—4—-2n
i.e. the w—integral converges if
d<4+2n .

In order to avoid infrared singularities in the w-integration one has to ana-
lytically continue by appropriate partial integration. After p—fold partial in-
tegration we have

a4 oo o \” R
Ir({p:}) = F(i:‘l ) /d4k/0 dwwd—5+2p <_6w2) Fp, by w)

where the integral is convergent in 4 —2p < Re d < 2n—m = 4—d¥(I") > 2.
For a renormalizable theory at most 2 partial integrations are necessary to
define the theory.

2.5 Tools for the Evaluation of Feynman Integrals
2.5.1 ¢ = 4 — d Expansion, € — 40
For the expansion of integrals near d = 4 we need some asymptotic expansions

of I'-functions:

ra+a) =esp| ety T | e <1
n=2

/

wo) = o P = 0D > 1 Gman

where ((n) denotes Riemann’s Zeta function. The defining functional
relation is
I'x+1)

ray="""0
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which for n = 0,1,2,--- yields I'(n + 1) = n! with I'(1) = I'(2) = 1L
Furthermore we have

™
I'z) 'l —2) =
() I'( z) sinmwx
1 1 s
I I' —z)= .
( 2 +a) I'( 2 z) COS XL

Important special constants are

1
()=
I"'(1) = —y; v=0577215--- Euler’s constant
2

1) =+2+¢(2); ¢2) = 7; = 1.64493 - --

As a typical result of an e-expansion, which we should keep in mind for later
purposes, we have

P+ ) =1 Sy (5 (7 +C) +--

2.5.2 Bogolubov-Schwinger Parametrization

Suppose we choose for each propagator an independent momentum and take
into account momentum conservation at the vertices by d—functions. Then,
for d = n integer, we use

i) 2 12 _ /°° dey e~ ie(m?—p*+ie) (2.127)
p? —m* +ie 0
ii) 1 oo i
§9D (k) = (2 / d?z e'ke (2.128)

and find that all momentum integrations are of Gaussian type. The Gaussian
integrals yield

+oo : —i 8 ™ d/2 272 2
ddkP k i(ak?+2b(k-p)) -p 1 —ib%/ap 2.12
/ (k)e 2% 8p (m) ¢ (2.129)

— 00

for any polynomial P. The resulting form of the Feynman integral is the so
called Bogolubov-Schwinger representation.

2.5.3 Feynman Parametric Representation

Transforming pairs of a—variables in the above Bogolubov-Schwinger para-
metrization according to (I is denoting the pair (7, k))

(i, o) = (&, 00) = (g, o) = (§ay, (1 —&)) (2.130)
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e’} [e%e) [e%e) 1
/ / daidak...:/ day al/ - (2.131)
0 0 0 0

the integrals are successively transformed into fol d¢é - - integrals and at the
end there remains one a—integration only which can be performed using

/ daa® e = [(a + 1)z~ @+ (2.132)
0

The result is the Feynman parametric representation. If L is the number of
lines of a diagram, the Feynman integral is L — 1-dimensional.

2.5.4 Euclidean Region, Wick—Rotations

The basic property which allows us to perform a Wick rotation is analyticity
which derives from the causality of a relativistic QFT. In momentum space
the Feynman propagator

1 1 1
2 —m2+ie qO—\/q2+m2—iE q0+\/q2—|—m2—i€

1 1 1
(i) em
2wp ¥ —wp+ic ¢ +wy—ie

is an analytic function in ¢ with poles at ¢° = +£( w, — ie}?J where w, =

\/q2 +m?. This allows us to rotate by 7 the integration path in ¢°, going
from —oo to +00, without crossing any singularity. In doing so, we rotate from
Minkowski space to Euclidean space

¢ — —ig=q=("¢"....¢" % ¢

—q=0(" ¢ ..¢" ")
and thus ¢> — —q?. This rotation to the Euclidean region is called Wick
rotation. ~

More precisely: analyticity of a function f(¢",q ) in ¢° implies that the
contour integral

]{ d¢” f(¢°,q) =0 (2.134)
C(R)

for the closed path C(R) in Fig. 24 vanishes. If the function f(¢°, q ) falls off
sufficiently fast at infinity, then the contribution from the two “arcs” goes to
zero when the radius of the contour R — oco. In this case we obtain

28Note that because of the positivity of g2 + m? for any non-vacuum state, we
have wy, —ie = \/q 2 4+ m? — ic in the limit lim._o, which is always understood. The
symbolic parameter € of the ie prescription, may be scaled by any fixed positive
number.
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\ ®Re qO ::.....)......-' ® R

Fig. 2.4. Wick rotation in the complex ¢°—plane. The poles of the Feynman prop-
agator are indicated by ®’s. C is an integration contour, R is the radius of the
arcs

/dqof(qo,q)Jr / d¢” f(¢",q) =0 (2.135)
—o0 +ioco
or
[ee] “+ico +o00
/dqo f(@®q)= /dqo f(q0,4)=—i/dqdf(—iqd,q) , (2136

which is the Wick rotation. At least in perturbation theory, one can prove that
the conditions required to allow us to perform a Wick rotation are fulfilled.

We notice that the Euclidean Feynman propagator obtained by the Wick
rotation

1 1
q2—m2+i<€—>_q2+m2

has no singularities (poles) and an ie—prescription is not needed any longer.
In configuration space a Wick rotation implies going to imaginary time

0 0 = 24 such that gz — —qz and hence

T’ — iz
2 - - =2 - -2, O, — —-A, , i/ddx---—>/ddx---

While in Minkowski space z2 = 0 defines the light-cone 2z = +|z|, in the
Euclidean region 22 = 0 implies = = 0. Note that possible singularities on the
light—cone like 1/22, §(x?) etc. turn into singularities at the point = 0. This
simplification of the singularity structure is the merit of the positive definite
metric in Euclidean space.

In momentum space the Euclidean propagators are positive (discarding
the overall sign) and any Feynman amplitude in Minkowski space may be
obtained via
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In(p) = (=)™ (=) B (D) [pazipd ; m2—m2—ic

from its Euclidean version. Here, Njy; denotes the number of internal lines
(propagators) and V' the number of vertices if we use the substitutions (con-
vention dependent)

1 1
;igi —1(g:) = —gi; /ddk%/ddk

-
p2—m2+ic  p24+m?2’

to define the Euclidean Feynman amplitudes. By ¢; we denote the gauge
couplings.

For the dimensionally regularized amplitudes, where potentially divergent
integrals are defined via analytic continuation from regions in the complex
d-plane where integrals are manifestly convergent, the terms from the arc
segments can always be dropped. Also note that dimensional regularization
and the power counting rules (superficial degree of divergence etc.) hold ir-
respective of whether we work in d-dimensional Minkowski space-time or in
d-dimensional Euclidean space. The metric is obviously not important for the
UV-behavior of the integrals.

The relationship between Euclidean and Minkowski quantum field the-
ory is not only a very basic and surprising general feature of any local rela-
tivistic field theory but is a property of central practical importance for the
non-perturbative approach to QFT via the Euclidean path—integral (e.g., lat-
tice QCD). In a QFT satisfying the Wightman axioms the continuation of
the vacuum—expectation values of time—ordered products of local fields (the
time-ordered Green functions) from Minkowski space to four-dimensional Eu-
clidean space is always possible [37]. Conversely, the Osterwalder-Schrader
theorem ascertains that the Euclidean correlation functions of fields can be
analytically continued to Minkowski space, provided we have a local action
which satisfies the so—called reflection positivity condition [38]. Accordingly,
the full Minkowski QFT including its S—matrix, if it exists, can be recon-
structed from the knowledge of the Euclidean correlation functions and from
a mathematical point of view the Minkowski and the Euclidean version of a
QFT are completely equivalent.

2.5.5 The Origin of Analyticity

At the heart of analyticity is the causality. The time ordered Green functions
which encode all information of the theory in perturbation theory are given
by integrals over products of causal propagators (z = x — y)

1S (2) = (0T {¢(x)d(y)} 0)
= O(z” — y°)(0[9 ()9 (1)0) — O(y° — 2°)(0[¢(y)¢(x)[0)
=0(2")iST(2) + 6(—2")iS™ (2) (2.137)
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exhibiting a positive frequency part propagating forward in time and a neg-
ative frequency part propagating backward in time. The @ function of time
ordering makes the Fourier—transform to be analytic in a half-plane in mo-
mentum space. For K (7 = 2°) = 9(2°)iS*(z), for example, we have

—+oo —+oo
K(w) = / drK(7) T = / drK (1) e "melT (2.138)
—00 0

such that K (w = & +1in) is a regular analytic function in the upper half
w—plane n > 0. This of course only works because 7 is restricted to be positive.

In a relativistically covariant world, in fact, we always need two terms
(see ZI3T)), a positive frequency part O(z° =t — t') ST(2), corresponding
to the particle propagating forward in time, and a negative frequency part
O(—2" =t'—t)S~(z), corresponding to the antiparticle propagating backward
in time. The two terms correspond in momentum space to the two terms of
I3,

Of course, for a free Dirac field we know what the Stiickelberg-Feynman
propagator in momentum space looks like

z g+m
Srla) = > —m? +ie

and its analytic properties are manifest. It is an analytic function in ¢° with
poles at ¢° = +(w, — ic) where w, = \/q 2 + m?2.

Analyticity is an extremely important basic property of a QFT and a pow-
erful instrument which helps to solve seemingly purely “technical” problems
as we will see. For example it allows us to perform a Wick rotation to Eu-
clidean space and in Euclidean space a QFT looks like a classical statistical
system and one can apply the methods of statistical physics to QFT [39]. In
particular the numerical approach to the intrinsically non—perturbative QCD
via lattice QCD is based on analyticity. The objects which manifestly exhibit
the analyticity properties and are providing the bridge to the Euclidean world
are the time ordered Green functions.

Note that by far not all objects of interest in a QFT are analytic. For
example, any solution of the homogeneous (no source) Klein-Gordon equation

(Op +m?) Az —y;m?) =0,

like the so called positive frequency part AT or the causal commutator A of
a free scalar field p(z), defined by

<0 e(@),0y) | 0>=1AT(z—y;m?)
[o(x), o(y)] = 1 Az — y;m?)
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which, given the properties of the free field, may easily be evaluated to have
a representation

A (zm®) = i 2n)° [ dpOGP) 67 — m) e
A(z;m2) =i (27r)*3/d4p e(po) (5(]92 — m2) e 1P%

Thus, in momentum space, as solutions of

(p* —m?) A(p) =0,

only singular ones exist. For the positive frequency part and the causal com-
mutator they read

O@p") 6(p> —m?) and €(p°) 5(p* —m?),

respectively. The Feynman propagator, in contrast, satisfies an inhomogeneous
(with point source) Klein-Gordon equation

(Ou +m®) Ap(e —y;m?) = 6@ (@ —y) .

The § function comes from differentiating the @ function factors of the
T product. Now we have

(01T {(@), o(y)} 10) = i Ap(z — y;m?)

with

AF(z;m2) — (27T)74/d4p 1 e~ ipz

p? —m? +ie

and in momentum space

(p* —m?) Ap(p) =1,

obviously has analytic solutions, a particular one being the scalar Feynman
propagator

1 1
D m? e =7><p2_m2) —imd(p? —m?). (2.139)
The ic prescription used here precisely correspond to the boundary condition
imposed by the time ordering prescription 7" in configuration space. The sym-
bol P denotes the principal value; the right hand side exhibits the splitting
into real and imaginary part.

Analyticity will play a crucial role later on and is the basic property from
which dispersion relations derive (see Sect. B.7]).
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2.5.6 Scalar One—Loop Integrals

Here we apply our tools to the simplest scalar one-loop integrals (p.i.= partial
integration).

m
_ /,L47d j ddk 1 _ 47d(4ﬂ_)7d/2 fOO do‘o{fd/2efam2
—C‘D— = (2n)d K24m2 — B 0
p convergent for d < 2 ** x4
X3 m2 — — ro0 — 7o¢m2
Pt _372u4 d(471-) d/2 fo dozl al/2e
convergent for d < 4
dj2—2
= —2m?(4m) Gy ()
S(In4mr—In m?
= —2m(4m) 22 r(1+ ), e T
S m2(47r)72{ —'y+1+1n47r—ln }—1—0( )
ml 4—d
— - d 1 1
TQ_ o (H%r)d % k2+m?  (k+p)2+m3
—(a1m2+agm?2 “1e2 5,2
s _ M47d(4ﬂ_)7d/2 f()oo daldag(al—kaz)’dpe (armi+agma+ 102 %)
ar=xzX; az=(1—x)A
- - 1 -
= ut d(47r) d/2F(2 — g) fo dx(xm%—k(l - x)m%—kx(l — 1’)1)2))‘1/2 2
convergent for d < 4
. I C¢In mnz%+(17m)nzg+m(17m)p2
= (4m)220(1+ §)ez ™7 [dwe 2 u?
€— :Em2 —T m2 x —x 2
S (4m)~2 {f — v+ Indr — fol dzln " )u22+ (o } + O(e)
p1
e d 1 1 1
73 mg T (2m)d Jdk k24m2 (k+p,)24m2 (k+p, +p,)2+m3
ms convergent for d =4

—+0 2 2 2
p2 A —(armi+agm3+azm3)
~  (4m)” fo daidasdas (a1+a2+a3)2 e

Q1Q2P1+Q2Q3P2+Q3Q1P3
xe ajtastas

ar=xyA; ce=zxz(1—yA; as=1—-2)A; a1 +az+az=A
o p1
= (4m) 2f0 dydzz )

N=2y (1—y)pi+z (1—2)(1—y)pi+a (1-x) ypi+eymi+z (1-y) mi+(1—z) m}

24 A direct integration here yields

m?(4r)~ Y201 - d/2) (Zf)

which by virtue of I'(1 —d/2) = —2I'(2—d/2)/(d — 2) is the same analytic function
as the one obtained via the partial integration method.

d/2—2
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Standard Scalar One—loop Integrals (m2?=m? — i¢)

d?k 1 i
_(.)_ *.Uo/ :—@Ao(m),

2m)4 2 —m2

defines the standard tadpole type integral, where
Ao(m) = —m?*(Reg + 1 — Inm?) (2.140)

with 5
Reg="—~y+Indr +1Inpl=np?. (2.141)
€

The last identification defines the MS scheme of (modified) minimal
subtraction.

1

d4k i )
_Q_ i | e T e ) Tom

defines the standard propagator type integral, where

1
Bo(mi,ma;s) = Reg—/ dzIn(—sz(1—2z)+mi(1—2)+m3z—ic) . (2.142)
0

b1
my . ddk 1
m2 = [i d (B2 —m2 2 _ 2 2 2
s (2m) (k —m{) ((k +p1)? —m3) ((k +p1 + p2)? —m3)
D2 = " Ton ZCo(ml,mz,mg,pl,pg,pg)

defines the standard form factor type integral, where

1
1
Co(ma, mz, ma; 51,52, 53) _/0 dx/o dyaa:2+by2+cxy+dx+ey+f
(2.143)
with
a = s3, d=m3 —m3 — sq,
b= sq, ezm%—m§+82—53,
c= 83— S1 — Sa, f:mg—ia.

Remark the regulator term Reg in (2.I41]) denotes the UV regulated pole
term 2 ° supplemented with O(1) terms which always accompany the pole term
and result from the e—expansion of the d—dimensional integrals. While in the
MS scheme just the poles i are subtracted, in the modified MS scheme MS
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also the finite terms included in (ZI4I]) are subtracted. The dependence on
the UV cut—off g in the MS scheme defined by Reg = In ii? is reflected in a
dependence on the MS renormalization scale p.

The UV-singularities (poles in e at d=4) give rise to finite extra contri-
butions when they are multiplied with d (or functions of d) which arise from
contractions like g =d, "y, = d etc. For d — 4 we obtain:

dAo(m) = 4Ag(m) +2m? | dBy =4By— 2. (2.144)

The explicit evaluation of the scalar integrals (up to the scalar four—point
function) is discussed in [40] (see also [41] [42]).

2.5.7 Tensor Integrals

In dimensional regularization also the calculation of tensor integrals is rather
straight forward. Sign conventions are chosen in accordance with the Passarino-
Veltman convention [43]. Invariant amplitudes are defined by performing co-
variant decompositions of the tensor integrals, which then are contracted with
external vectors or with the metric tensor. A factor i/1672 is taken out for
simplicity of notation, i.e.

1672 [ d%k
= cee 214
[ s (2145
1) One point integrals:

By eventually performing a shift k¥ — k 4+ p of the integration variable we
easily find the following results:

Ji Geapy2—mz = —Ao(m)
S thap?—me = P"Ao(m) (2.146)
fk (k+l§,;§:mz = —pHpY A + g Asp

A21 = Ao(m)
m2 e—0 m2 m4
A22 = — d Ao(m) >~ — 4 Ao(m) + 8 (2147)

2) Two point integrals: the defining equations here are

fk (1)1(2) = BO(m17m2§p2)

Je 52y = P Bu(ma, ma; p?) (2.148)

Je 2y = 1P’ Bar — " B
where we denoted scalar propagators by (1) = k? —m? and (2) = (k+p)? —m3.
The simplest non-trivial example is B;. Multiplying the defining equation
with 2p,, we have
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2pk 1
2p*By =
P /ka—m%—i—ia(p—i—kP—m%—i—is

and we may write the numerator as a difference of the two denominators plus
a remainder which does not depend on the integration variable:

2k = (p+k)*> — k* — p* = [(p+ k)* — m3] — [k* —m7] — (p* + m] —m3)

After canceling the square brackets against the appropriate denominator we
obtain

1
Bi(myi, ma;p?) = 92 {Ao(m2) — Ag(m1) — (p* + mi — m3) Bo(m1, ma;p®)}

(2.149)
A further useful relation is

1
Bi(m,m;p?) = — o Bo(m, m;p°) .

In a similar way, by contracting the defining relation with p, and g,, we find
for arbitrary dimension d

B21 = (d i)p {( d/2)A0(m2) — d/2(p2 + m% — m%)Bl — m%Bo}
By = Q(d 1 {A¢(m2) — (p*> + m? —m3)By — 2m3By}
Expansion in d =4 — €,e — 0 yields

Boy = ;12 {Ao( m2 )+ 2(p* + ml m3)By + miBy + 1/2(m} +m3 — p?/3)}
B22 = {AO m2 (p + ml m%)Bl - 2m%B0 — (m% + m% —p2/3)}

where the arguments of the B—functions are obvious.

3) Three point integrals: for the simplest cases we define the following invariant
amplitudes

Ji <1><§>< 5y = —Co(m1,ma,m3;p7, p3, p3)

Ji ( 1)(2 3 = —P1C1 —phCra (2.150)
Sk (1??216)23) = —pi'p{Ca1 — pypsCaz — (PPs + PhpY)Cos + g Caa
where p3 = —(p1 +p2), (1) = k* —=mi, (2) = (k+p1)* —m3 and (3) =

(k +p1 +p2)® —m3.
The C4;’s can be found using all possible independent contractions with
Dipws P2u,r and gu,. This leads to the equations

P pipe Cu\ _ (R
pip2 p3 Co Ry

X
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with
Ry = }(Bo(ma, ms;p3) — Bo(my, ms;p3)
— (pi +mi —m3)Co)
Ry =} (Bo(ma,ms;p3) — Bo(ma,ma;p)
+ (1 — p3 —m3 +m3)Co) .
The inverse of the kinematic matrix of the equation to be solved is

1 P
X! — 25 D1p2 DetX = p2p2 2
DetX (—p1p2 pr ) DX =pimn = (i)
and the solution reads
1
Cqq = 2Ry — R
1= porx {pg 1— (P1p2) 2}
1 2
= — . 2.151
C12 Det X {—(p1p2) R1 + piR2} (2.151)

The same procedure applies to the more elaborate case of the Cs;’s where the
solution may be written in the form

m% 1 1 1
Coy = — 9 Co + B0(2,3) — 4(f1011 + fQClQ) + 4 (2152)

4

() =x (B) (@) =x (B) e

with
Ry = Cyy — ; (f1C11 + B1(1,3) + Bo(2,3))
Rs = —} (f20n1 + Bi(1,2) — Bi(1,3))
Ry = —} (f1Ci2 + B1(1,3) — B1(2,3))
Rg = Caq — 5 (f2C12 — B1(1,3))
and

fi=pi+mi—m3; fo=p5—pi+mi—mj .
The notation used for the B—functions is as follows: By(1,2) denotes the two
point function obtained by dropping propagator é) from the form factor i.e.
/; & (1)1(2) and correspondingly for the other cases.
In the following sections we present an introduction to the calculation of

the perturbative higher order corrections, also called radiative corrections, for
the simplest QED processes.

2.6 One—Loop Renormalization

2.6.1 The Photon Propagator and the Photon Self-Energy
We first consider the full photon propagator
iDE (x — y) = (O[T {A" (x) A" (y)} |0) ,
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which includes all electromagnetic interactions, in momentum space. It is given
by repeated insertion of the one—particle irreducible (1PI) self-energy function

also called the vacuum polarization tensor . Since the external photon couples
to the electromagnetic current via the vertex iej¥ (x)A,(x), the latter may
also be represented as a correlator of two electromagnetic currents ([2.92]):

— 14" (q) = (ie)? /d433 (0| {56 (%) jém ()} 10) - (2.154)

Because the electromagnetic current is conserved?d Opjt, = 0 the non-trivial
part of the self-energy function is transversal

" = —(¢"q" — ¢*> g") IT'(¢%) (2.156)

which implies ¢, IT*” = 0 automatically. Note however, that the free propa-
gator, because of the required gauge fixing does not satisfy the transversality
condition. The left over terms are gauge fixing artifacts and will drop out from
physical matrix elements. An external real photon, for example, is represented
by a polarization vector e#(g, A) which satisfy ¢,e" (¢, \) = 0 and thus nullifies
all terms proportional to ¢*.

In any case, we will need to consider the transverse part only in the follow-
ing. In order to see how the splitting into transverse and longitudinal parts
works, we introduce the projection tensors

v 17
TH =g — a"q (transverse projector) , LM = qug (

) longitudinal projector)
q

which satisfy

)+ Ly =96y, T)TY =T, LOLy =Ly, THYL) =LET) =0.

v v

Then writing

HNV(q) = (Tul/ H(q2)+LMV L(q2)) = (guu 11 (q2) + qudv H2(q2))(2157)

we have L = ¢?IIy + II; and IT = II;. Thus the transverse amplitude IT
is uniquely given by the g,,term in the propagator and the longitudinal
amplitude L does not mix with the transverse part.

25By Noether’s theorem current conservation derives from a global symmetry,
which in our case is global gauge symmetry (i.e. transformations (2.88]) with gauge
function a = constant) of the Lagrangian. Current conservation implies the existence
of a conserved charge

dQ

= 2.1
dt 0, (2.155)

Q= /d%f(t,as);

the total charge of the system.
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This allows us to calculate the full or dressed photon propagator by simply
considering it in the Feynman gauge & = 1, for which the free propagator takes
the simple form iDf = —ig"¥ /(¢® +ie). The so called Dyson series of self-
energy insertions then takes the form (we omit the metric tensor g"¥ which
acts as a unit matrix)

Y Y y
O @ O = 0vav0++ ON\A®N\A®MAO+...
e R SR e T - —i
1D (q") = PR (—iIT,) 2T e (—ilI,) 2 (—ill,) 2t
—1i _H’Y _H'y 2

—i 1 B —i
@ |1+ ’;; q* +11,(q*)

The fact that the series of self-energy insertions represents a geometrical pro-
gression allows for a closed resummation and is called a Dyson summation.
The result is very important. It shows that the full propagator indeed has a
simple pole in ¢? only, as the free propagator, and no multi-poles as it might
look like before the resummation has been performed.

In a more general form the dressed propagator, including an auxiliary
photon mass term for a moment, reads

s M AV M AV
iD' " (q) = ! <g‘“’ -1 ) + 7T (2.159)
7 g —mg, +11,(q*) ¢ ¢

and we observe that in general the position of the pole of the propagator, at the
tree level given by the mass of the particle, gets modified or renormalized by
higher order corrections encoded in the self-energy function I7. The condition
for the position g2 = sp of the pole is

sp—mg, + 11, (sp) =0. (2.160)

(2.158)

By U(1)em gauge invariance the photon necessarily is massless and must re-
main massless after including radiative corrections. Besides mg, = 0 this
requires 11, (q*) = I1,(0) + ¢* IT! (¢*) with IT,(0) = 0, in agreement with the
transversality condition (ZI50]). As a result we obtain
—ighv

i DM (q) = —ig" D’ (¢*)+ gauge terms —
4 (a) 9" D.(q")+ gaug 2 (1+ 11 (¢2)

+ gauge terms

(2.161)
The inverse full bare photon propagator is of the form

—inywl_l = AMERDWWN = AN+ fva/v\/—k

=i {g’“’ (¢* — mgv) - (1 - 2) q“q”} — iy (2.162)
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After these structural considerations about the photon propagator we are
ready to calculate the one—loop self-energy and to discuss the renormalization
of the photon propagator. We have to calculatd?d

k
124
—1iI*" (q) = W
k+q

S [ Bl Kim o deken )

—m?2+ie’ (¢+k)?2—m2+ic
_ez/ Tr {v"¥y" (4 +#)} ezmz/ Tr {y#7"}
k (1)(2) r (D@

We have used already the property that the trace of an odd number of -
matrices is zero. F' is the number of closed fermion loops, FF =1 in our case.
As a convention the string of v—matrices is read against the direction of the
arrows. We again use the short notation

(1) =k?>—m?+ic, (2)=(¢+k)?2>—m?+ic

[ S

Gauge invariance or transversality of the photon field requires

and

qu 1" =0
where IT*¥ is the symmetric vacuum polarization tensor. We may check

transversality directly as follows

1, 1 141
k—m” (+§) —m k—m g+ —m

1 1
= Try" (d+k—m)}—(k—m)
fom! Vm—m
1 1
g (L
f=—m (g+k)—m
which upon integration should be zero. Indeed, in dimensional regularization,

we may shift the integration variable in the second integral ¢ + k = k’, and
by integrating we find

g TrAy* = TrH*

26Fermion propagators are represented either as an inverse matrix ;c—nlL e
a matrix kﬁfZ;fw with a scalar denominator. This second form is obtained from
the first one by multiplying numerator and denominator from the left or from the
right with ¥ + m — ie. In the denominator we then have (f +m —ie)(k —m +1ie) =
K — (m —ie)? = k* — m? 4 ic + O(e?) where the O(g?) order term as well as the
O(e) in the numerator in € may be dropped as the limit ¢ — 0 is always understood.

or as
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/kam/ d+k

It is understood that d is chosen such that the integrals converge to start
with. The result is then analytically continued to arbitrary d. This then ex-
plicitly proves the transversality (ZI50G]). We may exploit transversality and
contract the vacuum polarization tensor with the metric tensor and consider
the resulting scalar quantity

19, IT" = ~ig,u, (¢"q" — ¢* ¢") IT'(¢*) = iq® (d — 1) IT'(¢*)

Tr (v*Fval(d + K)) 2m2 [T (Y*Ya)
ne) /ku)(z) '

Using the d-dimensional Dirac algebra relations (Z123)) or, directly the trace
relations (Z124]), we have 7*}~, = (2 — d) ¥ and thus the trace in the first
integral is (2—d)Tr (¥(4 + ¥) = (2—d)k(g+Fk)Tr 1. The scalar products k?+kq
in the numerator may be written as a difference of the two denominators (1)
and (2) plus a term with does not depend on the integration variable k:
k2 = (1) +m?and 2kqg = (¢ +k)?>—m?2 - k2 +m? —¢> = (2) - (1) — ¢
and hence k? + gk = }[(2) + (1) — ¢*> + 2m?]. The terms proportional to (1)
and (2) each cancel against one of the denominators and give a momentum
independent tadpole integral.

The point of these manipulations is that we got rid of the polynomial in &k
in the numerator and thus were able to reduce the integrals to a set of basic
integrals of a scalar theory. In our example, with the definitions (2.I140]) and

I, we get

2 i
/k k(lgr(;)k = 16m2 ; ((2m? = ¢%) Bo(m,m; ¢*) — 2 Ag(m)) .

For the one—loop vacuum polarization as a result we then havd?]
crgy = € b Jae— gy m?—©) Botmmiq?)
TN T 6r2 (d— 1) g / ONTL I
—4 (2 — d) Ag(m) + 4dm? By(m,m; qQ)} .

Now we have to expand the result in d = 4 — €. At the one—loop level at most
simple poles in € are expected, thus a bare one—loop amplitude in the vicinity
of d =4 is of the form

1
A:a_16—|—ao—|—a16—|--~

2"We adopt the scheme setting the trace of the unit matrix in spinor space
Tr 1 = 4; it is of course mandatory to keep this convention consistently everywhere.
While bare quantities obviously depend on this convention, on can prove that quan-
tities finite in the limit d — 4, like the renormalized ones, are unambiguous.
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The expansions for the standard scalar integrals Ag and By are given in (2.140])
and (ZTI42), respectively, and the singular terms read

2 2
Ag(m) = —m? et O(1) , Bo(my,ma;q%) = e T o(1)

which leads to (ZI44]). In addition, we have to expand

I S S ,
d—1_3—e_3(1—§)_3+9+0(6)'

As a result for the bare amplitude we obtain
2 2 2
Il (¢%) = 12772 2 {m2 — (]6 + Ap(m) + <m2 + q2 > Bo(m,m;qz)}
(2.163)
an expression which exhibits regularized UV singularities, represented by the
poles in € present in Ay and By.

We now have to discuss the renormalization of the photon propaga-
tor. Concerning mass renormalization, we first go back to the general form
@I57) of the vacuum polarization tensor and identify IT, = —II' and
II; = —¢?Il; = ¢*I'(¢?) due to transversality. As we have shown earlier
in this section, electromagnetic gauge invariance requires:

lim I7,(¢*) =0 (2.164)

q?—0

and we may check now explicitly whether the calculated amplitude satisfies
this condition. For ¢®> = 0 we have

AO (m)

0) — _ 2
By(m,m;0) = -1 — mz Reg —Inm (2.165)

and hence, as it should be,

2
8
lim ¢*I7'(¢%) =

_ 2 2 } —
Jim = 1642 3 {m® + Ao(m) + m* Bo(m,m;0)} =0.

This proves the absence of a photon mass renormalization at this order as a
consequence of U(1)en gauge invariance.

Next we consider the wavefunction renormalization. The renormalized pho-
ton propagator is D), = zy 1D}, where the renormalized physical propagator
is required to have residue unity of the pole at ¢ = 0. This infers that the
interacting photon propagator in the vicinity of the pole behaves like a free
photon (asymptotically free scattering state). From (Z.I61]) we learn that the
residue of the pole ¢> = 0 in the bare propagator is given by 1/(1 + IT/(0))
such that the wave function renormalization condition for the photon reads
Zy(1+111(0)) = 1 or
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Zy =1+ (0] " ~1-11(0) . (2.166)

We thus have to calculate

2 2 9 2
lim 17 (%) = € ,.° {m 1 +A0(m)+(m2+q )Bo(m,m;(f)}

?—0 1672 342 6 2 20
e? 8 1 9 1
= 16723 {_6 + m?*By(m,m;0) + 5 Bg(m,m;())}
where we have used the expansion
Bo(m, m; q”) = Bo(m,m;0) + q° Bo(m, m;0) + O(q") .
Using the integral representation (Z.142) it is easy to find
. 1
By(m,m;0) = Gm2 (2.167)
and together with (ZIG5) we obtain the simple result
o2
Zy—1= 1972 By(m,m;0)
2
a g
= 1 . 2.16
k) (2168)

where the last expression in given in the MS scheme (Reg = In p?). We finally
may write down the renormalized photon vacuum polarization which takes
the form

H'/y ren(qQ) = H'/y(q2) - H'/y(o)

= 0 e gy (w2 D) Bommia?) — %) Bo(m,mi0)
_67T2q2 m 6 olm m 9 olm,m;q 2 o\, my; .

Evaluating the integrals one obtains

Bo(m,m;q*) = Reg +2 —Ilnm? + 2 (y — 1) G(y) (2.169)
where
4m?
y= 2
and
1
— ,_jarctan - (y>1)
Gly) = { ARV (2.170)
2/l—y N 1—y—1 Y ‘

For 0 < y < 1, which means ¢?> > 4m?2, the self-energy function is complex,
given by
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1 1+v/1—-y .
G(y):2\/1_y <1D1_\/1_y—1ﬂ') . (2.171)

The imaginary part in the time-like region ¢* > 0 for \/ q* > 2m is a conse-
quence of the fact that an electron—positron pair can be actually produced as
real particles when the available energy exceeds the sum of the rest masses
of the produced particles. The vacuum polarization function is thus an ana-
lytic function in the complex ¢?>—plane with a cut along the positive real axis
starting at ¢ = 4m?, which is the threshold for pair—creation/d.

The final result for the renormalized vacuum polarization then reads

H'/yren(q2) = 30;_ {Z +y_2(1+ g) (1—y) G(y)} (2172)

which in fact is a function of ¢>/m?. This renormalized vacuum polarization
function will play a crucial role in different places later. For later purposes

28 As a rule, a cut diagram

q C’m

mi

contributes to the imaginary part if the cut diagram kinematically allows physical
intermediate states: ¢° > (m1+ m2)2. In place of the virtual photon (a real photon
requires ¢> = 0 and does not decay) let us consider the massive charged weak gauge
boson W. The W is an unstable particle and decays predominantly as W~ — 71,
(¢ = e, p, 7) leptonically, and W~ — du, b hadronically. Looking at the transversal
self-energy function ITw (¢?) of the W on the mass-shell ¢> = M3, we have

Im ITw(q> = M) = Mw I'w # 0

defining the finite width 'y of the W—particle. Note that W~ — bt is not allowed
kinematically because the top quark ¢ is heavier than the W (Mw = 80.392 +
0.029 GeV,m; = 171.4 £ 2.1 GeV,mp = 4.25 £ 1.5 GeV) for an on—shell W and
hence does not contribute to the width.

Cutting lines means applying the substitution (see ([2I39)

1

. 2 2
p? —m? +ie — —imd(pT —m’)

for the corresponding propagators. In general the imaginary part is given by cutting
sets of lines of a diagram in all possible ways such that the diagram is cut into two
disconnected parts. A cut contributes if the cut lines can be viewed as external lines
of a real physical subprocess. Note that the imaginary part of an n—loop amplitude
is given by cut diagrams exhibiting n — 1 closed loops at most. The imaginary part
therefore is less UV divergent in general. In particular, the imaginary part of a
one—loop diagram is always finite.
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it is useful to note that it may be written in compact form as the following
integra

Héren(qz/mQ) = —: /dz 22(1—2) In(1—2z(1—2)¢*/m?

1
dm2 /g — (1 12)

The result (ZI72) may be easily extended to include the other fermion
contributions. In the MS scheme, defined by setting Reg = In y? in the bare
form, we have

(2.173)

1
“ /dtt2 (1-#2/3)
™
0

(2.174)

' (q Z QFNey lln +G
f

where f labels the different fermlon flavors, @ ¢ is the charge in units of e and
Ny the color factor, N.; = 3 for quarks and N.; = 1 for the leptons. We
have introduced the auxiliary function

G- y G G=0, ¢>=0
_ _ _ ~ ~ 2

which vanishes at ¢ = 0. The imaginary part is given by the simple formula

Im 1T, (g ZQchf ( 1+ V1= ) : (2.175)
Using the given low and high energy limits we get
! @ 2 It
)=, > Q7NesIn m? (2.176)
and
Re IT (¢ ZQchf (ln | g) co P > mfc . (2.177)

This concludes our derivation of the one-loop photon vacuum polarization,
which will play an important role also in the calculation of the anomalous
magnetic moment of the muon.

which derives from
1
Bo(m,m;q*) = Reg — Inm” — / dz In(1 -z (1 —2) ¢°/m?)
0
(see ([ZI42)). The second form is obtained from the first one by a transformation

of variables z — v = 2z — 1, noting that fol dz -+ = 2]11 dz -+, and performing a
2

partial integration with respect to the factor z(1—z) = (1—-v?)/4 = & v(1-v?/3)/4
in front of the logarithm.
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Conformal Mapping

For numerical evaluations and for working with asymptotic expansions, it is
often a big advantage to map the physical upper half s = ¢?>-plane into a
bounded region as, for example, the interior of a half unit—circle as shown
in Fig. Such a conformal mapping is realized by the transformation of
variables

Vi—y—1 4m?

s E=Y o=

or
1—¢)? 1
s __(1-9 L Jloy= +¢ .
m? ¢ 1-¢
If we move along the real s axis from —oo to +00 we move on the half unit—

circle from 0 to 41, then on the arc segment counter clockwise and from —1
back to 0. We distinguish the following regions:

scattering s<0 :0<e<1 ,  In¢
unphysical 0<s<4m?: €£=e¥ | Iné=ip
production dm? <s :—-1<€6<0, Iné=hnl¢+in
where
1
¢ = 2arctan ; 0<p<m.

\/y—l ) =

On the arc holds 1/y = sin® ¥. The function G(y) now has the representation

11-¢
~1 e, 0>s
G(y) = —%kf‘can‘g, ’ 4m2>52>0
_21+€(ln|§|—|—1ﬂ'), s> 4m

As an application we may write the photon vacuum polarization amplitude

@I72) in the form

—

scattering T production
unphysical

Fig. 2.5. Conformal mapping of the upper half s—plane into a half unit—circle
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HV ren(q2) = q2ﬂ'ly rcn(q2)
_am? {—232 F(ETHE) + (T +E—4) TE g, 5<0

3r | —3sin® ¥ —4+4 (2+sin” %) pctan? , 0< s <4m?.

For s > 4m? the first form holds with In & = In [¢| + im. Corresponding repre-
sentations are used for the vertex function as well as for the kernel function
of the vacuum polarization integral contributing to g — 2 (see Sect. [1.2)).

2.6.2 The Electron Self-Energy

Next we study the full propagator of a Dirac fermion f

1% (x — y) = (0|7 {¢ (x)ds(y) } |0)

in momentum space. Again, the propagator has the structure of a repeated
insertion of the 1PI self-energy —iX's(p)

f f f
= 00 + o> D=0+ D=0+

iS}(p)Eﬁ—mf+¢—mf (_izf)ﬁ—mf

Fpomy Ty T

:ﬁ—imf {1+ (ﬁ—zfnf>+<75—2f71f)2+m}

i 1 i

pomy | 1=, S pemy =Xy

(2.178)

The Dyson series here is a geometric progression of matrix insertions which
again can be summed in closed form and the inverse full fermion propagator
reads

Y G Y — N,
— i p-my - S0} (2.179)

The self-energy is given by an expansion in a series of 1PI diagrams

i) = D = L e

The covariant decomposition of X;(p) for a massive fermion takes the form

2(p) =p (AWp* mys,--)) +myg (Bp®,my,--+)) | (2.180)
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where A and B are Lorentz scalar functions which depend on p? and on all
parameters (indicated by the dots) of a given theory. In vector—like theories,
like QED and QCD, no parity violating 5 terms are present, and the pole of
the propagator, or, equivalently, the zero of the inverse propagator, is given
by a multiple of the unit matrix in spinor space:

p=m, where m?=sp (2.181)
defines the “pole mass” of the fermion in the p?>—plane
p—ms = Zr(0)l,n = 0. (2.182)

Among the charged leptons only the electron is stable, and hence m. = m.
is real and given by the physical electron mass. For the unstable fermions
sp = m? = m? — imI is the complex pole mass, where the real part defines
the physical mass m and the imaginary part the width I, which is the inverse

of the life time. Looking at the full propagator

/ 1 p(1—=A)+my (1+B)
S10)= 4 i) = . ) (2.183)
mp—=X¢(p)  p? (1-A)?—m2 (1+B)
the pole condition may written in a form (2.160)
sp—ma—Qsp,m3,---)=0, (2.184)

where
Q(pz,mg,~~~)5p2 (2A—A2)—|—m(2) (2B—|—B2) .

One easily checks that the numerator matrix is non—singular at the zero of the
denominator of the full Dirac propagator. Thus the solution may be obtained
by iteration of (ZI84]) to a wanted order in perturbation theory.

Now the fermion wave function renormalization has to be considered. The
renormalized propagator is obtained from the bare one by applying the ap-
propriate wave function renormalization factor S%,,, = 2;15}0 (see (2107)),
where the renormalized physical propagator is required to have residue unity
at the pole p = m. The interacting fermion propagator in the vicinity of the
pole is supposed to behave like a free fermion (asymptotically free scattering
state). In fact, this naive requirement cannot be satisfied in massless QED due
to the long range nature of the electromagnetic interaction. Charged particles
never become truly free isolated particles, they rather carry along a cloud of
soft photons and this phenomenon is known as the infrared problem of QED.
Strictly speaking the standard perturbation theory breaks down if we attempt
to work with one—electron states. While the off-shell Green functions are well
defined, their on—shell limit and hence the S—matrix does not exist. A way
out is the so called Bloch-Nordsieck construction [56] which will be discussed
below.
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At intermediate stages of a calculation we may introduce an IR regulator
like a tiny photon mass, which truncates the range of the electromagnetic
interaction and thus allows for a perturbative treatment to start with.

In vector-like theories the fermion wave function renormalization factor
\/Zf = 1+ 0Z; is just a number, i.e. it is proportional to the unit matrix
in spinor spac@. Working now with a finite photon mass we may work out
the on—shell wave function renormalization condition (LSZ asymptotic condi-
tion). For this purpose, we have to perform an expansion of the inverse bare

propagator (ZI79]) about the pole p = m.

]ﬁ—mo—EZTh—F(]ﬁ—Th)—m()—’th(ﬁLQ,mo,"')—moB(ﬁLQ,mo,"')

AA(p?,mo,-) — my (p2 _ m2) dB(p*,mo,)

- (p? —m?) T o

_i_...’

p2=m2 p2=m

where m is the pole solution (ZI82):
ﬁ—mo—zuzm:m—mo—mA(Th2,m0,-'-)—moB(Th2,m0,---):0
and thus using p*> — m? = (P + m) (P — m) ~ 2m () — m) we have

- oy -
p—mo— 5 = (p— ) (1— o M) +O((p — )?)

= (p—m) Z;' +O((p — m)?)

with

0%
zZ;'=1-
! ( % ﬁ—fn)

7 2 ... 2 ..
=1 (A(m27m07...) + Qﬁba[mA(p » Mo, )+m0B(p » Mo, )]

Op?

such that the renormalized inverse full propagator formally satisfies
p—m— Zen = (gb—m)+0((p—m)2)
with residue unity of the pole.

0In the unbroken phase of the SM the left—handed and the right-handed fermion
fields get renormalized independently by c—number renormalization factors v/Zr
and /Zg, respectively. In the broken phase, a Dirac field is renormalized by \/ Zy =
VZr -+ \/Zg II; where II+ = é(l + 75) are the chiral projectors. Hence, the
wave function renormalization factor, becomes a matrix \/ Zy =1+ a+ By and
the bare fields are related to the renormalized one’s by o (z) = \/Zstr(x), which
for the adjoint field reads 1o (z) = ¥ (2)7°\/Zs°.
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We are ready now to calculate the lepton self-energy in the one—loop
approximation. We have to calculatd®]
k

sy L

k+p
42 [ d% p+E+m o
—ile /(%)ﬂp i 127 Do (8) (2.187)

_ 2 1 Y@+ E+M)Ye | 2 . 1, 1
7_6/lckQ—m?y+ie(P+k)2—m2+iE+e(1_5)/ k22 Fysp—m¥

We consider the first term, applying relations ([2123]) we find

T _/ 1 md+ (2 —d) (p+§)
e p k2 —m2 +ie (p+k)? —m? +ie

Lo {md (2 d) ) Bo(m,mip?) + (2 — d) B mi )}

where Bj is defined in ([2I48) and may be expressed in terms of By via
(ZI49). The limit of vanishing photon mass is regular and we may set m, = 0.
Furthermore, expanding d about 4 using (2144 we find

T = 16;2 {m (4By — 2) + (1 - A(;g(zm) _P ;2”‘2 BO)} (2.188)

with

2_ .2 2
BO:BO(O,m;p2):Reg—|—2—1nm2—|—m 2]9 ln(l—p +21€> .
P m

We note that the first term 77 is gauge independent. In contrast, the second
term of (ZI87) is gauge dependent. In the Feynman gauge £ = 1 the term
vanishes. In general,

B 1-¢ |
. m2) (k2 —em2) Fp o p—m¥

where we may rewrite

31We consider the photon to have a tiny mass and thus work with a photon
propagator of the form

koko 1
Dyo(k) = — (gpfr —(1=8) ., " gmg) K2 —m? e (2.186)
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1
k¢+%_m%=Kﬁ+k—m%ﬁﬁ—mﬂ (P +F—m)—(p—m)]

1
p+f—m

The first term being odd in the integration variable yields a vanishing result
upon integration, while the remaining one’s vanish on the mass shell p = m
and hence will not contribute to the mass renormalization. We obtain

. (-
=== [ty )
(- prkem
) [ - (12

1
p+k—m

=f—=G-—m)+(@-—m) p—m).

a result which affects the residue of the pole and thus contributes to the wave
function renormalization. To proceed, we may use the pole decomposition

i_g ! 1 1( 11 )
k2 — m,QY k2 — §m?Y m?y k2 — m,QY k2 — fm?y

Then all integrals are of the type we already know and the result may be
worked out easily. Since these terms must cancel in physical amplitudes, we
will not work them out in full detail here. Note that the second term is of
order O(( — m)?) near the mass shell and hence does not contribute to the
residue of the pole and hence to the wave function renormalization. The first
term is very simple and given by

Bl emi0) | + O = m)?) . (2159)

T=Gp-m) {-1-0)

We now consider the mass renormalization. The latter is gauge invariant
and we may start from ¥ = —ie?T} + ie?Th in the Feynman gauge

Y& — T = A(pY) p+ B m
e? {p (1_ Ap(m) _p2—|—m2

= 1672 p? 2

BO) +m (4B0 - 2)} .
The physical on—shell mass renormalization counter term is determined by

p-—mo— Xy, =p-—m—-om-X|,_ =0 or dm=-X|,_

and hence
om o o
m = - (A(p )—FB(p ))|p2~>m2
e? Ap(m) 9 e? Ag(m)
- 1 — 2B - - 1
16w2{ o 00””””’”1)} 16w2{3 m? }
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where we have used

Ag(m
Bo(0,m;m?) =1 — 0(2 ) =Reg+2—Inm? .

m
As a result the mass renormalization counter term is gauge invariant and
infrared finite for m, = 0. The gauge dependent amplitude 75 does not con-

tribute. Using (ZI140) we may write

om a (3. m?
= | -2, . 2.1
m 27 {2 " w2 } (2.190)

The wave function renormalization at one—loop order is given b

Zy—1= (A(p2) + 2m? 8(“‘Jr15’)(p2))

dp?

p2—m?2

= 1gjr2 {1 + A%;n) + 4m230(my, m; m2) + (1= &) Bo(m, \/§m7; 0)} .

A calculation of By in the limit of a small photon mass yields

. ma~—0 1 1 m2
Bo(my,m;m?) = ~ 2 (1+21nmg)

a result which exhibits an IR singularity and shows that in massless QED the
residue of the pole does not exist. An asymptotically small photon mass m- is
used as an IR regulator here. In IR regularized QED we may write the result
in the form

a (1. m? m 1 m? 1
Zr—1= 1 —2+21 1-¢)(1-1 v | . (2.192
1= o =2 " 1= (- ")+ pene . (2192)

The important message here is that the residue of the pole of the bare fermion
propagator is gauge dependent and infrared singular. What it means is that

32Note that with Tb from ZI89) we have
T = e’y = (p— m) AT

where

AP = (1-9) |, Bolmy, \/€m;0)

and BS7! = — A% such that A7! + B! = (. This leads to a contribution

2
627 = o5 (1= €) Bolmy,v/6m;0)
2
= g2 {1-8) (Reg +1—Inm?) + €I} (2.191)

to the wave function renormalization.
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the LSZ asymptotic condition for a charged particle cannot be satisfied. The
cloud of soft photons accompanying any charged state would have to be in-
cluded appropriately. However, usually in calculating cross sections the Bloch-
Nordsieck construction is applied. This will be elaborated on below.

The renormalized fermion self-energy is given by

Efrcn:Ef+5mf_(Zf_1) (p_mf)
= Aren (P —my) + Cren my (2.193)

with

Aren =A—(Zy - 1)
om

Cren:A+B+
m

In the context of g — 2 the fermion self-energy plays a role as an insertion into
higher order diagrams starting at two loops.

2.6.3 Charge Renormalization

Besides mass and wave function renormalization as a last step we have to per-
form a renormalization of the coupling constant, which in QED is the electric
charge, or equivalently, the fine structure constant. The charge is defined via
the electromagnetic vertex. The general structure of the vertex renormaliza-
tion has been sketched in Sect. Z41] already. Up to one-loop the diagrams
to be considered are

b2
P 2=k
= + Kl 4
o p1—k H
b1

Let us first consider the impact of current conservation and the resulting
Ward- Takahashi identity. Current conservation, 0,j& (z) = 0 translates into
a consideration of

. . . Ak
ig, " = —ieg — 1663/ (27)
with ¢ = pa — p1. First we note that

f=p2—pr=[pa—F—m]—[pr — k—m] = S5 (p2 — k) — Sz (p1 — k)

and thus

D, (k)y" Se(p2 — k) ¢ Se(pr — k)~ + -+

Sk(p2 — k)¢ Se(p1 — k) = Se(p2 — k) (Sg ' (p2 — k) — Sg ' (p1 — k)) Sk(p1 — k)
= Sr(p1 — k) — Sr(p2 — k) ,
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which means that contracted with g, the tree-point function reduces to a
difference of two two—point functions (self-energies). Therefore, for the non—
trivial one-loop part, using (ZI87) we obtain

ig, "V = +é? /k Dypo (k)7 Se(pr — k) 77 — €’ /k Dyo(k)y” Se(pz — k) 7°
= ie {2(1)(172) - 2(1)(]31)}
which yields the electromagnetic Ward-Takahashi (WT) identity

qul™ (p2,p1) = —e([p2 — m — X(p2)] — [p1 —m — X(p1)])
—1

—e (S ) - S5 () (2.194)

which is the difference of the full inverse electron propagators. This relation
can be shown easily to be true to all orders of perturbation theory. It has
an important consequence for the renormalization of QED since it relates the
vertex renormalization to the one of the charge (factor e) and the multiplica-
tive wave function renormalization of the electron propagator. Combining the
general form of the vertex renormalization (ZI13) and Sp, = Z@,S’l/T von, With
the bare form of the WT identity we obtain the relationship

V' 2y Zequ I (p2, 1) = —€or/Zy Ze (SIFBI(pz) - 8}61(191))
= qP«Frlén(p%pl) = _60\/Z ( F ren p2) S;‘irlen(pl))
= ~€ren (S;j_rlcn(pQ) - S;j_rlcn(pl)) .

We note that Z. dropped out from the renormalized relation and we obtain
the Ward-Takahashi identity

5 1
Cor/Zy = eren Or 1+ ee:\/1+5Z :\/1+H;(0) . (2.195)
Y

The WT identity thus has the important consequence that the charge gets
renormalized only by the photon vacuum polarization! This fact will play a
crucial role later, when we are going to evaluate the hadronic contributions
to the effective fine structure constant.

Another important consequence of the WT identity (2194]) we obtain by
taking the limit ¢, — 0:

(S5 p2) = 557" o)
I'*(p,p) = —e lim
p2—p1=p (pz — pl)u

oS ) _ ( az)
= - = 1 —_—
“op op )
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For on—shell leptons p = m (see [2I82])) we arrive at the electromagnetic WT
identity in the form

ox _
(P, P)|on—shen = —€7" <1 T o ﬁ—m) =—ev' Z; .

Alternatively, we may write Zy I'*(p, D), _shen = —€7" OF

=0 (2.196)

on—shell

— ey"6Zs + I'"(p, p)

where the prime denotes the non—trivial part of the vertex function. This re-
lation tells us that some of the diagrams directly cancel. For example, we have

(V=n)
v
v}ﬂw o B«Mw ;V%«— 0 (2.197)

The diagrams with the loops sitting on the external legs are contributions to
the wave function renormalization and the factor } has its origin in (ZI08).
This cancellation is the reason why the charge renormalization in QED is
given by the simple relation (2.I95]).

We are now ready to calculate the vertex function at one—loop order. The
Feynman diagram shown above translates into the Feynman integral

/ a'k k)vf’(zﬂz—k+m)v“(151—k+m)7”
(27) 7 ((p2 — k)2 = m?)((p1 — k)2 —m?)
(2.198)

il (py,p1) = —i%e?

Actually, we are only interested here in the physical on—shell matrix element

F‘u(anpl) - ﬂ(pg,’l"z) F”(pz,pl) u(plarl) )

p? = m?, p3 = m?, the photon being still off-shell, however. For notational
simplicity we omit writing down the spinors explicitly in most cases, how-
ever, always take advantage of simplifications possible if I'*(p2, p1) would be
sandwiched between spinors. The first term of D, (k) (see ([2I86])) produces
a term proportional to

V(2 = K+ m) " (P — f+m) 7,

and applying the Dirac algebra (ZI12I) and [2I23]) in arbitrary dimension d
together with the Dirac equation we can bring this string of y—matrices to
standard form. We anticommute py to the left and p; to the right such that
the Dirac equation u(pa,r2) (P2 —m)--- = 0 at the left end of the string of
Dirac matrices may be used and - -- (p1 — m) u(p1,71) = 0 at the right end.

We denote ¢ = p2 — p1 and P = p; + p2. Furthermore we may write scalar
products like 2kP = 2 [k?] — [(p1 — k)? — m?] — [(p2 — k)? — m?] in terms of
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the inverse scalar propagators which cancel against corresponding terms in
the denominators. We thus obtain

P Ad—=6)k* + 2 ([(p1 — k)* —m®] + [(p2 — k) — m?]) + dp1pa}
+ 4k% (PPyo —mgh,) +2 (2 — d) k“kH 7y, -

In order to stick to the definitions (ZI50]) we have to replace the momen-
tum assignments as k — —k, p;1 — p1 and ps — p2 — p1, and we obtain
Tiu = 1GZ 2 {’Yﬂ {(d - 6) Bo(m, m, q2) + 4B0(07 ms mQ)
7
+2(¢* - 2m?) Co(my,m,m)+2(2—d) 024}
ph

+ om mQ {4011 -2 (2 — d) 021)}} .

An unphysical amplitude proportional to ¢* also shows up at intermediate
stages of the calculation. After reduction of the tensor integrals to scalar
integrals this term vanishes. On the mass shell p? = p3 = m? and for m, =0

the three point tensor integrals in fact are completely expressible in terms
of two point functions. Evaluating the C-integrals using (2.151]), (2152) and

2I53)) we find

(Bo(m,m;s) — By (0, m;m?))
(Bo(0,m;m?) — By(m,m; s))
2

m
S

— —1/(s2)
— —1/(s2)

= —1/(s2)[

— 5 (Ao(m)/m? + Bo(m, m )

(1+ Ag(m)/m? + Bo(m,m;s))

Cas(m~,m,m) = —1/(sz) _(Bo(0,m;m?) — Bo(m,m;s))

1
2
1

Coa(my,m,m) = 4(1 + Bo(m,m;s))

with z =1 — y where
y=4m*/q®

is the kinematic variable we have encountered earlier in connection with the
photon vacuum polarization.

Given the above relations we arrive at fairly simple expressions for the
one—loop form factors in the Feynman gauge £ = 1:

_ P
irre=t ) — 3T — e {'y“Al + AQ}
2m
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with

e? 2
A = 1671'2{2(8 —2m*) Co(m., m, m)

—3Bo(m,m; s) + 4Bo(0, m;m?) — 2}

2

pe= o {70 Batmonss) - Ba0mmt | (2199

The only true vertex structure is the scalar three—point function Cy in Aq,
which may be calculated from (ZI43) (see [40] Appendix E) with the result

2 —¢? 1
Colma,m,mim?,¢%m?) = =" I~ Gly)+ , Fy)  (2.200)
¢ m3 q
with 1
= 1
G(y) 21—y ng
1 772 2 1+€
F = 4 Sp(— | 4In€ 1 .
W=y, {5 Fsel-0 e ramem TE
The variable Ji .
.
— , 2.201
¢ Vi—y+1 ( )

used in this representation, was introduced in Sect. [Z.6.11 The Spence func-
tiorPd or dilogarithm Sp(x) is defined by

Sp(z) = Lis(z / t n(l — xt) (2.203)
0

33The Spence function is an analytic function with the same cut as the logarithm.
Useful relations are

2
Sp(z) = —=Sp(1 —z) + 7; —Inzin(l —x)

1 2

Sp(z) = =Sp([) — 7 — , n*(~2)
1
2

Sp(z) = —Sp(—x) + ,Sp(z?) . (2:202)

For |z| <1 it has a series expansion

Special values are:

Sp(0) =0, Sp(1) =
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Looking at the standard form factor integral (2:200]) for on—shell electrons,
once more, we are confronted with an IR singular object. In massless QED
the off—shell vertex function is regular, however, the on—shell limit does not
exist. We thus again have to resort to an IR regularization by taking a small
photon mass if we insist in calculating the on—shell amplitude.

Together with (2I69) the bare amplitudes may be written in a more ex-
plicit manner as in the MS scheme

2

2 p—
A= ;{—;IHTZQ —2(1— Z)G(y) In mq% +3(1-y) Gly) +(1— Z)F(y)}

Ay = ;{y G(y)} :

The second term of the photon propagator in ([2.198) yields a contribution

1 1 1 L
9 =—-(1-9¢) /kk2_m%k2—§m3 kﬁz—k—mwﬁl_%_mk

and for the on—shell vertex, applying the Dirac equation, one easily verifies

that
1 1

L R

and hence this gauge dependent and UV divergent but ¢? independent term
only contributes to the amplitude A; and is given by

2
. . . e
g EFL () —egTQN = —167“14?751 = —iey! <— 1672 (1 =€) Bo(m, \/fm»y;())
(2.204)

This term exactly cancels against the gauge parameter dependent lepton part
of the wave function renormalization (2.191)):

2
>\A~» + }ww» = —iey!8Zc = —iey” (1271_2 (1 —=¢&) Bo(ms, \/fm»y;O)) .

In view of the discussion after (ZI96]), this cancellation is again a conse-
quence of the WT identity. As it should be the gauge dependent term does
not contribute to any physical amplitude after the appropriate wave function
renormalization has been applied, i.e. the terms do not appear in the renor-
malized Dirac form factor A;. The Pauli form factor in any case is not affected,
it is gauge invariant and UV finite and is not subject to renormalization.

In order to discuss charge renormalization, we have to write the form
factors in terms of the Dirac (electric) plus a Pauli (magnetic) term. This we
may do with the help of the Gordon identity

ichvq

u(p2) om

“u(pr) = a(p2) (7“ - ;:;) u(pr) -
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Starting from our form factor decomposition, which is more convenient from
a calculational point of view, we obtain

. . P

i, p0) = —ie {34 + 5 Aol
— 3 ® 2\ _ s o o 2
= —ie {7 (A10 + Az) (¢7) =10 ) Az0(q )}
— _j © 2 . _pa Qo 2
= —ie {’y 0Fg(q) +io 2mFM(q )} .

Charge renormalization, according to (ZI13)), is fixed by the condition that
eren = € at ¢? = 0 (classical charge). We therefore have to require

1 b}
0Fg ren(0) = A1o(0) + Az (0) +0Zc + 072, + : 0.

The complete Dirac form factor, including the tree level value is given by
Fgren(q®) =1+ 0Fgren(q?) (2.205)
and satisfies the charge renormalization condition
Frren(0)=1. (2.206)
However, the electromagnetic Ward-Takahashi identity (2196 infers
Ao+ A +02Z. =0

such that, in agreement with (2.193]), the charge renormalization condition
fixes the charge counter term to the wave function renormalization constant

of the photon

de 2

€

1 1 al m
= — 6Z = Hl = — 2.2
with the explicit result given in the MS scheme Reg = In 2.
As a result the renormalized one-loop virtual photon contributions to the

lepton electric (E) and magnetic (M) form factors read

O0Fg = (Ao + A2o +02Z,)

« m?2 —q2
= e {1~ Cop e L 2k G260+ 0 ) P
Fu=—An=, {-yG@)} . (2.208)

In the scattering region ¢® < 0 (y < 0) with 0 < ¢ < 1 the form factors are real;
in the production region ¢ > 4m? (0 < y < 1) with —1 < ¢ < 0 we have an
imaginary part (using In(§) = In(—¢) +im, In(—¢?/m? — i) = In(¢*/m?) —ir)
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1 a 1 q% — 4m?
Im Fg = 2—y)1 —34+2
po B 47r\/1—y{( y) In m2 +2y
1 « Y
Im Fy = 2.209
poM dr /1 -y ( )

The Dirac form factor for g2 # 0 (on-shell electron, off-shell photon) at this
stage is still IR singular in the limit of vanishing photon mass and cannot
be physical. Before we continue the discussion of the result we have to elab-
orate on the infrared problem in massless QED and the difficulties to define
scattering states for charged particles.

However, the Pauli form factor, of primary interest to us turns out to be
IR save. It is a perturbatively calculable quantity, which seems not to suffer
from any of the usual problems of gauge dependence, UV divergences and the
related renormalization scheme dependence. We thus are able to calculate the
leading contribution to the anomalous magnetic moment without problems.
The anomalous magnetic moment of a lepton is given by Fy(0) where Fy(g?)
is given in ([2.208). We hence have to calculate —y G(y) for Q? = —¢® > 0
and Q% — 0 or y < 0 and |y| — oo. Let 2 = —y = |y| and z be large; the
expansion yields

\/1—y=\/z+1:\/z(1+212+---)

Vi-y-1  Vz+l-1_ 2

n = In ~ — +...
Vi—y+1 Vz+1+1 Vz
and therefore
z Ve+1-1
-y G =— n
1
~ 14 0( ).

Al

We thus arrive at o
F\v(0) = o ~0.0011614 - - - (2.210)

which is Schwinger’s classic result for the anomalous magnetic moment of the
electron and which is universal for all charged leptons.

An important cross check of our calculation of Fg is also possible at this
stage. Namely, we may check directly the WT identity (2.I96]), which now
reads 6 Fg(0) = 0. Taking the limit ¢ — 0 for space-like momentum transfer
¢®> < 0, we may use the expansion just presented for calculating Fy;(0) =
a/2n. For y < 0 and |y| — oo we have ¢ ~ 1 —2/4/|y| and the somewhat
involved expansion of F'(y) in (Z208)) yields that y F'(y) — 0 in this limit. Since
—yG(y) — 1 we get precisely the cancellations needed to prove 6 Fg(q?) — 0
for g2 — (B, The leading term for |¢%| < 4m? reads

310ne also may check this directly on the level of the standard scalar integrals
Ao, Bo and Cy. Denoting by AA(m) = Ag(m)/m? we have
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stela?) = g 0, (10 1 3) + 0ttt

= 31 m? my 8

and is IR singular and hence non—physical without including soft real photon
emission. The leading behavior of the form factors for large |¢?| > m? reads

Lo lg? m . |¢?| m 3 | m?
5Fs(q®) ~ — & (- m? 2l 1 — 9] 2 2
B(q") 27r<2n m2 * nmnynm2 nmv 2 e T 6
2 2
2 2 T 2 2y . & q 3
—O0(¢° — 4m”*) 2>+@(q —4m)12 (lnm?y—2)
2 2 2
2 am el 2 2y . M
FM(q)N_W(ﬁ lnm2—|—@(q —4m)1aq2.

As in the examples discussed so far, often we will need to know the be-
havior of Feynman amplitudes for large momenta or equivalently for small
masses. The tools for estimating the asymptotic behavior of amplitudes are
discussed next.

2.6.4 Dyson— and Weinberg—Power-Counting Theorems

Since, in momentum space, any amplitude may be obtained as a product of
1PI building blocks, the vertex functions I'(p1, - - -, py), it is sufficient to know
the asymptotic behavior of the latter. This behavior may be obtained by con-
sidering the contributions form individual Feynman integrals I'c(p1, - ,pn),
the index G denoting the corresponding Feynman graph. As we know al-
ready from Sect. 2.4.2] power counting theorems play an important role for
evaluating

1. the convergence of Feynman integrals (UV divergences),
2. the behavior of Feynman amplitudes for large momenta.

Weinberg’s power-counting theorem is an extension of Dyson’s power-counting
theorem, and describes the off-shell behavior of vertex functions (amputated
n—point functions with n > 2)
2*}
6Fe(q®) '~ 0 ([—4m2C’o — 3Bo(m,m;0) + 4Bo (0, m;m?) — 2] a,
+[Bo(m,m;0) — Bo(0,m; 7712)],42 +[1+ AA(m) + 477123()(77%Y7 m; m2)]5zc) .
Using the relations

Co(my,m,m;m?,0,m*) = % (Bo(0,m;m?) — 1 — AA(m) + 2AA(m~))

4m?2
Bo(m,m;0) =—-1—AA(m)
BO(Q7m;m2) =1—-AA(m
m?Bo(m., m;m?) =—1-JAA(m,)+ JAA(m)

2—)
one easily finds that indeed § Fr(¢?) ¥ ~ % 0. This kind of approach is usually utilized
when working with computer algebra methods.
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F(pla e 7pn) = ZG FG(pla e 7pn)
for large p; (i = 1,...,m) in a subspace of the momenta

A—0o0 2

F()\pla 7)\pm7pm+17"' ;pn) —

where (p1, -+ ,pn) is a fixed set of momenta, 2 < m < n and X a real positive
stretching (dilatation) factor, which we are taking to go to infinity. The sum
is over all possible Feynman graphs G which can contribute.

We first introduce some notions and notation. A set of external momenta
(p1,- -, pm) is called non-ezceptional if no subsum of momenta vanishes, i.e.,
the set is generic. The set of external lines which carry momenta going to
infinity is denoted by €. By appropriate relabeling of the momenta we may
always achieve that the first m of the momenta are the ones which go to
infinity. In first place the power counting theorems hold in the Fuclidean re-
gion (after Wick-rotation) or in the Minkowski region for space-like momenta,
which will be sufficient for our purpose. Also for massless theories there may
be additional complications [44].

Dyson’s power-counting theorem [45] states that for non-exceptional
momenta when all momenta are going to infinity a vertex function behaves as

TAp1, -+, Apn) = O(A*T (InA)"") |

where o = max d(G) with d(G) the superficial degree of divergence of the

diagram G, introduced in Sect. The asymptotic coefficient S giving
the leading power of the logarithm may also be characterized in terms of
diagrams [47], but will not be discusse here as we will need the asymptotic
behavior modulo logarithms only. For an individual 1PI diagram G the Dyson
power-counting theorem says that provided all momenta go to infinity, and
the set of momenta is non-exceptional the behavior is determined by the su-
perficial degree of divergence d(G) of the corresponding diagram. The crucial
point is that in a renormalizable theory d(G) is independent of the particular
graph G and given by the dimension of the vertex function dimI" which only
depends on type and number of external legs as discussed before in Sect.
In fact, in d = 4 dimensions,

TP, Apn) = OXP725 (In))")

with b = np the number of boson lines and f = np the number of fermion
lines. ¢ is a non-negative integer depending on the order of perturbation the-
ory. Its maximum possible value ¢ < L is given by the number L of loops.

Weinberg’s power-counting theorem [46] generalizes Dyson’s theorem
and answers the question what happens when a subset only of all momenta is
scaled to infinity. We first consider an individual Feynman integral G and 1PI
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subdiagrams H D £ which include all lines £, tending to infinity. A subset
H C G here is a set of lines from G (external and internal) such that at each
vertex there is either no line or two or more lined®d. Then

FF()\pl’ e 7)\pm;pm+1, T 7pn) = O()\d(HO) (ln )\)B(HO))

where Hy has maximal superficial degree of divergence d(H). For a character-
ization of the logarithmic coefficient S(H) see [47]. The result simplifies con-
siderably if we consider the complete vertex function. When a non-exceptional
set € of external lines have momenta tending to infinity, then the total vertex
function has as its asymptotic power a quantity a(Ex)

F()\pla . 7)\pm7pm+17 . ’pn) — O()\CM(SOO) (ln )\)Z)

which depends only on the numbers and type of lines in £, and is given by
3
f(€x) —b(Ex) — ngn[2f(5/) +0(&EN] . (2.211)

Here b(E), f(€) are the number of bosons or fermions in the set £. The mini-
mum in (2217)) is taken over all sets £ of lines such that the virtual transition
Es «— & is not forbidden by selection rules (charge, fermion number etc.).
&’ is the set of external lines of H which are not in €. Again, £ < L. For
useful refinements of asymptotic expansion theorems see e.g. [48] and refer-
ences therein. Another tool to study the asymptotic behavior of Green- or
vertex-functions is the renormalization group which we will consider next and
in particular allows to control effects due to the large UV logarithms.

2.6.5 The Running Charge and the Renormalization Group

Charge renormalization is governed by a renormalization group [49] (RG),
which controls the response of the theory with respect to a change of the
renormalization scale parameter p in the MS scheme, like for example in the

35The following example (electrons=full lines and photons=wavy lines) may
illustrate this: fat lines carry the flow of large momentum (subgraph H)

G: ; Ho: , , not

The first graph in the set H determines the leading behavior O(A~! In” \). Note that
all subgraphs H are connected and have no dead end lines (like the last diagram
above, which is not a subgraph in the sense the term is used here). Thin lines
attached to vertices of a subgraph H figure as external lines &', such that £y =
Eoo + &' is the set of all external lines of H and d(H) =4 — 3 f(En) — b(En).
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charge renormalization according to ([2207)). It gives rise to the definition of an
effective or running charge a(u) and running mass m(u) as a function of the
renormalization scale pu. However, the RG not only governs the dependence
of a renormalized QFT on the renormalization scale, it yields the behavior
of the theory with respect to dilatations, the simultaneous stretching of all
momenta, and hence allows to discuss the asymptotic behavior for small and
large momenta. The RG serves as a tool to systematically include large loga-
rithmic radiative corrections, in fact, it permits the resummation to all orders
of the perturbation expansion, of leading logarithms (LL), next to leading log-
arithms (NLL) etc. It thus allows to estimate leading radiative corrections of
higher order without the need to actually perform elaborate calculations un-
der the condition that large scale changes are involved. Besides the all orders
Dyson summation of self—energy corrections and the soft photon exponentia-
tion to be discussed in the next section, the RG is a third method which allows
to predict leading higher order corrections from low order calculations. The
RG generalizes the classical concept of dimensional analysis to QFT, where
renormalization anomalies of the dilatation current [50] lead to a breaking of
dilatation invariance by quantum effects (see Sect. [B.I. 4 footnote on p. 287).

The RG may be obtained by starting from the bare vertex functions (the
amputated Green functions) mentioned already briefly in Sect. Note
that the renormalization scale parameter p is entering in DR by the fact
that in the d—dimensional QFT the bare coupling constant €; must have a
dimension 3%, i.e. &g = eou/? with ey dimensionless (see ([2II6)). This
gives rise to the factors p*~? in the definitions of the standard integrals in
Sect. [Z5.6] when working with the dimensionless bare coupling eg. As a result
the p dependence formally comes in via the UV regulator term (ZI41]). Since
v only enters via the bare coupling €y all bare quantities, like the vertex
function I, at fixed €y are independent of pu:

dIy

=0. 2.212
Haul, (2.212)

The bare vertex functions in d = 4 — ¢ dimensions

na,2n _
FO( asz) ({p};607m07€0)5

are homogeneous under simultaneous dilatation of all momenta and all di-
mensionfull parameters including the scale p. According to ([ZI17) we have

L) ({sps eo (k)2 mmo, &0 ) = w0 15" ({pkieo (172, mo, &)
(2.213)

with
dimF:d—nAdQQ—andgl.

The renormalized vertex functions are obtained by renormalizing parameters
and fields: Ag = \/ZAA,, Yo = \/ZIMZJT, eo = Zgye, and mg = Zpy,m, and thus
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na,2n _ _nA —n na,2n
1" ({p}; €0, mo, o). = (Za)Z * (Zy)™ L ™™ ({p}s ey min, &0, 1)

where the wave function renormalization factors have the property to make
the limit lim. o Iien ({p}; €r, My, &, ), exist. The trivially looking bare RG
@212) becomes highly non-trivial if rewritten as an equation for Iye, as
a function of the renormalized parameters. By applying the chain rule of
differentiation we find the RG equation

3] 0 3] 3]
{,uau + 0 +w + VM —nAVA—anW} Len =0

8€T 8§r amr
(2.214)
where the coefficient functions are given by
e € 0
B=D,ce,=e, (—2 + 260 deq In Zg)
€ 0
Ym My = Dp,,a my = 2m0 60860 InZ,,
€
Ya=DyInZy = _460360 InZx
€
Yo = Dpe InZy = _460360 InZy
e 0
W = Dp,,a gr = _260 deo gr = _2§r YA - (2215)

We have used

0

Hou F(eo = eo p/?)

a e 0 .
% - (Nalu - 9 60860) F(ef)ap‘) - DN,EF(607M)

and F_lD}L,EF(eO7/"L) =Dy In F'(eo, 1)

and the relation &, = Z4 &, i.e. Z¢ = Z4, which is a consequence of a WT
identity, and implies w = —2¢, y4. Note that 8 = ((e,) and 7, = ym(e,) are
gauge invariant. In the Landau gauge &, = 0 the coefficient function w = 0 and
~vi = vi(er) (i = A, ). The right hand sides of (2.2T5]) have to be rewritten in
terms of the renormalized parameters by inversion of the formal power series.
The renormalization factors Z; are of the form

> Zin Ty ST
Zi=1+3 7" (,:n &) (2.216)

n=1

and applying the chain rule, we observe that the coefficient functions are
uniquely determined by Z; 1(e,, &) alone:
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0= 2t =T
€)= ye o) Zmale) =25+
ya(e, &) = ieaae Zaa(e,§) = j?g +
Ye(e &) = ieaae Zpa(e &) = jg 4+ (2.217)

These are the residues of the simple e—poles of the renormalization counter
terms. The one-loop contributions we calculated above: Z4 = Z, ([2.169),
Zy = Zy @192), Z, = 1+ °° @200) and Z, = 1+ °™ @ZI90) with
Reg =Inp? — 2 (see (ZI4I). Note that in QED the WT identity ZI95) im-
plies Z, =1/ \/ Z.,, which is very important because it says that charge renor-
malization is governed by photon vacuum polarization effects. The latter will
play a crucial role in calculations of g—2. The UV singular parts of the counter
terms read

2

2
Ze:1—|—4e752§%, Zm:1—4e2§%,
Za=1+ o5y Zpy =14 fos5.,

from which the leading terms of the RG coefficient functions given in (2.217))
may be easily read off. The RG equation is a partial differential equation which
is homogeneous and therefore can be solved easily along so called character-
istic curves. Let s parametrize such a curve, such that als quantities become
functions of a the single parameter s: e = e(s), m = m(s), p = p(s) and

d
(ki els)m(s). p(s) =y T
with
dp de dm
dS - /J‘ 9 dS - 5(6) 9 dS - m7m(e) )

which is a set of ordinary differential equations the solution of which is solving
the RG equation (22TH]). For simplicity of notation and interpretation we have
assumed the Landau gauge £ = 0 and we abbreviated naya + nyyy = ny.
The successive integration then yields

1) du

gs M P Inp = s+ constant > = pge® =gk

where xk = e is a scale dilatation parameter

2)
dezﬁ(e) > de =ds=du >
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e(k)
de’

| ) (2.218)

In(p/po) = Inrk =

which is the implicit definition of the running coupling e(x) with e = e(1) the
coupling at reference scale po and e(k) = e(u/uo) the coupling at scale p.

3)
= e (e ds =) )
e(k) ( /) 4’
€ (&)
m(k) = m exp B(e’) (2.219)
4) ar du de
b =@t =m(e Y =me) 1 e

e(k)

!/ !/
I'(k) =TI expqn / 7(;()6,()16 =T za(e, k)™ zy(e, k)™ (2.220)
with I = I'(1), and
e(k) ( /)d , e(k) ( /)d ,
val€e ) de Yy (€') de
za(e, k) = exp , zZyle, k) =exp .
A( ) ﬂ(e’) TZJ( ) ﬁ(e’)

Altogether, we may write this as an equation which describes the response of
the theory with respect to a change of the scale parameter p:

I'({p}se;m, p/k) = zale, k)" zy (e, w) "2 I ({p}; e(r), m(k), 1)
(2.221)

Thus a change of the scale parameter p is equivalent to a finite
renormalization of the parameters and fields and together with the
homogeneity relation we have for the vertex functions with scaled momenta

T ({rp}se;m, p) = 60T ({p}se(r), m(k) /5, p/ k)
= kM 24 (e, k)T 2y (e, k)72 I ({p}se(k), m(k) /K, 1)
(2.222)

which is the basic relation for a discussion of the asymptotic behavior.
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Asymptotic Behavior

Two regimes are of interest, the high energy (ultraviolet) behavior and the low
energy (infrared) behavior. For the general discussion we consider a generic
gauge coupling g (in place of e in QED).

1) UV behavior

The ultraviolet behavior, which determines the short distance properties,
is obtained by choosing x|p| > m, p thus

g(ﬂ)d/
Ink = g — 400 ; Kk —00.

/ B(g")

However, the integral can only become divergent for finite g(x) if 5(g) has a
zero at limy_oog(k) = ¢g*: more precisely, in the limit kK — oo the effective
coupling has to move to a fixed point g(k) — ¢* if finite, and the fixed point
coupling is characterized by 8(¢*) =0, 5'(¢g* ) < 0. Thus g* is an ultraviolet
fixed point coupling. Note that by dilatation of the momenta at fixed m and
1, the effective coupling is automatically driven into a fixed point, a zero of
the f—function with negative slope, if it exists. If g* = 0 we have asymptotic
freedom. This is how QCD behaves, which has a S—function

gz gz 2
Bacp(9s) = —gs | Po <167T2> + 61 <167T2) 4 (2.223)

with By > 0 (see Fig. [Z6h). QCD will be considered in more detail later on.

A possible fixed point is accessible in perturbation theory provided g¢* is
sufficiently small, such that perturbation theory is sufficiency “convergent” as
an asymptotic series. One may then expand about g*:

Blg)=(g—9°) B (g2) + -
Y(g) ="+ (g—9g")7(g7) + -

Fig. 2.6. RG fixed points are zeros of the J—function: a) UV fixed points, b) IR
fixed points
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and provided §'(¢g*) # 0 we have

where

in the limit of large  yields a finite scale independent wave function renor-
malization

lim r(g,k) =1r(g,00) .

K— 00

We thus find the asymptotic from

T({rp}; g, m, 1) ~ k(K% 1 a(g,00) " (K% ry(g,00)) " T({p}: 97,0, 1)
(2.224)

which exhibits asymptotic scaling. In the first place it is given by the vertex
functions of a massless theory. As expected, at high energies masses may be
neglected, however on the expense that another mass scale remains in the
game, the scale parameter . The first factor k¢ is trivial and is due to the
d-momentum conservation which was factored out. Then each field exhibits
a homogeneous (power—like) behavior in the dilatation factor x, the exponent
of which exhibits an anomalous dimension as a consequence of the dynamics
of the theory:

da = +7a o, dy = 9

L 2.225
9 + Ve ( )

The first term is the naive or engineers dimension the second part is the
anomalous part which is a quantum effect, a relict of the breaking of scale
invariance, when g # ¢g*. While naively we would expect that in d = 4 dimen-
sions the massless theory has scaling: for example a scalar two—point function,
the only dimensionfull physical quantity being the momentum, one would ex-
pect G(p;g) ~ 1/p? as G has dimension 2. However, if there would be a non—
trivial UV fixed point one would have G(p, g, 1) ~ (12)7" /(p*)*t7" (v* > 0)
which shows the role and unavoidability of the scale parameter u, which has
to eat up the extra dimension 7* induced by the dynamics of the theory.
Otherwise only truly free theories could have scaling, called canonical scaling
in this case. The discovery of asymptotic freedom of QCD [30] is the prime
example of a dynamical theory, notabene of the theory of strong interactions,
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exhibiting asymptotic canonical scaling (Bjorken scaling) of liberated quarks
(quark parton model) [51]. The latter was discovered before in the pioneering
investigations concerning Deep Inelastic Scattering (DIS) [52] of electrons on
protons and bound neutrons by Friedman, Kendall and Taylor (Nobel prize
1990). These experiments have been of essential importance for the develop-
ment of the quark model and to the discovery of QCD as the theory of the
strong interactions.

2) IR behavior

The infrared behavior corresponds to the long distance properties of a
system. Here the regime of interest is k|p| < m,u and the discussion pro-
ceeds essentially as before: now as x — 0 the effective g(x) — g% where g}
is a zero of the f-function with positive slope, see Fig. Z8b, 8(g7%) = 0 and
B'(g3) > 0. This is the typical situation in the construction of low energy
effective theories, particularly in the discussion of critical phenomena of sta-
tistical systems (keywords: critical behavior, critical exponents, scaling laws,
universality). If g% = 0 the effective theory is infrared free (the opposite of
asymptotic freedom), also called Gaussian (Gaussian fixed point). Here the
well known examples are QED

3
€ 2
ﬁQED(e) = 1972 Ef NCfo + .- (2.226)

or the self-interacting scalar field ¢*-theory

32

Teme T

BN) = —eA

in d = 4 dimensions. For QED the running coupling to leading order thus
follows from

() ()
e — / Ly 12n / Loy % (1 1 )
) Ble) 2y Nes@F ) (€)? 2 Nes@F \e® e(r)?

e

where the sum extends over all light flavors f: my < E The running fine
structure constant thus at leading order is given by

(0%
1— 3% 3, Ney@Q3 Inp/ pao

36This latter restriction takes into account the decoupling of heavy flavors, valid
in QED and QCD. Since in the MS scheme, i.e. renormalization by the substitution
Reg — Inp?, which we are considering here, decoupling is not automatic, one has
to impose it by hand. At a given scale one is thus considering an effective theory,
which includes only those particles with masses below the scale p.

alp) = (2.227)
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where p is the scale where the lightest particle starts to contribute, which is
the electron pg = me. We then may identify a(u9) = « the classical low energy
value of the fine structure constant, with the proviso that only logarithmic
accuracy is taken into account (see below). The running « is equivalent to
the Dyson summation of the transversal part of the photon self-energy to the
extent that only the logs are kept. The RG running takes into account the
leading radiative corrections in case the logs are dominating over constant
terms, i.e. provided large scale changes are involved.

In the calculation of the contributions from electron loops in photon prop-
agators to the muon anomaly a,, such large scale changes from m. to m, are
involved and indeed one may calculate such two-loop contributions starting
from the lowest order result

al(f) = ; via the substitution o — a(m,) (2.228)
T
where
«a 20 . m
= = 1 1 b 2.229
a(my,) 1—§jln:: o<< +37r nme+ ) ( )

such that we find

1 2
affl) LL(vap,e) = 3 In Z’: (i)

which indeed agrees with the leading log result obtained in [53] long time ago
by a direct calculation. The method has been further developed and refined
by Lautrup and de Rafael [54]. In the calculation of a, only the electron VP
insertions are governed by the RG and the corresponding one—flavor QED
[—function has been calculated to three loops

s =5 () Q) e

by [55], which thus allows to calculate leading o™ (Inm,/me)"”, next—to—
leading o™ (Inm,,/m¢)"~! and next-to-next-to-leading o™ (Inm,/m.)" 2
log corrections.

As a(p) is increasing with g in the resummed perturbation theory (2227))
exhibits a pole, the so called Landau pole at which the coupling becomes
infinite: hmu5>uL a(p) = oo The “fixed point” very likely is an artefact of
perturbation theory, which of course cease to be valid when the one-loop cor-
rection approaches 1. What this tells us is that we actually do not know what
the high energy asymptotic behavior of QED is.

« in the on—shell versus « in the MS scheme

In our discussion of renormalizing QED we were considering originally
the on-shell renormalization scheme, while the RG provides « in the MS
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scheme. Here we briefly discuss the relationship between the OS and the MS
fine structure constants aos = o and ay,q, respectively. Since the bare fine

structure constant
)
) = aos (1+ @ ) (2.231)
MS @ |os

is independent of the renormalization scheme. The one—loop calculation in the
SM yields (including the charged W contribution for completeness)

oo
o

Qap = Qg <1—|—

da a 21 w2
In

a |us 37TZQf mf T4 Mg
) M?2
Y= mo+ T Y
@ los ™ p

_ da _a

T« Mg O

and thus
1

al (0) = a4

e (2.232)

61

as a low energy matching condition. The a—shift in the MS scheme is very
simple, just the UV logs,

a 21 w2
Aayg(p ZQchfl +y a2, (2.233)

such that
ad
Aays(p) = Aaos() + 4 3 Q3N (2.234)

where the sum goes over all fermions f with N,y = 1 for leptons and N,y = 3
for quarks.

In perturbation theory, the leading light fermion (mjy < My, \/s) contri-
bution in the OS scheme is given by

w Ut

Q@ s
= > QFNes(In 2~ a) (2.235)
f !
We distinguish the contributions from the leptons, for which the perturbative
expression is appropriate, the five light quarks (u, d, s, ¢, b) and the top
Ao = Aoqcp + Acthag + Aoztop . (2.236)

Since the top quark is heavy we cannot use the light fermion approximation
for it. A very heavy top in fact decouples like
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a 4 s

3115 m2 —0

Aayop
when m; > s. Since pQCD does not apply at low energies, Aapaq has to be
evaluated via dispersion relations from ete~—annihilation data.

Note that in d = 4 dimensions both for QCD and QED very likely there
is no RG fixed point at finite value of g except g = 0, which always is a fixed
point, either an UV one (QCD) or and IR one (QED). In QCD this could mean
that as(u) — oo for u — 0 (infrared slavery, confinement). In perturbation
theory a Landau pole shows up at finite scale Aqcp when coming from higher

energy scales, where oy — oo for p 2 Aqep- In QED likely a(p) — oo for
— 0.

It is important to emphasize that the RG only accounts for the UV loga-
rithms, which in DR are related to the UV poles in d = 4—¢ dimensions. Large
logs may also be due to IR singular behavior, like the terms proportional to
Inm., which we have regulated with an infinitesimally small photon mass in
the on-shell lepton wave function renormalization factor Zy, = Z; (Z192). In
spite of the fact that this term appears in the UV renormalization counter
term, it has nothing to do with an UV singularity and does not contribute in
the RG coefficients. In DR also IR singularities may be regularized by analytic
continuation in d, however, by dimensional continuation to d = 4 4 ¢r, and
corresponding IR poles at negative eyy. Also the terms proportional to In ;f;

showing up in the electric form factor ([Z2208)) is not covered by the RG anal-
ysis. As will be explained in the next section, the IR singularities have their
origin in the attempt to define free charged particle states as simple isolated
poles in the spectrum (by trying to impose an on—shell condition). In reality,
the Coulomb potential mediated by the massless photon has infinite range
and the charged states feel the interaction whatever the spatial separation in
corresponding scattering states is.

2.6.6 Bremsstrahlung and the Bloch-Nordsieck Prescription

As we have seen the on-shell form factor A; is IR singular in the limit of
physical zero mass photons at the one-loop level and beyond. As already
mentioned, the problem is that we try to work with scattering states with a
fixed number of free particles, while in QED due to the masslessness of the
photon and the related infinite interaction range of the electromagnetic forces
soft photons are emitted and eventually reabsorbed at any distance from the
“interaction region”, i.e. the latter extends to co. The basic problem in this
case is the proper definition of a charged particle state as obviously the order
by order treatment of a given scattering amplitude breaks down. Fortunately,
as Bloch and Nordsieck [56] have observed, a simple prescription bring us back
to a quasi perturbative treatment. The basic observation was that virtual
and soft real photons are not distinguishable beyond the resolution of the
measuring apparatus. Thus besides the virtual photons we have to include the
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soft real photons of energies below the resolution threshold. For a given tree
level process, the Bloch-Nordsieck prescription requires to include photonic
corrections at a given order O(e") irrespective of whether the photons are
virtual or real (soft). We thus are led back to a perturbative order by order
scheme, on the expense that all, at the given order, possible final states which
only differ by (soft) photons have to be summed over.

Thus in order to obtain a physics—wise meaningful observable quantity, in
case of the electromagnetic form factor

e (p1) +7(q) — € (p2)

at one-loop order O(e?), we have to include the corresponding process

e (p1) +7(q) — €~ (p2) + 7' (k)

with one additional real (soft) photon attached in all possible ways to the
tree diagram as shown in Fig. 277l The second photon is assumed to be soft,
i.e. having energy E, = |k| < w, where w is the threshold of detectability
of the real photon. Since the photon cannot be seen, the event looks like an
“elastic” event, i.e. like one of the same final state as the tree level process. The
soft photons thus factorize into the Born term of the original process times
a soft photon correction, with the soft photons integrated out up to energy
w. The correction given by the bremsstrahlung cross—section is proportional
to the square |The|? of the sum of the matrix elements of the two diagrams
which reads

Tore = Pe%0(ps) {,yp po +E+m

(w2 k)2 —m2? T AR 7”} u(pr) 5 (k; A) -

(pr — k)? —m?
(2.237)

In the soft photon approximation k ~ 0 and hence p; +¢q = p2+k =~ ps we may
neglect the ¥ terms in the numerator. Using the Dirac—algebra and the Dirac
equation we may write, in the first term, @(p2)¢* (P2 + m) = u(p2) [2e*p2 +
(—p2 + m) #*] = u(p2)2c*p2, in the second term, (P1 +m)F* u(p1) = [2e*p1 +
#*(—p1+m)Ju(p1) = 2¢*pru(p1). Furthermore, in the bremsstrahlung integral
the scalar propagators take a very special form, which comes about due to
the on-shellness of the electrons and of the bremsstrahlung photon: (py +
k)2 —m? = p3 + 2(kpe) + k2 — m? = 2(kp2) and (p; — k)2 — m? = p? —
2(kp1) + k? —m? = —2(kp1) as p? = p3 = m? and k? = 0. Therefore, the soft
bremsstrahlung matrix element factorizes into the Born term times a radiation
factor

Fig. 2.7. Bremsstrahlung in e(p1) +v(q) — €'(p2)
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. e'p1 €'p2
T30 ~ _jeq B —2e —
bre (p2) 7" u(p1) ko ks
and one obtains
> a3k
ka

42
(2m)?

€P1 Ep2

do = d -
7= kpr  kp2

where doy denotes the lowest order “cross—section” for the absorption of a
virtual photon by an electron. If we sum over the two photon polarizations A
indexing the polarization vector and use the completeness relation (225]) we
find

42 (1 p2 o &3k
do = —d — . 2.238
77700 (gnys </~ep1 kps ) 2 (2.238)

Actually, the integral for massless photons does not exist as it is logarithmi-

cally IR singular
/ d3k e
Ik <w |K[? '

Again an IR regularization is required and we introduce a tiny photon mass
such that wy, = \/ k2 + m%. As a correction to the cross—section, we may write

the inclusive cross section for

e (p1) +v(q) — € (p2) , € (p2) +7/(k, soft)
as
dainc = dUO (1 + Cbre)

which, for the vertex on the amplitude level reads

inc

1
irt = —iey" (1 + szre o) —ley? +i6IY,

where
6 = —iey" ;Cbre (2.239)
with , \ , ,
e ;Tgm/ s Lot~ e~ e} 220
<w

is the O(«) contribution to the Dirac form factor due to bremsstrahlung. The
first term is the interference from the two diagrams, the second and third
correspond to the squares of the first and the second diagram, respectively.
For a finite photon mass the integral is finite and may be worked out (see
e.g. [40] Sect. 7.). The result may be written in the form
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Cie = {(1 ) <4G’(y) In i: - F’(y)) ~2In i: + 2G’(y)}
with

Gw==, 0l

P = 50 4% — a0+ -9 - (- w1 +6)

where, for simplicity, F’ is given for the production channel

Y(g) — e (=p1) +€ " (p2), e (—p1) + € (p2) +7(k, soft)

where 0 < y < 1 (=1 < ¢ < 0). In spite of the fact that the soft bremsstrahlung
factor (Z240) looks universal, the result of the evaluation of the integrals is
process dependent: apart from the universal terms, which in particular include
the IR singular ones, the function F’(y) depends on the channel considered.
Note that, in contrast to the form factors, like Ag 1on, which are analytic in
¢, Chre is not analytic in the same variable, because it is the integral over
the absolute square |T'|? of a transition matrix element. It must be real and
positive. Above, we have chosen to present F’(y) for the production channel
as it allows us to discuss the main points of the Bloch-Nordsieck prescription,
keeping the notation substantially simple. The leading behavior in this case

37In the scattering region the result is more complicated, because, there is one
more kinematic variable, the scattering angle @, or equivalently, the electron velocity
Be. Considering, elastic scattering |pi| = |p2|, E1 = E» the finite function F'(y),
now for y < 0 (0 < £ < 1), reads

1 2 1 2 1
F'(y) = — Sp(1 —Sp(1
) \/l—y{ PUH  per—p) 3P0 F 1 er )
2% 1 2% 1
+ Sp(1 + + Sp(1 +
P+ ) Tey_p) T80 1+§1+ﬁ€)}
where . = \/1—4m2/5 is the velocity of the electron. s and Q% = —¢® > 0 are

related by Q2 = s 1_°2°S © . The asymptotic behavior Q% > m? at fixed angle requires
s> m? with r = Q?/s = (1—cos ©)/2 fixed. The arguments of the Spence functions

. — 2 2
behave like 1 4 15—61—16(3 ~ G- T 14 13—514-16(3 ~2- G+t

2¢ 1 ~ -1 —1ym? 2¢ 1 ~ m?2
L+ ey oy, @147 —(1+3r )Q2—|—~~-,and1+l+€1+ﬁc_1—|—Q2—|—-~~.
Utilizing the relations (Z202]), one may work out the leading behavior

i o 2 2w 1 s 2w 2
C’E‘;zttc““g = {21n 7?12 In m, — In2 2 21n m, + In 7?12 + - }
which, with In? s/m? = —1n? Q*/m? + 2In Q*/m?In s/m?* + In® s/Q* and after ne-
glecting the last (sub leading) term, is in agreement with [2]. In the production
channel with ¢> = —Q? > 0, in the center of mass frame of the produced lepton
pair, the leptons are back—to—back and hence @ = 7, or cos® = —1, such that s
may be identified as s = ¢°.
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reads

22 1 2 2 2
Cbreza{ﬂnqgln o om? ! —om “’+1nq2+---}.
™ ms m, 2 m My m

Now, we are able to calculate the form factor for soft photon dressed electrons.
The real part of the Dirac form factor gets modified to

1 o} 2w Yy 2w
ReAErcn"’ 2Obro: 271_{_2111 m +4(1— Q)G(y) In \/q2
21-Y) T ot 5-29)0 1— Y (Re F - F'
s20-0), T S2 G- G+ - ) e P - )}
(2.241)
where
/ . 1 472
ReF - =, {7 g

+4In(—¢) 2In(1 +¢&) —In(1 - f))} :

This is the result for the time-like region (production or annihilation) where
—1 < ¢ < 0. Here the photon mass has dropped out and we have an IR finite
result, at the expense that the form factor is dependent on the experimental
resolution w, the threshold detection energy for soft photons. This is the Bloch-
Nordsieck [56] solution of the IR problem. The Pauli form factor is not affected
by real photon radiation. In general, as a rule, soft and collinear real photon
radiation is always integral part of the radiative corrections.

When combining virtual and soft photon effects one typically observes the
cancellations of large or potentially large radiative correction and the range
of validity of the perturbative results must be addressed. To be more specific,
the calculation has revealed terms of different type and size: typically IR
sensitive soft photons logarithms of the type In(m/2w), or collinear logarithms
In(¢?/m?) show up. The latter come from photons traveling in the direction
of a lepton, which again cannot be resolved in an experiment with arbitrary
precision. This is the reason why the limit m — 0, in which photon and
lepton would travel in the same direction at the same speed (the speed of
light) is singular. These logarithms can be very large (high resolution, high
energy) and if the corrections ¢ In(¢? /m?) tend to be of O(1) one cannot trust
the perturbative expansion any longer. Even more dangerous are the double
logarithmic corrections like the so called Sudakov logarithms © In*(q?/m?) or
the mixed IR sensitive times collinear terms @ In(m/2w) In(¢?/m?). There are
several possibilities to deal with the large logs:

a) the leading large terms are known also in higher orders and may thus
be resummed. The resummation leads to more reliable results. A typical ex-
ample here is the soft photon exponentiation according to Yennie-Frautschi-

Suura [57].
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b) UV sensitive large logs may by resummed by the renormalization group,
as discussed above.

¢) Some observable quantities may have much better convergence proper-
ties in a perturbative approach than others. A typical example is the attempt
of an exclusive measurement of a lepton, which because of the soft photon
problematic per se is not a good object to look for. In fact, increasing the
exclusivity by choosing the IR cut—off w smaller and smaller, the correction
becomes arbitrary large and the perturbative result becomes meaningless.
Somehow the experimental question in such a situation is not well posed.
In contrast, by choosing w larger the correction gets smaller. The possibil-
ity to increase w in the formula given above is kinematically constraint by
the requirement of soft radiation factorization. Of course photons may be in-
cluded beyond that approximation. Indeed, there is a famous theorem, the
Kinoshita-Lee-Nauenberg (KLN) theorem [58] which infers the cancellations
of mass singularities and infrared divergences for observables which are de-
fined to include summation over all degenerate or quasi degenerate states.
It is important that a summation over degenerate states is performed for the
initial (7) and the final (f) states. Then

> |Tsil? (2.242)

and the corresponding cross—section is free of all infrared singularities in the
limit of all masses vanishing. Such observables typically are “all inclusive”
cross—sections averaged over the initial spin.

In our example, the inclusive cross section is obtained by adding the hard
photons of energy E., > w up to the kinematic limit E, pax = 1/¢2 — 4m?2/2.
To illustrate the point, let us consider the lepton pair creation channel v*(¢q) —
0~ (p-) + LT (py) + v(k), where the * denote that the corresponding state
is virtual, i.e. off-shell, with an additional real bremsstrahlung photon (k)
emitted from one of the final state leptons. We thus include the so called final
state radiation (FSR). The “heavy” virtual photon * of momentum g = p_ +
py + k, we may think to have been created previously in ete~—annihilation,
for exampl@. The center of mass energy is Feyy = B+ EL + E, = \/q2. Let
A =2w/Ey and 1— X >> y such that we may work in the approximation up to

terms of order O(« ’;22 ), i.e. neglecting power corrections in m?/q¢?. Relaxing
from the soft photon approximation which defined Ch, in ([2.240), the hard

38The factorization into e"e~ — ~* production and subsequent decay v* — ¢4~
only makes sense at relatively low g2, when the one—photon exchange approxima-
tion can be used. In the SM the v* may also be a “heavy light” particle Z of mass
about Mz ~ 91GeV which is unstable and thus is described well by a Breit-Wigner
resonance. Near the resonance energy again factorization is an excellent approxi-
mation and the following discussion applies. In e e~ —annihilation, the radiation of
additional photons from the initial state electron or positron (Fig. 27 with e’ an in-
coming e1) is called initial state radiation (ISR). In the soft approximation (Z238)
still holds. For details see (B.8]) in Sect.
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bremsstrahlung integral of interest is

Eem/2
/ dE, -

with the spectral density (integrand)

1 dPr(y*—Liy)
Iy (y*—40) dudv
J— .
= P(u,v) = Qﬂ{

where a = 4m?/¢?, u = (p— + p+)?/q* and v = (¢ — p_)?/¢> In the rest
frame of the heavy photon we have v =1 —2E, /M., v =1—-2E_/M, and
l—u—v=1-2FE_/M,. In the center of mass frame of the lepton pair

1

v = 2(1—u)(1—\/1—y cos @)

1
l—u—v= ) (1—u)(1—+/1—-ycosO_)
with y = a/u and @4 the angle between the final state photon and the lepton
with momentum py (O_ = 7 — O4). We have to integrate the distribution

over the angles 0 < ©4 < m/2 and over the hard photon E, > w = X (M, /2)
with 1 —a > A > 0 yields [59] up to O(ay) precision

2

o« 1 q 1
AC>W—2W{(4IH/\ (I—=X)(3 A)) lnm2 4ln/\

+4Sp(A) — ng —(1=XNB =X In(1 -\ + ;(1 —A)(11 — 3/\)}
or for w < Eem/2

e \/q2 q> \/q2 2 , 11
ACs, = 41 —3lm? —a - 2.244
©> 27r{< " ow 3) Mo T, Tam by g (2240

In this approximation the complementary soft plus virtual part (see (2.241]))
C<w _ C(\éiﬁt]ljlal + Czoft
o Ve ¢ Va2,
= — (41 —-311 41 —4 2.245
271'{ < n2w )nm2+ 112(,«)—’_37r ( )
The total inclusive sum is

O = Ot AC = ; ~ 174 % 1078 (2.246)
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a truly small perturbative correction. No scale and no log involved, just a pure
number. This is the KLN theorem at work. It will play a crucial role later on
in this book.

The two separate contributions become large when the cut energy w is
chosen very small and in fact we get a negative cross—section, which physics
wise makes no sense. The reason is that the correction gets large and one
has to include other relevant higher order terms. Fortunately, the multi soft -y
emission can be calculated to all orders. One can prove that the IR sensitive
soft photon exponentiates: Thus,

1
1+CIR+2!CI2R+---=eCIR

a N vV
= —41 1 41
P 27r{ Pow M TR g, T

(=) "

14 Capy 4+ = e 4 ACVFS 4+ (2.247)

and the result is

with ) )
AC** =Cp —Cm= 2 43m T+ 7724
2m m2 3

a correction which is small if ¢?/m? is not too large. Otherwise higher order
collinear logs have to be considered as well. They do not simply exponentiate.
By the resummation of the leading IR sensitive terms we have obtained a
result which is valid much beyond the order by order perturbative result.
Even the limit w — 0 may be taken now, with the correct result that the
probability of finding a naked lepton of mass m tends to zero. In contrast
1+ C., — —o0 as w — 0, a nonsensical result.

For our consideration of soft photon dressed states the inspection of the
complementary hard photon part is important as far as the expression (2.244))
tells us which are the logs which have to be canceled for getting the log free
inclusive result. Namely, the IR sensitive log terms appear with the center of
mass energy scale \/ g? not with the lepton mass m. This observation allows
us to write the virtual plus soft result in a slightly different form than just
adding up the results.

Another consideration may be instructive about the collinear mass singu-
larities (terms oc In(¢?/m?)), which are a result of integrating the propagators
2|k|(E; — |pi| cos©;))~! in the distribution [Z.238) or [2.243)). If we integrate
the angular distribution over a cone @1,605 < § only, instead of over the full
angular range and add up the contributions

Cew, <6 = CGHE™ + CM 4 AChd cotlinear (2.248)

the collinear singularities exactly cancel in the limit m — 0, provided § > 0.
The result reads
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m=0 _ @& Lo _ L—p3 22
C<“”<5_27r{(41n/\ (1= /\))ln1+p2+p(1 /\)}

with p = cosd, A = I%/}" and we have assumed 1;” > 1\732 Thus, in addition
Y

to the virtual plus soft photons we have included now the hard collinear
photons traveling with the leptons within a cone of opening angel ¢. Here the
collinear cone has been defined in the c.m. frame of the lepton pair, where
the two cones are directed back to back and non overlapping for arbitrary
cuts 6 < 7/2. In an experiment one would rather define the collinear cones
in the c.m. frame of the incoming virtual photon. In this case a slightly more
complicated formula (14) of [59] is valid, which simplifies for small angles dg
and A = 2e =2w/M, < 1 to

m— « 50 71'2 5
CrT0s, = —ﬂ{(41n26—|—3)ln ot 3 2} (2.249)

which is the QED analog of the famous Sterman-Weinberg (SW) formula [60]

4, 5 ?
Cow = —. {(411126—1—3)111 o4 —5} (2.250)

3w 2 3 2

for the two-jet event rate in QCD. The extra factor j is an SU(3) Casimir

coefficient and «y is the SU(3) strong interaction coupling constant. The
physical interpretation of this formula will be considered in Sect. 5.1.3.

Some final remarks are in order here: the IR problem of QED is a
nice example of how the “theory reacts” if one is not asking the right
physical questions. The degeneracy in the energy spectrum which mani-
fests itself in particular kinematic regions (soft and/or collinear photons),
at first leads to ill-defined results in a naive (assuming forces to be of finite
range) scattering picture approach. At the end one learns that in QED the
S—matrix as defined by the Gell-Mann Low formula does not exist, because
the physical state spectrum is modified by the dynamics and is not the
one suggested by the free part of the Lagrangian. Fortunately, a pertur-
bative calculation of cross—sections is still possible, by modifications of the
naive approach by accounting appropriately for the possible degeneracy of
states.

As we have observed in the above discussion, the radiatively induced Pauli
form factor is not affected by the IR problem. The Pauli form factor is an
example of a so called infrared save quantity, which does not suffer from
IR singularities in the naive scattering picture approach. As the anomalous
magnetic moment is measured with extremely high accuracy, it nevertheless
looks pretty much like a miracle how it is possible to calculate the anomalous
magnetic moment in the naive approach to high orders (four loops at the
moment) and confront it with an experimental result which is also measured
assuming such a picture to be valid. But the states with which one formally
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is operating do not exist in nature. For a careful investigation of the problem
we refer to the recent article by Steinmann [G1].

2.7 Pions in Scalar QED and Vacuum Polarization
by Vector Mesons

The strong interaction effects in (g —2) are dominated by the lightest hadrons,
the isospin SU(2) triplet (7, 7% 77) of pions, pseudoscalar spin 0 mesons
of masses: m,+ = 139.75018(35) MeV, m o = 134.9766(6) MeV. Pions are
quark-antiquark color singlet bound states (ud, \}2 [uti—dd], d) and their elec-
tromagnetic interaction proceeds via the charged quarks. This is particularly
pronounced in the case of the neutral 7° which decays electromagnetically
via ™ — v and has a much shorter life time 7,0 = 8.4(6) x 1077 sec
than the charged partners which can decay by weak interaction only accord-
ing to 7" — ptwy, and hence live longer by almost 10 orders of magnitude
To+ = 2.6033(5) x 1078 sec. However, at low energies, in many respects the
pions behave like point particles especially what concerns soft photon emission
and the Bloch-Nordsieck prescription. The effective Lagrangian for the elec-
tromagnetic interaction of a charged point—like pion described by a complex
scalar field ¢ follows from the free Lagrangian

LY = (9,0)(0"p)* — m2pp*

via minimal substitution 0, — D, = (0, +ieA,(x)) ¢ (also called covari-
ant derivative), which implies the scalar QED (sQED) Lagrangian

LEP = L0 —ie(0"Oup — pOup™) A" + g pp AP AY . (2.251)

Thus gauge invariance implies that the pions must couple via two different
vertices to the electromagnetic field, and the corresponding Feynman rules
are given in Fig.

The bound state nature of the charged pion is taken care off by introducing
a pion form factor e — e Fy(q?), €2 — €2 |F:(¢*)|*

In sQED the contribution of a pion loop to the photon VP is given by

—1 Héw (ﬂ-)(q) = '\NV\A:::::YVWV + 'vvvv\l\/vvv\,

The bare result for the transversal part defined by ([2.I56) reads

62

2
~ 4872 {BO(m’ m;q*) (q° = 4m?) — 4 Ag(m) — 4m* + qz}

3

with II,(0) = 0. We again calculate the renormalized transversal self-energy
IT,(¢%) = IT,(¢%)/q* which is given by IT.,..(¢*) = IT,(¢*) — IT,(0). The
subtraction term
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(1) Pion propagator

O------ _I? _____ o) : lAﬂ- (p) =

i
p2—m2+ie

(2) Pion—photon vertices
L e A et
Sons” = —iep+p), S i= 2ietg?
PP AY %

Fig. 2.8. Feynman rules for sQED. p is incoming, p’ outgoing

2
/ —e AO (m)
17.M(0) = 1
7 0) 4872 m?2 +
is the 7% contribution to the photon wavefunction renormalization and the
renormalized transversal photon self-energy reads

’ « 1

I1,{5)(¢%) = +(1-y)—(1-9)?GCly) (2.252)
6m 3

where y = 4m?/¢*> and G(y) given by [@IT0). For ¢*> > 4m? there is an

imaginary or absorptive part given by substituting

™
G Im G(y) = —

(y) = Im G(y) 21—y
according to (ZI7T)

«

= (1—y)3? 2.253

2 - (2253)
and for large ¢ is 1/4 of the corresponding value for a lepton ([ZI75). Ac-
cording to the optical theorem the absorptive part may be written in terms of
the ete™ — v* — 77~ production cross—section o +.-(s) as

Im 17, (g?)

"had(y _ S
Im 1T, (s)_47roz Ohad(s) (2.254)

which hence we can read off to be

2
T 3

35 o (2.255)

Ortn— (S) =

with 3, = /(1 — 4m2/s) the pion velocity in the CM frame. Often, one writes
hadronic cross—sections as a ratio
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dra?

R(s) = 0haa(s)/ 35

(2.256)
in units of the high energy asymptotic form of the cross—section o(ete™ —
~* — pTp™) for muon pair production in e e~ —annihilation. Given the cross—
section or imaginary part, conversely, the real part of the renormalized vac-
uum polarization function may be obtained by integrating the appropriate
dispersion relation (see Sect. B1), which reads

, S2 ! S2 1 1
7 had _ B :7( d/Uhad(S):af ds’ . "
Re Il ren (5) dn?a f,, s s’ —s 31/, s s’—s & E(s)
(2.257)

This is another way, the dispersive approach, to get the result [2252]) via the
easier to calculate imaginary part, which here is just given by the tree level
cross—section for v* — 7wt ~.

As already mentioned, sometimes one has to resort to sSQED in particular
in connection with the soft photon radiation problem of charged particles,
where sQED provides a good description of the problem. However, the pho-
ton vacuum polarization due to an elementary charged spin 0 pion, we just
have been calculating, includes hard photons in the region of interest above
the 777~ production threshold to about 1 GeV, say. As we will see sSQED in
this case gives a rather bad approximation. In reality ete™ — v* — 77~ is
non—perturbative and exhibits a pronounced resonance, the neutral spin 1 me-
son p®, and the hadron production cross-section is much better parametrized
by a Breit-Wigner (BW) resonance shape. The relevant parameters are Mp
the mass, I" the width and I,+.-/I" the branching fraction for p — eTe™.
We briefly present the different possible parametrizations and how a BW
resonance contributes to the renormalized photon vacuum polarization when
integrated over a range (s1, s2) with 4m2 < 51 < s < 00 [62]:

— Narrow width resonance

The contribution from a zero width resonance

1272 9
UNw(S) = Fe+@—(5(8 _MR) (2258)
Mg
is given by
’ —3F+ - S
o NWV(s) = ce 2.259
yren (8) aMR s — M}% ( )
which in the limit |s| > M3} becomes
’ —3F +e—
I (s5) ~ e 2.2
yren (8) O[MR ( 60)

— Breit-Wigner resonance
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The contribution from a classical Breit-Wigner resonance

31 Il
apw(s) = e (2.261)
§ (\/S_MR) +y
is given by
/ =31t e
BW _ ete .
open () =, °% {1(0) = I(W)} (2.262)
where
1 1 WQ—W WQ—MR—iC
(W) = 1 —1
(W) 2ic{W—MR—ic<nW1—W nW1—MR—ic)
_ 1 1DW2+W_1DWQ—MR—iC —he
W+ Mg+ ic Wy + W Wi — Mg —ic o

with ¢ = I'/2. For W7 « Mg < Wy and I" <« Mp this may be approximated
by

=3t s(s — M3 + 3¢?)

I BY () ~
(5) aMp (s — M3 +c?)? + MEI?

yren

(2.263)
which agrees with (2259) and (Z260) in the limits I? < |s — M3|, M3 and
|s| > M3, respectively.

— Breit-Wigner resonance: field theory version

Finally, we consider a field theoretic form of a Breit-Wigner resonance ob-
tained by the Dyson summation of a massive spin 1 transversal part of the
propagator in the approximation that the imaginary part of the self-energy
yields the width by ImITy (M) = My I'y near resonance.

127 Tt - sI?

= 2.264
oow() = h2 T (oo M2y 4 MR (2.264)
which yields
' BW _ _3[‘5*5* S(S_M}%_FQ) _ FMR
II en (5) = raMn (s — M2)> + M2 T — arctan Y (2.265)

I'Mpg )
— arctan

r s S9— 8 so — M3 —iMgDl
M2 |_1n| |
R—S1 S

— 1
MR(S—M}g—ﬂ)(n'sl—s = M2% —iMgl*
and reduces to

3 s(s— M3 —1?)

IT.BW (5) ~ 2.266
(5) aMp (8 _ M]%)Q —I—M]%Fz ( )

yren

for 51 < MI% < s9 and I' <« Mp. Again we have the known limits for small
I' and for large |s].
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For broad resonances the different parametrizations of the resonance in
general yield very different results. Therefore, it is important to know how
a resonance was parametrized to get the resonance parameters like Mpr and
I'. For narrow resonances, which we will have to deal with later, results are
not affected in a relevant way by using different parametrizations. Note that
for the broad non-relativistic p meson only the classical BW parametrization
works. In fact, due to isospin breaking of the strong interactions (mg — m,,
mass difference as well as electromagnetic effects Q,, = 2/3 # Qq = —1/3) the
p and w mix and more sophisticated parametrizations must be applied, like the
Gounaris-Sakurai parametrization [63] based on the vector meson dominance
(VMD) model (see Sect. [5.4]). More appropriate is a parametrization which
relies on first principle concepts only, the description by unitarity, analyticity
and constrained by chiral perturbation theory (xPT'), which is the low energy
effective form of QCD (see [64] and references therein).

We will use the results presented here later for the evaluation of the contri-
butions to g—2 from hadron-resonances. In e*e~—annihilation a large number
of resonances, like p, w, ¢, J/1 series and the 7" series, show up and will have
to be taken into account.

2.8 Note on QCD: The Feynman Rules
and the Renormalization Group

Quantum chromodynamics, the modern theory of the strong interactions, is a
non—Abelian gauge theory with gauge group SU(3). consisting of unitary 3 x 3
matrices of determinant unity. The corresponding internal degrees of freedom
are called color. The generators are given by the basis of hermitian trace-
less 3 x 3 matrices T3, ¢ = 1,---8. Quarks transform under the fundamental
3—dimensional representation 3 (quark triplets) antiquarks under the complex
conjugate 3* (antiquark anti-triplets). The requirement of local gauge invari-
ance with respect to SU(3). transformations implies that quark fields v;(x)
must couple to an octet of gauge fields, the gluon fields G;, j = 1,---,8,
and together with the requirement of renormalizability this fixes the form of
the interactions of the quarks completely: in the free quark Dirac—Lagrangian
we have to replace the derivative by the covariant derivative

Opb(x) = Dut(x) . (Dy)ik = 0udin —igs D (T)inG i () (2.267)
J
where g is the SU(3). gauge coupling constant. The dynamics of the gluon
fields is controlled by the non—Abelian field strength tensor

Guvi = 0,Gri — 0uG i + gsCiji GG (2.268)

where ¢;;;, are the SU(3) structure constants obtained from the commutator
of the generators [T;,T}] = ic;x Tx. The locally gauge invariant Lagrangian
density is then given by
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1 L
Einv = _4 Z Gi;u/ Gi“/ + ¢ (Z’YMD# - m) ¢ . (2269)
i

We split Liny into a free part Ly and an interaction part Li,e which is taken into
account as a formal power series expansion in the gauge coupling gs. The per-
turbation expansion is an expansion in terms of the free fields described by L.
The basic problem of quantizing massless spin 1 fields is familiar from QED.
Since Lyw is gauge invariant, the gauge potentials G, cannot be uniquely
determined from the gauge invariant field equations. Again one has to break
the gauge invariance, now, for a SU(n) gauge group, by a sum of r = n? — 1
gauge fixing conditions

It is known from QED that the only relativistically invariant condition linear
in the gauge potential which we can write is the Lorentz condition. Corre-
spondingly we require

Ci(G)=-0,G! (x) =0, i=1,---,r . (2.270)

It should be stressed that a covariant formulation is mandatory for calculations
beyond the tree level. We are thus lead to break the gauge invariance of the
Lagrangian by adding the gauge fixing term

Lop = — 215 Z (8, G* (x))° (2.271)

with ¢ a free gauge parameter. Together with the term L§ from L, we obtain
for the bilinear gauge field part

1
4

1

2¢
which now uniquely determines a free gauge field propagator. Unlike in QED,
however, Lgp breaks local gauge invariance explicitly and one has to restore
gauge invariance by a compensating Faddeev-Popov term (Faddeev and
Popov 1967). The Faddeev-Popov trick consists in adding further charged
ghost fields 7;(z) and n;(z), the so called Faddeev-Popov ghosts, which
conspire with the other ghosts in such a way that physical matrix elements
remain gauge invariant. Unitarity and renormalizability are then restored. The
FP—ghosts must be massless spin 0 fermions. For the unphysical ghosts
this wrong spin—statistics assignment is no obstacle. The Faddeev-Popov term
must be of the form

LOf == (0uGiv—0,Gip) — (0, G (2))° (2.272)

Lyp = 0;(x) Mixni(z)

where
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N gglf(c;)) (Du)jk = —0" (Oubir — gcin; Gjp(x))

= —0dik + geirjGju(x) 0" + geirj (0" Giu(x))

My,

By partial integration of Spp = [ d*z Lrp(x) we may write
Lrp = 0umi0"ni — gcing (0"n:) Cjpunk (2.273)

which describes massless scalar fermions in interaction with the gauge fields.
The complete Lagrangian for a quantized Yang-Mills theory is

Lett = Liny + Lo + Lrp - (2.274)
The free (bilinear) part

Lo = Lo(G) + Lo() + Lo(n)

Lo(G) = ;Gm KDg’“’ - <1 - 2) 6“8”) 54 Gy

£0(4) = Paa [ (7)o O = M0a ) Sab| Vi
Lo(n) = 0; [(=0) bir] ne

determines the free propagators, the differential operators in the square brack-
ets being the inverses of the propagators. By Fourier transformation the free
propagators are obtained in algebraic form (i.e. the differential operators are
represented by c—numbers) in momentum space. Inverting these c-number
matrices we obtain the results depicted in Fig.

The interaction part of the Lagrangian is given by

with

- 1
Ling = gs V" TGy — o JsCikl (OMGY — 0"GY) GruGi
1
— 4ggciklcik/l’GzG;/Gk’pGl’u — gsCik;j (0"7;) G (2.275)

with a single coupling constant g, for the four different types of vertices.
While the formal argumentation which leads the the construction of lo-
cal gauge theories looks not too different for Abelian and non-Abelian gauge
groups, the physical consequences are very different and could not be more
dramatic: in contrast to Abelian theories where the gauge field is neutral
and exhibits no self-interaction, non—Abelian gauge fields necessarily carry
non—Abelian charge and must be self-interacting. These Yang-Mills self—
interactions are responsible for the anti-screening of the non—Abelian charge,
known as asymptotic freedom (AF) (see end of section). It implies that the
strong interaction force gets weaker the higher the energy, or equivalently,
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a). Quark propagator
p . A 7( 1 ) S
. Pa ,ab — i ab
o pPhopo = {pomic) o

b). Massless gluon propagator

AFp. O == (9" =1 =978 ) ol du

E@

1 v,k
¢). Massless FP—ghost propagator

o...lz..o : A;‘(p)zk = pziris 5zk
i k
d). Quark—gluon coupling

a,a,p3
”Mk’l’p 9s (V") e (Ti) s
B,b,p2

e). Triple gluon coupling

p;k,ps3
717 — v v v
’Lﬁ’f{: = —igsciji {g"" (02— p1)” + " (pr —p3)” + g"* (ps — p2)"}
v, j, p2

Quartic gluon coupling

o,l ps k L | cnisonr (979" — g"7g"")
:}‘{; = =95 | Fcnikcnji (97977 — "79"7)
[y v, j +enitenje (97977 — 9"79"7)
g). FP-ghost gluon coupling
) o k,ps3
mLipe = —igscijk (p3)"
.‘. 7, D2

Fig. 2.9. Feynman rules for QCD. Momenta at vertices are chosen ingoing

the shorter the distance. While it appears most natural to us that particles
interact the less the farther apart they are, non—Abelian forces share the op-
posite property, the forces get the stronger the farer away we try to separate
the quarks. In QCD this leads to the confinement of the constituents within
hadrons. The latter being quark bound states which can never be broken
up into free constituents. This makes QCD an intrinsically non—perturbative
theory, the fields in the Lagrangian, quarks and gluons, never appear in scat-
tering states, which define the physical state space and the S—matrix. QED
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is very different, it has an perturbative S-matrix, its proper definition being
complicated by the existence of the long range Coulomb forces (see Sect.
above). Nevertheless, the fields in the QED Lagrangian as interpolating fields
are closely related to the physical states, the photons and leptons. This ex-
tends to the electroweak SM, where the weak non—Abelian gauge bosons, the
W= and the Z particles, become massive as a consequence of the breakdown of
the SU(2), gauge symmetry by the Higgs mechanism. Also the weak gauge
bosons cannot be seen as scattering states in a detector, but this time be-
cause of their very short lifetime. Due to its non—perturbative nature, precise
predictions in strong interaction physics are often difficult, if not impossible.
Fortunately, besides perturbative QCD which applies to hard subprocesses,
non—perturbative methods have been developed to a high level of sophistica-
tion, like chiral perturbation theory (CHPT) [68] and QCD on a Euclidean
space-time lattice (lattice QCD) [69]. Chiral perturbation theory is based on
the low energy structure of QCD: in the limit of vanishing quark masses QCD
has a global SU(Ny)y ® SU(Ny)a ® U(1l)y symmetry (chiral symmetry).
Thereby the SU(N¢)a subgroup turns out broken spontaneously, which, in
the isospin limit Ny = 2, m, = mq = 0, implies the existence of a triplet of
massless pions (Goldstone bosons). U(1)y is responsible for baryon number
conservation, whereas in contrast U(1)4 is broken by the Adler-Bell-Jackiw
anomaly (see p. 233l below).

The RG of QCD in Short

The renormalization group, introduced in Sect. 265l for QCD plays a par-
ticularly important role for a quantitative understanding of AF as well as a
tool for improving the convergence of the perturbative expansion [30} [65]. For
QCD the RG is given by

gy 0e0) = B 0:()
u dimz-w) — — (gs() ma() (2.276)
with 5 P
ﬁ(g) = _ﬁo 167'('2 - ﬁl (167'('2)2 + O(g7)
(9) = o s +m & +0(g°%) (2.277)
472 (4m2)2

where, in the MS scheme (Sect. Z5.6]),

Bo= 11—3N; ;7= 2

fr =102 — 338Nf V1= 11021 - 158Nf

(2.278)
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and Ny is the number of quark flavors. The RG for QCD is known to 4
loops [66] [67]. Tt allows to define effective parameters in QCD, which incor-
porate the summation of leading logarithmic (1-loop), next—to-leading log-
arithmic (2-loop), --- corrections (RG improved perturbation theory). The
solution of ([Z276) for the running coupling constant as(u) = g2(u)/(4r)

yields (see (2:213))

dr B ln( 4 +ﬁ1):
Boas(w) ~ 82 ™ oan) T 32

47 51 Ar 8\ -

Bocs(uo) ~ 8 ™ (ﬂoas(uo) - ﬁS) =Inp’/A% (2279)

with reference scale (integration constant)

_ ANy _ An as(p) B Boows (1)
Aqgep = A&7 =p exp{ 2W0as (1) (1 t o o In pr+ géas(ﬂ)>}

(2.280)

Inpi? /s +

which can be shown easily to be independent of the reference scale u. It is RG
invariant

d
A =0,
Md,u QCD

and thus QCD has its own intrinsic scale Aqcp which is related directly to
the coupling strength (dimensional transmutation). This is most obvious at
the one-loop level where we have the simple relation

(2.281)

Thus Aqcp incorporates the reference coupling a(po) measured at scale pig
in a scale invariant manner, i.e. each experiment measures the same Agcp
irrespective of the reference energy o at which the measurement of (1) is
performed.

The solution of ([Z276)) for the effective masses m;(u) reads (see (Z219))

= mr(w) (2.282)

with

—exp_2d Y0y, AT Yo _dm) B1 s ()
r(pu) = exp 2{501 Boas (1) +(ﬂo 4 ) 1 (1+ﬁ0 A )} . (2.283)

Note that also the m; are RG invariant masses (integration constants) and
for the masses play a role similar to Aqcp for the coupling. The solution of

the RG equation may be expanded in the large log L = In ‘/é , which of course
only makes sense if L is large (1 > A),
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B1
4 01 In(L + 52)
s (1) (1_63 LT

L>33 <1_25m InL+1 8y

5 . ﬂ3L+---> . (2.284)

If L is not large one should solve [2.279)) or its higher order version numerically
by iteration for s (). For the experimental prove of the running of the strong
coupling constant [70] see Fig. B3lin Sect. 32Tl The non-perturbative calcu-
lations in lattice QCD are able to demonstrate a surprisingly good agreement
with perturbative results (see [71] and references therein).
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3

Lepton Magnetic Moments: Basics

3.1 Equation of Motion for a Lepton in an External Field

For the measurement of the anomalous magnetic moment of a lepton we have
to investigate the motion of a relativistic point—particle of charge Qg e (e the
positron charge) and mass my in an external electromagnetic field AS*(z).
The equation of motion of a charged Dirac particle in an external field is
given by

(im0 + Qe (A + AS () — myc) the(x) =0

(Dg“” — (1 — 5*1) (’9“8”) A (x) = —Queby(z)y"e(z) -
What we are looking for is the solution of the Dirac equation with an external
field as a relativistic one—particle problem, neglecting the radiation field in

a first step. We thus are interested in a solution of the first of the above
equations, which we may write as

maé'ﬁff - <—ca (mv - QgiA) —Qed+ 5mg02>1bg , (3.2)

(3.1)

with 3 = 7%, @ = 4%y and A* ' = (¢, A). For the interpretation of the
solution the non-relativistic limit plays an important role, because many rel-
ativistic problems in QED may be most easily understood in terms of the
non-relativistic problem as a starting point, which usually is easier to solve.
We will consider a lepton e™, u~ or 7~ with ¢, = —1 in the following and
drop the index /.

1. Non-relativistic limit

For studying the non-relativistic limit of the motion of a Dirac particle in
an external field it is helpful and more transparent to work in natural unitdY.

'The general rules of translation read: p* — p* |, du(p) — A 3du(p) , m —
me, e—ef(hc), €P* —el'h | spinors: wu, v— u/\/c, v/\/c.

F. Jegerlehner: Lepton Magnetic Moments: Basics, STMP 226, 135-203] (2008)
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In order to get from the Dirac spinor ¢ the two component Pauli spinors in
the non—relativistic limit, one has to perform an appropriate unitary trans-
formation, called Foldy-Wouthuysen transformation. Looking at the Dirac

equation (3.2

ihaw =Hy, H=c« (p—eA)—Fﬂmcz—Fe@
ot c

with

0 _ 1 0 0 _ 0o

we note that H has the form

H=3m+cO+ed

where [, ] = 0 is commuting and {3, O} = 0 anti-commuting. In the absence
of an external field spin is a conserved quantity in the rest frame, i.e. the Dirac
equation must be equivalent to the Pauli equation. This fixes the unitary

transformation to be performed in the case Afj‘t =0:
0
V' =U¢, H = U<H—ihat> U'=UHU"'

where the time-independence of U has been used, and we obtain

. 81// / (,OI

h =Hvy' ; ¢ =

i, = Hv' s v = (%)
where ¢’ is the Pauli spinor. In fact U is a Lorentz boost matrix

U = 1 coshd + n v sinhf = /™
with

p 0 [p|

1
n = , 6= _arccosh L arcsinh
Ip| 2

and we obtain, with p® = /p2 + m2c2,

H/:cp()ﬁ; [HI72]:07 Y =ayp= <l(7)'¢(j)'>

(3.3)

(3.6)

where X is the spin operator. Actually, there exist two projection operators

U one to the upper and one to the lower components:

_ (¢ _ (0
(7). v ().
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given by

(P° +me) 1+ py (P° +me) 1 —py
U, = L, U- = :
V20°/p° + me V/29/p° + me

For the spinors we have

Usulp,r) = \/2]20 (Ug”)> L U_v(p,7) = \/210’0 <V(()r)>

with U(r) and V(r) = io2U(r) the two component spinors in the rest system.
We now look at the lepton propagator. The Feynman propagator reads

iSras(z = y) = (O1T{ta(z)¥s(y) }0)
=c) / dpalp) uap,r) ap(p,r) e V) = / du(p) (p + me) e PE=Y)

wherdd
Srap(z;m?) = (ihy"9, + me) Ar(z;m?) = O(2") ST(2) + 6(—2°) S (2)
where the retarded positive frequency part is represented by

05t = [ ot Zr T T e

21)4 2w, P —wp 410
and the advanced negative frequency part by

o5 ()= [ (h 0 e e

21)4 2w,  pY —wp +10

Using
S walp,) 1s(p7) = *Ulp) 74 Ulp)

S valps ) (e 1) = 2 Ulp) 1 Ul)

2The positive frequency part is given by
iSas(x —y) = (0l (@)ds(y)|0)
= e 3 [ o) uepr) ooy €7 = [ dplp) (4 me) e
and the negative frequency part by
— i855(x = y) = (01 (y)va()|0)
= e3 [ ) vao,) a(pr) " = [ dptp) (9= me) 7



138 3 Lepton Magnetic Moments: Basics
with

1
ve=,_(1£79%) ; Pve=%y1, 41— =7-74=0

2

the projection matrices for the upper and lower components, respectively. We

thus arrive at our final representation which allows a systematic expansion in
1/e:

see-u) = [ e v (L, L

PO —w,+i0 PO 4w, —i0
(3.7)

The 1/c-expansion simply follows by expanding the matrix U:

_ P aP7 o, N~ D
U(p)—exp0|p|'y—exp92mc, 0_7;)2n+1 <m2c2 ’

The non-relativistic limit thus reads:

' ipe- v+ V-
S _ — / e ip(z—y) _
P =) (2m)* <p0 —(mE+ P 4i0 pO+(me+ P2)—i0
ie.
SF(x - y) = SF(x - y)NR + 0(1/0)
2. Non-relativistic lepton with A** # 0

Again we start from the Dirac equation ([B2]). In order to get the non—
relativistic representation for small velocities we have to split off the phase of
the Dirac field, which is due to the rest energy of the lepton:

o amimete (¥
Pv=1e with 9 ()2> .

Consequently, the Dirac equation takes the form
O .
il Bf = (H—mcz) P

and describes the coupled system of equations

0 .
(1hat—e¢) p=co(p

<ih§t —e@+2mc2> XxX=co(p-—

For ¢ — oo we obtain
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1

(&
Y — A)Q 1/c?
X cho(p . )@+ 0(1/c%)

and hence
1 2
<iha—e@>¢: (a(p—eA)) @ .
ot
As p does not commute with A, we may use the relation
(oa)(ob) =ab+io (a x b)
to obtain
2
(a(p— eA)) —p-‘4y2-"0.B; Brota,
c c c
This leads us to the Pauli equation (W. Pauli 1927)

00 e (1 €\ eh .
lhat —H<p—<2m(p CA) +ed .° B) & (3.8)

which up to the spin term is nothing but the non-relativistic Schrodinger
equation. The last term is the one this book is about: it has the form of a
potential energy of a magnetic dipole in an external field. In leading order in
1/c the lepton behaves as a particle which has besides a charge also a magnetic

moment

m= ch o= ¢ S ; S=hs=h"
c 2

2me m
with S the angular momentum. For comparison: the orbital angular momen-
tum reads

(3.9)

Morbital = Q L= Q

oM —gz2ML; L=rxp=—ihrxV =hl

and thus the total magnetic moment is

Q Me
otal — L s = l s Nl

Htotal oM (gt L+ gs S) M,UB (gl +gs8) (3.10)

where 5

e

= 3.11
He 2mec ( )
is Bohr’s magneton. As a result for the electron: Q = —e, M = m,, g, = —1

and gs = —2. The last remarkable result is due to Dirac (1928) and tells us
that the gyromagnetic ratio ( ¢ ) is twice as large as the one from the orbital
motion.

The Foldy-Wouthuysen transformation for arbitrary A, cannot be per-
formed in closed analytic form. However, the expansion in 1/¢ can be done in
a systematic way (see e.g. [I]) and yields the effective Hamiltonian
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’ 2 (p - iA )2 _ p4 . eh )
H =5 (mc + 2m 8m3c? ted—F ome 7 B
eh? eh i
T gm2e divE — amze2 @ {(E X p+ 2l"otE)}
+0(1/c%). (3.12)

The additional terms are 81,’:;2 originating from the relativistic kinematics,
8;’2202 divE is the Darwin term as a result of the fluctuations of the electrons
position and 472’,}62 o- [(E X p+ érotE)] is the spin—orbit interaction energy.
The latter plays an important role in setting up a muon storage ring in the
g — 2 experiment (magic energy tuning). As we will see, however, in such an
experiment the muons are required to be highly relativistic such that relativis-
tic kinematics is required. The appropriate modifications will be discussed in
Chap.

3.2 Magnetic Moments and Electromagnetic
Form Factors

3.2.1 Main Features: An Overview

Our particular interest is the motion of a lepton in an external field under
consideration of the full relativistic quantum behavior. It is controlled by the
QED equations of motion ([B1]) with an external field added ([B.2]), specifically
a constant magnetic field. For slowly varying fields the motion is essentially
determined by the generalized Pauli equation (BI2]), which also serves as a
basis for understanding the role of the magnetic moment of a lepton on the
classical level. As we will see, in the absence of electrical fields E the quantum
correction miraculously may be subsumed in a single number the anomalous
magnetic moment, which is the result of relativistic quantum fluctuations,
usually simply called radiative corrections (RC).

To study radiative corrections we have to extend the discussion of the
preceding section and consider the full QED interaction Lagrangian

LID = _eiytap A, (3.13)

int

in case the photon field is part of the dynamics but has an external classical
component Ag¥*
Ay — Ay + Afj‘t . (3.14)

We are thus dealing with QED exhibiting an additional external field insertion

“vertex”:
— o Aext
@( ieyH AT

Gauge invariance (Z88) requires that a gauge transformation of the
external field
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A% (@) — A (2) — Dua(x) | (3.15)

for an arbitrary scalar classical field a(z), leaves physics invariant.
The motion of the lepton in the external field is described by a simultane-
2
ous expansion in the fine structure constant a = 7 and in the external field

ASXt assuming the latter to be weak

—>—®?>—+ —>§;—+ Byt Ere—

pP1 P2

In the following we will use the more customary graphic representation

<~

of the external vertex, just as an amputated photon line at zero momentum.

The gyromagnetic ratio of the muon is defined by the ratio of the magnetic
moment which couples to the magnetic field in the Hamiltonian and the spin
operator in units of o = eh/2m,¢

eh

=g, S s gu=21+a,) (3.16)

u

and as indicated has a tree level part, the Dirac moment gfto) =2 [2], and a
higher order part the muon anomaly or anomalous magnetic moment

(90— 2) - (3.17)

In general, the anomalous magnetic moment of a lepton is related to the
gyromagnetic ratio by

Y —2) (3.18)

ag = pefup — 1=

where the precise value of the Bohr magneton is given by

eh

= 5.788381804(39) x 10~ MeVT ! . (3.19)
2mec

pB =
Here T as a unit stands for 1 Tesla = 10* Gauss. It is the unit in which the
magnetic field B usually is given. In QED a, may be calculated in perturba-
tion theory by considering the matrix element

M(z;p) = (u™ (P2, 72)|Jbn (@) [~ (P1,71))

of the electromagnetic current for the scattering of an incoming muon = (p1,r1)
of momentum p; and 3rd component of spin r; to a muon p~(p2,r2) of mo-
mentum ps and 3rd component of spin 72, in the classical limit of zero mo-
mentum transfer q2 = (p2 — p1)2 — 0. In momentum space, by virtue of
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space-time translational invariance jX () = efZj% (0)e~'F® and the fact
that the lepton states are eigenstates of four-momentum e='""%|u= (p;, 7)) =
e P\ (ps, ) (i=1,2), we find

M(g;p) = / e e (4 (pa, r) 8 ()~ (prs71)

_ /d4$ ei(;l?z—m—q)”” <‘u_(p2,7‘2)|j5m(0)|ﬂ_(p177’1)>

= (2m)* 6 (g = p2 +p1) (u” (P2, 72) 4 (0) |1~ (pr, 1)),

proportional to the 0—function of four-momentum conservation. The T—matrix
element is then given by

(1™ (p2) |7 (0) [~ (p1)) -

In QED it has a relativistically covariant decomposition of the form

w(p2)
= (—ie) u(p2) |V Fr(d®) +i
w(p1)

v(q)

a'’qy

o Fu(g®) | u(py) . (3.20)

where ¢ = py — p1 and u(p) denote the Dirac spinors. Fi(g?) is the electric
charge or Dirac form factor and Fy(¢?) is the magnetic or Pauli form fac-
tor. Note that the matrix o’ = }[y*,4"] represents the spin 1/2 angular
momentum tensor. In the static (classical) limit we have (see (2:205))

Fe(0) =1, Fyu(0)=a,, (3.21)

where the first relation is the charge renormalization condition (in units of
the physical positron charge e, which by definition is taken out as a factor
in (320)), while the second relation is the finite prediction for a,, in terms
of the form factor Fy; the calculation of which will be described below. The
leading contribution (2.2I0]) we have been calculating already in Sect.

Note that in higher orders the form factors in general acquire an imaginary
part. One may write therefore an effective dipole moment Lagrangian with
complex “coupling”

L~ . 1415 « 1=
L' = -, {¢o“ {DH DL } ¢} F. (322
with v the muon field and
Re D, mD, =d,="_° (3.23)

=a
o )
2m,,

(see B18) and B.79) below). Thus the imaginary part of Fy(0) corresponds
to an electric dipole moment. The latter is non—vanishing only if we have T
violation. For some more details we refer to Sect.

2 2m,’
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Asillustrated in Fig. 3] when polarized muons travel on a circular orbit in
a constant magnetic field, then a, is responsible for the Larmor precession of
the direction of the spin of the muon, characterized by the angular frequency
wq. At the magic energy of about ~ 3.1 GeV, the latter is directly proportional
to ay:

. 1 E~3.1GeV B
Wy = a,B—|a,— ﬁxE] ~ " a,B] . (3.24)
m l: g < g ’72_1) at “magic v” m[ ! ]

Electric quadrupole fields E are needed for focusing the beam and they
affect the precession frequency in general. v = E/m, = 1/\/1 — 32 is the
relativistic Lorentz factor with 3 = v/c the velocity of the muon in units of
the speed of light c. The magic energy Fnae = Ymagmy is the energy F for

which , ' | = a,. The existence of a solution is due to the fact that a, is a
mag

positive constant in competition with an energy dependent factor of opposite
sign (as v > 1). The second miracle, which is crucial for the feasibility of the
experiment, is the fact that Ymag = /(1 4 a,)/a, ~ 29.378 is large enough
to provide the time dilatation factor for the unstable muon boosting the life
time 7, >~ 2.197 x 1075 sec to Ty, flight = Y Ty =~ 6.454 x 107° sec, which allows
the muons, traveling at v/c = 0.99942 - - -, to be stored in a ring of reasonable
size (diameter ~ 14 m).

This provided the basic setup for the g—2 experiments at the Muon Storage
Rings at CERN and at BNL. The oscillation frequency w, can be measured
very precisely. Also the precise tuning to the magic energy is not the major
problem. The most serious challenge is to manufacture a precisely known con-

L

Storage
Ring
— eB
spin
_—

actual precession x 2
Fig. 3.1. Spin precession in the g — 2 ring (~ 12°/circle)
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stant magnetic field B (magnetic flux density), as the latter directly enters the
experimental extraction of a, ([B:24). Of course one also needs high enough
statistics to get sharp values for the oscillation frequency. The basic principle
of the measurement of a, is a measurement of the “anomalous” frequency
difference w, = |w,| = ws —we, where ws = g, (eh/2m,) B/h = g,/2 e/m, B
is the muon spin—flip precession frequency in the applied magnetic field and
we = e/my, B is the muon cyclotron frequency. Instead of eliminating the mag-
netic field by measuring w,., B is determined from proton Nuclear Magnetic
Resonance (NMR) measurements. This procedure requires the value of 1,/
to extract a, from the data. Fortunately, a high precision value for this ratio is
available from the measurement of the hyperfine structure in muonium. One
obtains _
B R

|/ 1y = R
where R = w, /@, and &, = (e/m,c)(B) is the free-proton NMR frequency
corresponding to the average magnetic field seen by the muons in their orbits
in the storage ring. We mention that for the electron a Penning trap is em-
ployed to measure a. rather than a storage ring. The B field in this case can
be eliminated via a measurement of the cyclotron frequency.

On the theory side, the crucial point is that a; is dimensionless, just a
number, and must vanish at tree level in any renormalizable theory. As an
effective interaction it would look like

a, (3.25)

SEM = %9 £ {(a) o™ Yn(e) + () o V(@) Fuulr) (326)

where 1y, and ¥ are Dirac fields of negative (left—-handed L) and positive
(right-handed R) chirality and F,, = 0,A, — 0, A, is the electromagnetic
field strength tensor. This Pauli term has dimension 5 (=2x3/2 for the two
Dirac fields plus 1 for the photon plus 1 for the derivative included in F)
and thus would spoil renormalizability. In a renormalizable theory, however,
a, is a finite unambiguous prediction of that theory. It is testing the rate of
helicity flip transition and is one of the most precisely measured electroweak
observables. Of course the theoretical prediction only may agree with the
experimental result to the extend that we know the complete theory of nature,
within the experimental accuracy.

Before we start discussing the theoretical prediction for the magnetic mo-
ment anomaly, we will specify the parameters which we will use for the nu-
merical evaluations below.

Since the lowest order result for ay is proportional to «, obviously, the
most important basic parameter for calculating a,, is the fine structure con-
stant «. It is best determined now from the very recent extraordinary precise
measurement of the electron anomalous magnetic moment [3]

a®P = 0.001 159 652 180 85(076) (3.27)
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which, confronted with its theoretical prediction as a series in « (see Sect. 322
below) determines [4, [5]

o~ !(ae) = 137.035999069(96)[0.70pph) . (3.28)

This is now the by far most precise determination of o and we will use it
throughout in the calculation of a,.

All QED contributions associated with diagrams with lepton—loops, where
the “internal” lepton has mass different from the mass of the external one,
depend on the corresponding mass ratio. These mass—dependent contributions
differ for a., a, and a-, such that lepton universality is broken: a. # a, # a-.
Lepton universality is broken in any case by the difference in the masses and
whatever depends on them. Such mass—ratio dependent contributions start
at two loops. For the evaluation of these contributions precise values for the
lepton masses are needed. We will use the following values for the muon-
electron mass ratio, the muon and the tau mass [6] [7]

m,,/me = 206.768 2838 (54) , m,,/m, = 0.0594592 (97)
me = 0.5109989918(44)MeV , m,, = 105.658 3692 (94)MeV  (3.29)
m, = 1776.99 (29)MeV .

Note that the primary determination of the electron and muon masses come
from measuring the ratio with respect to the mass of a nucleus and the masses
are obtained in atomic mass units (amu). The conversion factor to MeV is
more uncertain than the mass of the electron and muon in amu. The ratio of
course does not suffer from the uncertainty of the conversion factor.

Other physical constants which we will need later for evaluating the weak
contributions are the Fermi constant

G, =1.16637(1) x 107° GeV ™2, (3.30)
the weak mixing parameter (here defined by sin? Oy, = 1 — M2, /M2)
sin? Oy = 0.22276(56) (3.31)
and the masses of the intermediate gauge bosons Z and W
Mz =91.1876 + 0.0021 GeV , My = 80.392 £ 0.029 GeV . (3.32)

For the not yet discovered SM Higgs particle the mass is constrained by LEP
data to the range

114 GeV < my < 200 GeV(at 95% CL) . (3.33)

We also mention here that virtual pion-pair production is an important
contribution to the photon vacuum polarization and actually yields the leading
hadronic contribution to the anomalous magnetic moment. For the dominating
mtm~channel, the threshold is at 2m, with the pion mass given by
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Myt = 139.57018 (35)MeV . (3.34)

There is also a small contribution from 7%y with threshold at m? which has
the value

Mo = 134.976 6 (6)MeV . (3.35)

For the quark masses needed in some cases we use running current quark
masses in the MS scheme [6] with renormalization scale parameter p. For the
light quarks ¢ = u,d, s we give my = mq(p = 2 GeV), for the heavier ¢ = ¢, b
the values at the mass as a scale m, = m,(u = m,) and for q = t the pole
mass:

my= B3+1MeV mg= 6+£2MeV  my= 105425 MeV
Mme = 1.25+0.10 GeV myp = 4.25+0.15 GeV m; = 171.4+ 2.1 GeV .
(3.36)

This completes the list of the most relevant parameters and we may discuss
the various contributions in turn now.
The profile of the most important contributions may be outlined as follows:
1) QED universal part:
The by far largest QED/SM contribution comes from the one-loop QED
diagram [8]

v

a? =a® = a® = 2(; (Schwinger 1948)

v L

which we have calculated in Sect. 2.6.3] and which is universal for all charged
leptons. As it is customary we indicate the perturbative order in powers of
e, i.e. a™ denotes an O(e™) term, in spite of the fact that the perturbation
expansion is usually represented as an expansion in o = €2 /4. Typically, an-
alytic results for higher order terms may be expressed in terms of the Riemann
zeta function

=3 (3.37)
k=1

and of the polylogarithmic integralsﬁ

k
k=1

1
, (=1)* [ In"2(t) In(1 — tz) . gk
Li, () = (n_ 2) / . dt=Y """, (3.38)
0

3The appearance of transcendental numbers like ¢(n) and higher order polylog-
arithms Li,(x) or so called harmonic sums is directly connected to the number of
loops of a Feynman diagram. Typically, 2-loop results exhibit ¢(3) 3-loop ones ¢(5)

etc of increasing transcendentality [9].
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where Lis(x) is often referred to as the Spence function Sp(z) (see (2.203)
in Sect. 263 and [I0] and references therein). Special ((n) values we will
need are

2 4
¢2) = 7; , C(3) =1.202 056 903 - - - , C(4) = go , C(5) = 1.036 927 755 - - - .
(3.39)
Also the constants
Li, (1) = ¢(n), Lin(=1) = —[1—=2"""]¢(n)
as = Li4(;) =3 1/(2"n") = 0.517 479 061 674--- ,  (3.40)
n=1

related to polylogarithms, will be needed later for the evaluation of analytical
results. Since a,, is a number all QED contributions calculated in “one flavor
QED” | with just one species of lepton, which exhibits one physical mass scale
only, equal to the mass of the external lepton, are universal. The following
universal contributions (one flavor QED) are known:

e 2-loop diagrams [7 diagrams] with one type of fermion lines yield

1 2 2 2

alt = 121 Ty 2+ i<(3)] (:) . (3.41)
The first calculation performed by Karplus and Kroll (1950) later was
recalculated and corrected by Peterman (1957) [12] and, independently,
by Sommerfield (1957) [I3]. An instructive compact calculation based on
the dispersion theoretic approach is due to Terentev (1962) [14].

e 3-loop diagrams [72 diagrams] with common fermion lines

o) _ [28250 17101 , 298 , . 139
a’f_[5184+810” g ™ In24 4 ¢0)
00 (. 1. 1 4. 1 , o
+3 {L14(2)+241n2 oy In 2}
239 , 83, 215 ay?
2160™ T 7™ BT oy C(‘r’)] (w) (342)

This is the famous analytical result of Laporta and Remiddi (1996) [15],
which largely confirmed an earlier numerical result of Kinoshita [I6]. For
the evaluation of (8:42)) one needs the constants given in (B39]) and (40)
before.

e 4-loop diagrams [891 diagrams] with common fermion lines so far have
been calculated by numerical methods mainly by Kinoshita and collab-
orators. The status had been summarized by Kinoshita and Marciano
(1990) [I7] some time ago. Since then, the result has been further im-
proved by Kinoshita and his collaborators (2002/2005/2007) [18] [19] [5].
They find
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a4
- 1o1435) (7))
™

which is correcting an older result shifting the coefficient of the (3)4 term
by — 0.19. The missing higher order terms contribute to the theoretical
uncertainty. Adopting the estimation [20], that the size of the coefficient
of the missing 5—loop term should not exceed 3.8, we will account for this
by a term

in our further discussion.
Collecting the universal terms we have

ap™ =05 () - 0328478965579 195 78 ... (i)z

11,181 241456 587 ... (:)3 ~1.9144(35) (:)4+0.0(3.8) (0‘)5

™

= 0.001 159 652 176 42(81)(10)(26)[86] - - - (3.43)

for the one—flavor QED contribution. The three errors are from the error
of a given in ([328), from the numerical uncertainty of the a* coefficient
and for the missing higher order terms, respectively.

It is interesting to note that the first term af) ~ (0.00116141--- con-
tributes the first three significant digits. Thus the anomalous magnetic
moment of a lepton is an effect of about 0.12%, g¢/2 ~ 1.00116 - - -, but in
spite of the fact that it is so small we know a. and a, more precisely than
most other precision observables.

2) QED mass dependent part:
Since fermions, as demanded by the Sl\/ﬂ, only interact via photons or other
spin one gauge bosons, mass dependent corrections only may show up at the
two—loop level via photon vacuum polarization effects. There are two different
regimes for the mass dependent effects 22]:

— LIGHT internal masses give rise to potentially large logarithms of mass
ratios which get singular in the limit my;gne — 0

2
aﬁf)(vap,e): ;lnm“—%—i—O(me)] (oz) .

My
ey ¥

“Interactions are known to derive from a local gauge symmetry principle, which
implies the structure of gauge couplings, which must be of vector (V) or axial-vector
(A) type.
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Here we have a typical result for a light field which produces a large log-
arithm In M~ 5.3, such that the first term ~ 2.095 is large relative to a

typical constant second term —0.6944. Herd] the exact two— loop result is
2
al!) (vap, e) ~ 1.094 258 3111(84) (:) = 5.90406007(5) x 1076

The error is due to the uncertainty in the mass ratio (m./m,).

The kind of leading short distance log contribution just discussed, which
is related to the UV behav1or|§ in fact may be obtained from a renormal-
ization group type argument. In Sect. 2.6.0] (Z228)) we have shown that if
we replace in the one-loop result o — a(m,,) we obtain

la 2« m
1 In *
27r( +37r Ilme

ay = ), (3.44)
which reproduces precisely the leading term of the two—loop result. RG
type arguments, based on the related Callan-Symanzik (CS) equation ap-
proach, were further developed and refined in [23]. The CS equation is a
differential equation which quantifies the response of a quantity to a change
of a physical mass like m, relative to the renormalization scale which is
m,, if we consider a,. For the leading m.—dependence of a,, neglecting all
terms which behave like powers of m./m, for m. — 0 at fixed m,, the
CS equation takes the simple homogeneous form

(me O L 8) o™ a) =0, (3.45)

Ome 8a Me

where a,, >*) denotes the contribution to a, from powers of logarithms In "
and constant terms and ((«) is the QED S—function. The latter governs
the charge screening of the electromagnetic charge, which will be discussed
below. The charge is running according to

«

2« "
I1—3%In 7/ .

alu) = (3.46)

which in linear approximation yields (8.44]).
We continue with the consideration of the other contributions. For com-
parison we also give the result for the
— EQUAL internal masses case which yields a pure number and has been
included in the al(f) universal part (341 already:
®The leading terms shown yield 5.84199477 x 107°.
5The muon mass m, here serves as an UV cut-off, the electron mass as an IR
cut—off, and the relevant integral reads

e dE m
=1 "
/ E Y me

Me
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4 119 727 fa\2
ai)(vapw):{% ~ 5 ( ) :
Wy v

This no scale result shows another typical aspect of perturbative answers.
There is a rational term of size 3.3055... and a transcendental 72 term of
very similar size 3.2899... but of opposite sign which yields as a sum a
result which is only 0.5% of the individual terms:

a2 _
o (vap, 1) = 0.015 687 4219 (W) = 846413320 x 1075 . (3.47)

HEAVY internal masses decoupleﬁ in the limit Mpeavy — 00 and thus only
yield small power correction

v
1 /my\? m* m, a2
al(:l)(vapﬂ'): |:45 (m“‘) +O(m: lnm ):| <7‘r) .
T T H
Wy v

Note that “heavy physics” contributions, from mass scales M > m,,, typ-
ically are proportional to m? /M?. This means that besides the order in a

2
. . m .
there is an extra suppression factor, e.g. O(a?) — Q(a? ,/4) in our case.

To unveil new heavy states thus requires a corresponding high precision
in theory and experiment. For the 7 the contribution is relatively tin

a2 _
o (vap, 7) ~ 0.000 078 064(25) (W) — 4.2120(13) x 10710,

with error from the mass ratio (m,/m.). However, at the level of accuracy
reached by the Brookhaven experiment (63 x 10711), the contribution is
non—negligible.

At the next higher order, in a(®) up to two internal closed fermion loops
show up. The photon vacuum polarization (VP) insertions into photon
lines again yield mass dependent effects if one or two of the p loops of the
universal contributions are replaced by an electron or a 7. These contri-
butions will be discussed in more detail in Chap. dl Here we just give the
numerical results for the coefficients of (3)3 [24, 251 [26):

"The decoupling—theorem infers that in theories like QED or QCD, where cou-

plings and masses are independent parameters of the Lagrangian, a heavy particle
of mass M decouples from physics at lower scales Ey as Eo/M for M — oo.

8The leading approximation shown in the formula yields 4.2387 x 1071°.
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7 AQ (vap,e) = 1.920455130(33)
A (vap,7) = —0.00178233(48)
W A (vap,e,7) = 0.00052766(17).

Besides these photon self-energy corrections, a new kind of contributions
are the so called light-by-light scattering (LbL) insertions: closed fermion
loops with four photons attached. Light—by-light scattering vy — v is
a fermion—loop induced process between real on—shell photons. There are
6 diagrams which follow from the first one below, by permutation of the
photon vertices on the external muon line:

A8 R

plus the one’s obtained by reversing the direction of the fermion loop.
Remember that closed fermion loops with three photons vanish by Furry’s
theorem. Again, besides the equal mass case mioop = M, there are two
different regimes [27] 28]:

— LIGHT internal masses also in this case give rise to potentially large log-
arithms of mass ratios which get singular in the limit myjgn; — 0

7 (6) 2 2 m 59 4
ay’(Ibl,e) = 37 In m: + oo™ 3¢(3)
) 3
} ~’s —107r2+ _{_O<me lnm”)} (oe)
3 My Me 0

This again is a light loop which yields an unexpectedly large contribution

«

3
a(® (Ibl, €) = 20.947 924 89(16) ( ) = 2.62535102(2) x 1077,

™
with error from the (m./m,) mass ratio. Historically, it was calculated
first numerically by Aldins et al. [29], after a 1.70 discrepancy with the
CERN measurement [30] in 1968 showed uld
For comparison we also present the
— EQUAL internal masses case which yields a pure number which is included

in the ags‘) universal part ([B:42]) already:
where a4 is the constant defined in (340). The single scale QED contribu-

tion is much smaller

9The result of [29] was 2.30 + 0.14 x 1077 pretty close to the “exact” answer
above. The occurrence of such large terms of course has a physical interpretation [31].
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,
©) B 5 B 5 2 _ 41 4 2 9. 9
ay (Ibl, p) = {6 ¢(5) 87 ¢(3) 510 37 In?2
v’s 2.4 4 2 Bloz o (@)
u —|—31n 2+16a4—3C(3)—247T In2+ 547 +9} <7r) ’
3
af®(1b1, 1) = 0371005293 :) = 4.64971652 x 10~° (3.48)

but is still a substantial contributions at the required level of accuracy.
— HEAVY internal masses again decouple in the limit mpeavy — 00 and thus
only yield small power correction

3 197 (mu\°
{2 SO 16} <mT)

’Y’S mi m. an 3
# +O(mfﬁ 1n2mu)} (ﬂ') ’

As expected this heavy contribution is power suppressed yielding

al® (1bl, 7) =

a\3 _
a(® (Ibl, 7) ~ 0.002 142 83(69) (W) — 2.68556(86) x 1011,

and therefore would play a significant role at a next level of precision
experiments only. Again the error is from the (m,/m,) mass ratio.

We mention that except for the mixed term A,(f) (vap, e, 7), which has been
worked out as a series expansion in the mass ratios [26], all contribu-
tions are known analytically in exact form [24] up to 3 loops. At
4 loops only a few terms are known analytically [33]. Again the relevant
4-loop contributions have been evaluated by numerical integration meth-
ods by Kinoshita and Nio [I8]. The 5-loop term has been estimated to be
A8 (my, /me) = 663(20) in [34] 35, 36].

Combining the universal and the mass dependent terms discussed so far
wa arrive at the following QED result for a,

Firstly, the large logs In(m,/m.) are due to a logarithmic UV divergence in the limit
my — 00, i.e. my serves as an UV cut—off, in conjunction with an IR singularity in
the limit m. — 0, i.e. m. serves as an IR cut—off: j:: dEE =1In :Z: The integral
is large because of the large range [m.,m,] and an integrand with the property
that it is contributing equally at all scales. Secondly, and this is the new point here,
there is an unusual 72 ~ 10 factor in the coefficient of the large log. It becomes
possible in conjunction with the LbL scattering subdiagram where the electron is
moving in the field of an almost static non-relativistic muon. A non-relativistic spin—
flip interaction (required to contribute to a,) gets dressed by Coulomb interactions
between muon and electron, which produces the large 72 factor.

YExplicitly, the papers only present expansions in the mass ratios; some result
have been extended in [28] and cross checked against the full analytic result in [32].
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QED _ @ a2
oS 5y +0.765 857 410(26) (W)

£24.050 509 65(46) (i)g +130.8105(85) (:)4 +663(20) (i)E’ . (3.49)

Growing coefficients in the «/7 expansion reflect the presence of large
In Z;‘ ~ 5.3 terms coming from electron loops. In spite of the strongly

growing expansion coefficients the convergence of the perturbation series
is excellent

# 1 of loops Ci [(a/m)"] aFEP x 101

1 +0.5 116140973.30 (0.08)
2 40.765857410(26)  413217.62 (0.01)
3 +24.050 509 65(46) 30141.90 (0.00)
4 +130.8105(85) 380.81 (0.03)
5 +663.0(20.0) 4.48 (0.14)
tot 116584718.11 (0.16)

because «/7 is a truly small expansion parameter.

Now we have to address the question what happens beyond QED. What
is measured in an experiment includes effects from the real world and we
have to include the contributions from all known particles and interactions
such that from a possible deviation between theory and experiment we may
get a hint of the yet unknown physics.

Going from QED of leptons to the SM the most important step is to
include the hadronic effects mediated by the quarks, which in the SM
sit in families together with the leptons and neutrinos. The latter being
electrically neutral do not play any role, in contrast the charged quarks.
The strong interaction effects are showing up in particular through the
hadronic structure of the photon via vacuum polarization starting at O(a?)
or light-by-light scattering starting at O(a?).

3) Hadronic VP effects:
Formally, these are the contributions obtained by replacing lepton—loops by
quark-loops (see Fig. B2]), however, the quarks are strongly interacting via
gluons as described by the SU(3)color gauge theory QCD [37] (see Sect. 2.8]).
While electromagnetic and weak interactions are weak in the sense that
they allow us to perform perturbation expansions in the coupling constants,
strong interactions are weak only at high energies as inferred by the property
of asymptotic freedom (antifscreening. At energies above about 2 GeV

H Asymptotic freedom, discovered in 1973 by Politzer, Gross and Wilczek [38]
(Nobel Prize 2004), is one of the key properties of QCD and explains why at high
enough energies one observes quasi—free quarks. Thus, while quarks remain impris-
oned inside color neutral hadrons (quark confinement), at high enough energies (so
called hard subprocesses) the quark parton model (QPM) of free quarks may be a
reasonable approximation, which may be systematically improved by including the
perturbative corrections.
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e T « : weak coupling d
' /. PQED works % &8s -

ay @ strong coupling
pQCD fails

Fig. 3.2. The hadronic analog of the lepton loops

perturbative QCD (pQCD) may be applied as well. In the regime of inter-
est to us here, however, perturbative QCD fails. The strength of the strong
coupling “constant” increases dramatically as we approach lower energies.
This is firmly illustrated by Fig. B3] which shows a compilation of measured
strong coupling constants as a function of energy in comparison to perturba-
tive QCD. The latter seems to describes very well the running of oy down to
2 GeV.

Fortunately the leading hadronic effects are vacuum polarization type cor-
rections, which can be safely evaluated by exploiting causality (analyticity)
and unitarity (optical theorem) together with experimental low energy data.
The imaginary part of the photon self-energy function I7/ (s) (see Sect. 2.6.T)
is determined via the optical theorem by the total cross—section of hadron
production in electron—positron annihilation:

1 L L L L 1 L L L L 1 L L L L 1 L L L 1

A T-decays (LEP)
0.354 o PETRA [
* T-decays
I TRISTAN
0.307 o I, (LEP) r
o LEP
o 0.254 QCD: o (Mz)=0.1183+/-0.0027 |
<
0.204 L
0.154 L
0.10 L
—
0 50 100 150 200
E (GeV)

Fig. 3.3. A compilation of a; measurements from [39]. The lowest point shown is
at the 7 lepton mass M, = 1.78 GeV where as(M-) = 0.322 + 0.030
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v

M’Yhad’Y

Fig. 3.4. The leading order (LO) hadronic vacuum polarization diagram

4n%a 1 /
U(S)eJre* —~y*—hadrons — s - Im thad(s) . (350)
The leading hadronic contribution is represented by the diagram Fig. 34]
which has a representation as a dispersion integral

a [*ds1 / ! 22(1— 1)
= Im 7 M4 (s) K K z/ d . (3.51
o= [ e Ky K= [ TN e

As a result the leading non—perturbative hadronic contributions a;*® can be

had
o
obtained in terms of R, (s) = ¢(®(ete™ — v* — hadrmas)/‘”?:;“2 data via the
dispersion integral:

2
cut

= (O’ ( / 4o T K(s) 7’ 4 BEPO EE) ) 3.5

2 2
m E
=0 cut

where the rescaled kernel function K(s) = 3s/ m2, K (s) is a smooth bounded
function, increasing from 0.63... at s = 4m?2 to 1 as s — oo. The 1/s% en-
hancement at low energy implies that the p — 777~ resonance is dominating
the dispersion integral (~ 75 %). Data can be used up to energies where v— Z
mixing comes into play at about FE., = 40 GeV. However, by the virtue
of asymptotic freedom, perturbative Quantum Chromodynamics (see p. [[29)
(pQCD) becomes the more reliable the higher the energy and, in fact, it may
be used safely in regions away from the flavor thresholds, where resonances
show up: p, w, ¢, the J/¢ series and the T series. We thus use perturbative
QCD [40l [41] from 5.2 to 9.6 GeV and for the high energy tail above 13 GeV,
as recommended in [40] 41 [42].

Hadronic cross section measurements e™e~ — hadrons at electron—positron
storage rings started in the early 1960’s and continued up to date. Since our
analysis [43] in 1995 data from MD1 [44], BES-II [45] and from CMD-2 [46]
have lead to a substantial reduction in the hadronic uncertainties on aﬁ"‘d.
More recently, KLOE [47], SND [48] and CMD-2 [49] published new measure-
ments in the region below 1.4 GeV. My up—to—date evaluation of the leading
order hadronic VP yields [50]
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Table 3.1. Contributions and errors from different energy ranges

Energy range azad [%](error) x 10 rel. err. abs. err.
p,w (E < 2Mg) 538.33 [ 77.8](3.65) 07 % 420 %
IMi < E<2GeV 10231 [ 14.8/(4.07) 40% 521 %
2GeV < E < My 22.13 [ 3.2](1.23) 5.6 % 4.8 %
M,y < E < Mr 26.40 [ 3.8)(0.59) 22%  11%
My < E < Eou 140 [ 0.2)(0.09) 62%  00%
Eew < E pQCD 153 0.2)(0.00) 01%  00%
E < Eew data 690.57 [ 99.8](5.64) 0.8 % 100.0 %
total 692.10 [100.0](5.64) 0.8 %  100.0 %
ap ) = (692.1£5.6) x 10710 (3.53)

Table B.1] gives more details about the origin of contributions and errors from
different regions. Some other recent evaluations are collected in Table
Differences in errors come about mainly by utilizing more “theory—driven”
concepts : use of selected data sets only, extended use of perturbative QCD in
place of data [assuming local duality], sum rule methods, low energy effective
methods [59]. Only the last three (**) results include the most recent data
from SND, CMD-2, and BaBail2.

In principle, the I = 1 iso-vector part of eTe~ — hadrons can be ob-
tained in an alternative way by using the precise vector spectral functions
from hadronic 7-decays 7 — v, + hadrons which are related by an isospin

Table 3.2. Some recent evaluations of a}fd(l)

GZad(l) x 1019 data Ref. H—a—t— Davier et al. (03) (e'e”)
L —e—i Davier et al. (03) (e*e™,7)
g??igg ZJrZ, T % Ghozzi, Jegerlehner (03) (e*e”)
694.8[8.6] ete 52 Narison (03) (e*e”) i
684.6[6.4] ete” TH 53] Ezhela et al. (03) (e*e”)
699.6[8.9] ete— [54] —E—i Hagiwara et al. (03) (e*e™)(incl)
692.4[6.4] ete™ [55] Troconiz, Yndurain (04) (e*e”)
693.5[5.9] ete™ [56] —a—i Troconiz, Yndurain (04) (e*e™,7)
701.8[5.8] ete” + 1 [50] —p Davier et al. (06) (e*e”)
690.9[4.4] ete™™ 57 —a— Hagiwara et al. (06) (e*e™)(incl)
689.4[4.6] ete ™™ 58] —te—i Jegerlehner (06) (ee)
[

692.1[5.6 ete **
] 150] 680.0 700.0 720.0

2The analysis [58] does not include exclusive data in a range from 1.43 to 2 GeV;
therefore also the new BaBar data are not included in that range. In [51] [57] pQCD
is used in the extended ranges 1.8-3.7 GeV and above 5.0 GeV and in [57] KLOE
data are not included. See also the comments to Fig. [[.1]
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rotation [60]. After isospin violating corrections, due to photon radiation and
the mass splitting mg — m,, # 0, have been applied, there remains an unex-
pectedly large discrepancy between the eTe™- and the 7-based determinations
of a,, [51], as may be seen in Table Possible explanations are so far unac-
counted isospin breaking [52] or experimental problems with the data. Since
the ete-data are more directly related to what is required in the dispersion
integral, one usually advocates to use the ete™ data only.

At order O(a?) diagrams of the type shown in Fig. have to be cal-
culated, where the first diagram stands for a class of higher order hadronic
contributions obtained if one replaces in any of the first 6 two—loop diagrams
of Fig. [£.2] below, one internal photon line by a dressed one. The relevant
kernels for the corresponding dispersion integrals have been calculated ana-
lytically in [61] and appropriate series expansions were given in [62] (for earlier
estimates see [63][64]). Based on my recent compilation of the ete™ data [50]
I obtain

a{® (vap, had) = —100.3(2.2) x 107,

in accord with previous evaluations [55] [60, [62] [64]. The errors include statis-
tical and systematic errors added in quadrature.

4) Hadronic LbL effects:
A much more problematic set of hadronic corrections are those related to
hadronic light-by-light scattering, which sets in only at order O(a?), fortu-
nately. However, we already know from the leptonic counterpart that this
contribution could be dramatically enhanced. It was estimated for the first
time in [63]. Even for real-photon light-by-light scattering, perturbation
theory is far from being able to describe reality, as the reader may con-
vince himself by a glance at Fig. B.6l showing sharp spikes of 7%, 1 and
1’ production, while pQCD predicts a smooth continuum™. As a contri-
bution to the anomalous magnetic moment three of the four photons are
virtual and to be integrated over all four-momentum space, such that a di-
rect experimental input for the non—perturbative dressed four—photon cor-

a) b) c)

neoooy e h h h

Fig. 3.5. Higher order (HO) vacuum polarization contributions

13The pion which gives the by far largest contribution is a quasi Goldstone boson.
In the chiral limit of vanishing light quark masses m, = mqg = ms = 0 pions and
kaons are true Goldstone bosons which exist due to the spontaneous breakdown
of the chiral U(Ny)v ® Ua(Ny) (Ny = 3) symmetry, which is a non—perturbative
phenomenon, absent in pQCD.
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Fig. 3.6. The spectrum of invariant 77y masses obtained with the Crystal Ball
detector [65]. The three rather pronounced spikes seen are the vy — pseudoscalar
(PS) — v excitations: PS=n°, 1,7’

relator is not available. In this case one has to resort to the low energy ef-
fective descriptions of QCD like chiral perturbation theory (CHPT) extended
to include vector-mesons. This Resonance Lagrangian Approach (RLA) is
realizing vector-meson dominance model (VMD) ideas in accord with the
low energy structure of QCD [66]. Other effective theories are the extended
Nambu-Jona-Lasinio (ENJL) model [67] (see also [70]) or the very similar
hidden local symmetry (HLS) model [71] [72]; approaches more or less ac-
cepted as a framework for the evaluation of the hadronic LbL effects. The
amazing fact is that the interactions involved in the hadronic LbL scat-
tering process are the parity conserving QED and QCD interactions while
the process is dominated by the parity odd pseudoscalar meson—exchanges.
This means that the effective 704+ interaction vertex exhibits the par-
ity violating s coupling, which of course in vy — 7° — 7y must ap-
pear twice (an even number of times). The process indeed is associated
with the parity odd Wess-Zumino-Witten (WZW) effective interaction term

Ne

£ — _ @
127TFO

Euvpo FM APO 70 + - - (3.54)
which reproduces the Adler-Bell-Jackiw anomaly and which plays a key role
in estimating the leading hadronic LbL contribution. Fy denotes the pion de-
cay constant F; in the chiral limit of massless light quarks (F; ~ 92.4 MeV).
The constant WZW form factor yields a divergent result, applying a cut—off
A one obtains the leading term
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with a universal coefficient C = NZm? /(487*F2) [73]; in the VMD dressed
cases My represents the cut—off A — My if My — od™.

Based on refined effective field theory (EFT) models, two major efforts
in evaluating the full aﬁbL contribution were made by Hayakawa, Kinoshita
and Sanda (HKS 1995) [71], Bijnens, Pallante and Prades (BPP 1995) [67]
and Hayakawa and Kinoshita (HK 1998) [72] (see also Kinoshita, Nizic and
Okamoto (KNO 1985) [64]). Although the details of the calculations are quite
different, which results in a different splitting of various contributions, the re-
sults are in good agreement and essentially given by the 7°-pole contribution,
which was taken with the wrong sign, however. In order to eliminate the cut—
off dependence in separating L.D. and S.D. physics, more recently it became
favorable to use quark—hadron duality, as it holds in the large N, limit of
QCD [68][69], for modeling of the hadronic amplitudes [70]. The infinite series
of narrow vector states known to show up in the large N, limit is then approx-
imated by a suitable lowest meson dominance (LMD+V) ansatz [74], assumed
to be saturated by known low lying physical states of appropriate quantum
numbers. This approach was adopted in a reanalysis by Knecht and Nyffeler
(KN 2001) [73] [75] [76] [T7] in 2001, in which they discovered a sign mistake
in the dominant 7°,7,n’ exchange contribution, which changed the central
value by +167 x 107!, a 2.8¢ shift, and which reduces a larger discrepancy
between theory and experiment. More recently Melnikov and Vainshtein (MV
2004) [78] found additional problems in previous calculations, this time in
the short distance constraints (QCD/OPE) used in matching the high energy
behavior of the effective models used for the 7°, 7,1’ exchange contribution.
We will elaborate on this in much more detail in Sect. 5.4 below.

We advocate to use consistently dressed form factors as inferred from the
resonance Lagrangian approach. However, other effects which were first con-
sidered in [78] must be taken into account: i) the constraint on the twist four
(1/¢*)-term in the OPE requires hy = —10 GeV? in the Knecht-Nyffeler from
factor [75]: da, ~ +5 + 0 relative to hy = 0, ii) the contributions from the
f1 and f{ isoscalar axial-vector mesons: da, ~ +10 + 4 (using dressed pho-
tons), iii) for the remaining effects, scalars (fy) + dressed 7%, K* loops +
dressed quark loops: da, ~ —5 £ 13. Note that this last group of terms have
been evaluated in [67, [71] only. The splitting into the different terms is model
dependent and only the sum should be considered; the results read —5 4+ 13

HSince the leading term is divergent and requires UV subtraction, we expect this
term to drop from the physical result, unless a physical cut—off tames the integral,
like the physical p in effective theories which implement the VMD mechanism.
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Fig. 3.7. The leading weak contributions to a¢; diagrams in the physical unitary
gauge

(BPP) and 5.2 &+ 13.7 and (HKS) hence contribution the remains unclear.
As an estimate based on [71} 67, [75, [79] [78] we adopt 7°,7,n" [88 4 12] +
axial-vector [10 £ 4] 4 scalar [-7£2] + 7, K loops [-19 £ 13] + quark loops
[21 + 3] which yields

a{® (Ibl, had) = (93 £ 34) x 107 .

5) Weak interaction corrections:
The last set of corrections are due to the weak interaction as described by
the electroweak SM. The weak corrections are those mediated by the weak
currents which couple to the heavy spin 1 gauge bosons, the charged W+ or
the neutral “heavy light” particle Z or by exchange of a Higgs particle H
(see Fig. Bt masses are given in (332 B33)). What is most interesting is
the occurrence of the first diagram of Fig. 3.7 which exhibits a non—Abelian
triple gauge vertex and the corresponding contribution provides a test of the
Yang-Mills structure involved. It is of course not surprising that the photon
couples to the charged W boson the way it is dictated by electromagnetic
gauge invariance. In spite of the fact that the contribution is of leading one—
loop order, it is vastly suppressed by the fact that the corrections are medi-
ated byzthe exchange of very heavy states which makes them suppressed by

o2¢ “A};) ~ 5x107? for M of about 100 GeV. The gauge boson contributions

2

up to negligible terms of order O( MW;“ ) are given by (the Higgs contribution
W,z

is negligible) [80]

G,/ m?
¢48“gn“ ~ (194.82 £ 0.02) x 10~ 11
Y5

(3.55)

oW — [5 4 (~1 4 4 sin® Ow)?]

The error comes from the uncertainty in sin® Oy [see (B31))).
Electroweak two-loop calculations started 1992 with Kukhto et al. [81],
. : : 2 M
who observed potentially large terms proportional to ~ Gpmy, 7 In mf en-
hanced by a large logarithm. The most important diagrams are triangle

fermion—loops:
where T3y is the 3rd component of the weak isospin, @y the charge and Ny

the color factor, 1 for leptons, 3 for quarks. The mass mys is m,, if my <m,,

15We adopt the result of [67] as the sign must be nagative in any case (see [76])
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and my if mg >m,,, and C. =5/2, C, =11/6 —8/972, C, = —6 [81]. Note
that triangle fermion—loops cannot contribute in QED due to Furry’s theo-
rem. However, the weak interactions are parity violating and if one of the three
vector vertices V# = v# is replaced by an axial vertex A" = ~ =5 one gets a
non—vanishing contribution. This is what happens if we replace one of the pho-
tons by a “heavy light” particle Z. However, these diagrams are responsible
for the Adler-Bell-Jackiw anomaly [82] which is leading to a violation of axial
current conservation and would spoil renormalizability. The anomalous terms
must cancel and in the SM this happens by lepton quark duality: leptons and
quarks have to live in families and for each family > 7 Ne foch ¢ = 0, which
is the anomaly cancellation condition in the SU(3). ® SU(2)r, ® U(1)y gauge
theory. This is again one of the amazing facts, that at the present level of
precision one starts to be sensitive to the anomaly cancellation mechanism.
This anomaly cancellation leads to substantial cancellations between the in-
dividual fermion contributions. The original results therefore get rectified by
taking into account the family structure of SM fermions [83] [84] [85].

For more sophisticated analyses we refer to [83] [84] [86] which was cor-
rected and refined in [85] B7]. Including subleading effects yields —5.0 x 1071
for the first two families. The 3rd family of fermions including the heavy
top quark can be treated in perturbation theory and was worked out to
be —8.2 x 107! in [88]. Subleading fermion loops contribute —5.3 x 10711,
There are many more diagrams contributing, in particular the calculation
of the bosonic contributions (1678 diagrams) is a formidable task and has
been performed 1996 by Czarnecki, Krause and Marciano as an expansion in
(my/My)? and (My/mpg)? [89]. Later complete calculations, valid also for
lighter Higgs masses, were performed [90] , which confirmed the previous
result —22.3 x 10~ ''. The 2-loop result read

al PV = —41(3) x 1071
The complete weak contribution may be summarized by [87]

V2G,m?2 (5 1 «

EW _ H 02 2

@G = e {3 + 5 (1 —4sin” Ow)* — 71_[15'{).5(4)(2)]}
$The authors of [§1] reported

aP W = _42 107"

for what they thought was the leading correction, which is very close to the complete
weak two—-loop corrections, however, this coincidence looks to be a mere accident.
Nevertheless, the sign and the order of magnitude turned out to be correct.
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= (154 + 1[had] & 2[mg, m¢, 3 — loop]) x 10711 (3.56)

with errors from triangle quark—loops and from variation of the Higgs mass
in the range my = 1507,0° GeV. The 3-loop effect has been estimated to be
negligible [85] [87].

This closes our overview of the various contributions to the anomalous
magnetic moment of the muon. More details about the higher order QED
corrections as well as the weak and strong interaction corrections will be
discussed in detail in the next Chap. @ First we give a brief account of the
status of the theory in comparison to the experiments. We will consider the
electron and the muon in turn.

3.2.2 The Anomalous Magnetic Moment of the Electron

The electron magnetic moment anomaly likely is the experimentally most
precisely known quantity. For almost 20 years the value was based on the
extraordinary precise measurements of electron and positron anomalous mag-
netic moments

a®P = 0.001 159 652 188 4(43),
a®P = 0.001 159 652 187 9(43), (3.57)

by Van Dyck et al. (1987) [92]. The experiment used the ion trap technique,
which has made it possible to study a single electron with extreme precision7.
The result impressively confirms the conservation of CPT: a.+ = a.-. Being
a basic prediction of any QFT, CPT symmetry will be assumed to hold in the
following. This allows us to average the electron and positron values with the
result [7]

e = o/ pip — 1 = (ge — 2)/2 = 1.159 652 1883(42) x 1073 . (3.58)

The relative standard uncertainty is 3.62 ppb. Since recently, a new sub-
stantially improved result for a. is available. It was obtained by Gabrielse
et al. [3] in an experiment at Harvard University using a one—electron quan-
tum cyclotron. The new result is

ae = 1.159652 180 85(76)[.66pph] x 1072 , (3.59)

with an accuracy nearly 6 times better than (58] and shifting up a. by 1.7
standard deviations.

"The ion trap technique was introduced and developed by Paul and Dehmelt,
whom was awarded the Nobel Prize in 1989. The ion traps utilize electrical
quadrupole fields obtained with hyperboloid shaped electrodes. The Paul trap works
with dynamical trapping using r.f. voltage, the Penning trap used by Dehmelt works
with d.c. voltage and a magnetic field in z-direction.
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The measurements of a. not only played a key role in the history of pre-
cision tests of QED in particular, and of QFT concepts in general, today we
may use the anomalous magnetic moment of the electron to get the most pre-
cise indirect measurement of the fine structure constant «. This possibility of
course hangs on our ability to pin down the theoretical prediction with very
high accuracy. Indeed a. is much saver to predict reliably than a,. The reason
is that non—perturbative hadronic effects as well as the sensitivity to unknown
physics beyond the SM are suppressed by the large factor mi /m? ~ 42753
in comparison to a,. This suppression has to be put into perspective with
the 829 times higher precision with which we know a.. We thus can say
that effectively a. is a factor 52 less sensitive to model dependent physics
than a,.

The reason why it is so interesting to have such a precise measurement of
a. of course is that it can be calculated with comparable accuracy in theory.
The prediction is given by a perturbation expansion of the form

N
ac =Y ACY(a/m)", (3.60)

with terms up to five loops, N = 5, under consideration. The experimen-
tal precision of a. requires the knowledge of the coefficients with accuracies
SAW ~1x 1077, 6A©) ~ 6 x 1075, 6A®) ~ 2 x 1072 and 6419 ~ 10. For
what concerns the universal terms one may conclude by inspecting the con-
vergence of ([B43)) that one would expect the completely unknown coefficient
AU9) to be O(1) and hence negligible at present accuracy. In reality it is one
of the main uncertainties, which is already accounted for in ([3.43]). Concern-
ing the mass—dependent contributions, the situation for the electron is quite
different from the muon. Since the electron is the lightest of the leptons a po-
tentially large “light internal loop” contribution is absent. For a. the muon is
a heavy particle m, > m,. and its contribution is of the type “heavy internal
loops” which is suppressed by an extra power of m?/ mi In fact the u—loops
tend to decouple and therefore only yield small terms. We may evaluate them
by just replacing m, — m. and m; — m, in the formula for the 7-loop
contributions to a,. Corrections due to internal p-loops are suppressed as
O(2a/m m2/m?) ~ 1.1 x 1077 relative to the leading term and the 7-loops
practically play no role at all. The fact that muons and tau leptons tend to
decouple is also crucial for the unknown five-loop contribution, since we can
expect that corresponding contributions can be safely neglected.
The results we obtain 9 may be written in the form

18The order o terms are given by two parts which cancel partly
A (me/m,) = —7.37394164(29) x 10~°
= —2.17684015(11) x 1075’ + 1.439445989(77) x 1075| bl
p—vap p—
A (me/m,) = —6.5819(19) x 10~°
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aQFP = "V () + ae (1) + ac(p, 7) (3.61)

with universal term given by (B:43]) and
B Lo e/ 0\3
ac(p) = 5.197 386 70(27) x 10 (ﬂ) 7.37394164(29) x 10 (w)
2 3
ae(7) = 1.83763(60) x 10—9(0‘) — 6.5819(19) x 10—8(0‘)
™ ™
_ NPV
ae(p, 7) = 0.190945(62) x 10 (W)

Altogether the perturbative expansion for the QED prediction of a, is given
by

a@FP = ! —0.32847844400290(60) (:)2
a3
+1.181 234016 82?(19) (W)
—1.9144(35) (Zr)
(0%
+0.0(3.8) (w) . (3.62)

The largest uncertainty comes from 518 diagrams without fermion loops con-
tributing to the universal term Agg) (B43). As mentioned before, completely

unknown is the universal five-loop term Aglo), which is leading for a. and is
included by the uncertainty estimate (3.43]).

What still is missing are the hadronic and weak contributions, which both
are suppressed by the (m./m,,)? factor relative to a,. For a. they are small:
ah®d = 1.67(3)x 10712 and a*** = 0.036 x 10~ '2, respectively:d. The hadronic

= —1.16723(36) x 107 7| _ 4+ 0.50905(17) x 1077 _ .

The errors are due to the errors in the mass ratios. They are completely negligible
in comparison to the other errors.

19The precise procedure of evaluating the hadronic contributions will be discussed
extensively in Chap. [Bl for the muon, for which the effects are much more sizable.
For the electron, as expected, one finds a small contribution. We use an updated
value af*(0) = 1.8588(156) x 1072 [50] for the leading hadronic vacuum polar-
ization contribution a2 = —0.223(2) x 107'? [50] for the higher order VP
contributions and a value rescaled by (m./m,)? of the light-by-light scattering
contribution al**"™ = 100(39) x 10~ [79] yields at™™" = 2.34(92) x 10~ '*. The
more reliable direct evaluation of this contribution for a. in the approach by Knecht
and Nyffeler [79] yields a slightly larger result: [93] a}ibl‘wo ~ 2.5(1.2) x 10™** for the
7% exchange diagram. For a, the corresponding result is aﬂ’l”rg ~ 5.8(1.0) x 10719
and for the sum of all pseudoscalars afl*ﬂo’”’"l ~ 8.3(1.2) x 107'°, Assuming, that

the contributions scale in the same proportion we find alebl;ﬂo’"’”, ~3.6(1.7) x 1074
as an estimate we will use.
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contribution now just starts to be significant, however, unlike in ai‘f‘d for the
muon, a'® is known with sufficient accuracy and is not the limiting factor
here. The theory error is dominated by the missing 5-loop QED term. As a
result a. essentially only depends on perturbative QED, while hadronic, weak
and new physics (NP) contributions are suppressed by (m./M)?, where M
is a weak, hadronic or new physics scale. As a consequence a. at this level
of accuracy is theoretically well under control (almost a pure QED object)
and therefore is an excellent observable for extracting aqep based on the SM

prediction
ag™ = aQFP[Eq. B62)] + 1.706(30) x 10~ "2 (hadronic & weak). (3.63)

We now compare this result with the very recent extraordinary precise
measurement of the electron anomalous magnetic moment [3]

ad® = 0.001 159 652 180 85(76) (3.64)
which yields
a~t(a.) = 137.035999069(90)(12)(30)(3) ,

which is the value [B28) [4, [5] given earlier. The first error is the experimental
one of a®P, the second and third are the numerical uncertainties of the a
and o terms, respectively. The last one is the hadronic uncertainty, which
is completely negligible. Note that the largest theoretical uncertainty comes
from the almost completely missing information concerning the 5-loop con-
tribution. This is now the by far most precise determination of o and we will
use it throughout in the calculation of a,,, below.

A different strategy is to use a. for a precision test of QED. For a theo-
retical prediction of a, we then need the best determinations of o which do
not depend on a.. These are [94]

a~1(Cs) = 137.03600000(110)[8.0 pph] , (3.65)
a~1(Rb) = 137.03599878(091)[6.7 ppb) . (3.66)

In terms of a(Cs) one predicts a, = 0.00115965217298(930) which agrees well
with the experiment value aS*P — atP® = 7.87(9.33) x 10~'2; similarly, using
a(Rb) the prediction is a, = 0.00115965218279(769), again in good agreement
with experiment aS*P — a'h® = —1.94(7.73) x 107!, Errors are completely
dominated by the uncertainties in «. The following Table [3:3] collects the

typical contributions to a. evaluated in terms of (B.65] B-66]).

20The results rely upon a number of other experimental quantities. One is the
measured Rydberg constant [96], others are the Cesium (Cs) and Rubidium (Rb)
masses in atomic mass units (amu) [97] and the electron mass in amu [98] [99]. The
h/Mcs needed comes from an optical measurement of the Cs D1 line [94], 101] and
the preliminary recoil shift in an atom interferometer [I00], while /Mgy, comes from
a measurement of an atom recoil of a Rb atom in an optical lattice [94].
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Table 3.3. Contributions to a.(h/M) in units 107°

contribution a(h/Mcs) a(h/Mgry)

universal  1159.652 16856(929)(15)(26) 1159.652 17067(769)(15)(26)
p-loops 0.000 00271 (0) 0.00000271 (0)

7—loops 0.00000001 (0) 0.00000001 (0)
hadronic 0.000 00167 (3) 0.000 00167 (3)

weak 0.000 000036 (0) 0.000 000036 (0)

theory 1159.652 17298(930) 1159.652 18279(769)
experiment  1159.652 18085 (76) 1159.652 180 85 (76)

An improvement of « by a factor 10 would allow a much more stringent
test of QED, and therefore is urgently needed [4]. The sensitivity of future
QED tests may be illustrated as follows: if one assumes that | Ag[Ye" Physics| ~
m?2 /A% where A approximates the scale of “New Physics”, then the agreement
between a~!(a.) and a~!(Rb06) currently probes A < O(250 GeV). To access
the much more interesting A ~ O(1 TeV) region would also require a reliable
estimate of the first significant digit of the 5—loop QED contribution, and an
improved calculation of the 4-loop QED contribution to a5™

e -

3.2.3 The Anomalous Magnetic Moment of the Muon
The muon magnetic moment anomaly is defined by

1 %
_)_ H

a, = 2(9u = ch/2m,, -1, (3.67)

where g, = 2p,,/(eh/2m,,) is the g—factor and y,, the magnetic moment of the
muon. The different higher order QED contributions are collected in Table[34]
We thus arrive at a QED prediction of a, given by

a P = 116 584 718.113(.082)(.014)(.025)(.137)[.162] x 10~ (3.68)
where the first error is the uncertainty of « in (3.28]), the second one combines

in quadrature the uncertainties due to the errors in the mass ratios ([3.29)), the

Table 3.4. QED contributions to a, in units 107°

term universal e—loops T-loops e X T-loops
a®  —1.77230506 (0) 5.90406007 (5) 0.00042120 (13) -

a® 0.01480420 (0) 0.28660369 (0) 0.00000452 (1) 0.000006 61 (0)
a®  —0.00005573 (10) 0.00386256 (21) 0.00000015 (9) 0.000 00109 (0)
a™ " 0.00000000 (26) 0.000044 83 (135) ? ?
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Fig. 3.8. Sensitivity of g — 2 experiments to various contributions. The increase
in precision with the BNL g — 2 experiment is shown as a gray vertical band. New
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third is due to the numerical uncertainty and the last stands for the missing
O(a®) terms. With the new value of afa.] the combined error is dominated
by limited knowledge of the 5-loop term.

The following Table collects the typical contributions to a, evaluated
in terms of o (B:28)) determined via ac.

Table 3.5. The various types of contributions to a, in units 107°, ordered according
to their size (L.O. lowest order, H.O. higher order, LbL. light—by-light)

L.O. universal 1161.40073 (0) | World Ave 0
e-loops 6.19457 (0) Theory (ete™) 3.2o |l
H.O. universal  —1.75755 (0) Theory (v) . 1.3 & i)
L.O. hadronic 0.06921 (56) T ro so0 1oo zoSH
L.O. weak 0.00195 (0) o P,
H.O. hadron%c —0.00100 (2) EW 1 loop
LbL. hadronic 0.00093 (34) EW 2 loop
7-loops 0.00043 (0) |1 O haa
H.O. weak —0.00041 (2) H.O. had
e+1—loops 0.00001 (0) LbL 1995

LbL 2001 i its
theory 116591786 (66) | ooy ot moanis
experiment 1165.92080 (63) a,, < 109 — 11659000




168 3 Lepton Magnetic Moments: Basics

The world average experimental muon magnetic anomaly, dominated by
the very precise BNL result, now is [102]

a7, P = 1.16592080(63) x 10°? (3.69)
(relative uncertainty 5.4 x 10~7), which confronts the SM prediction
af}‘c = 1.16591786(66) x 107 . (3.70)

Fig. illustrates the sensitivity to various contributions and how it devel-
oped in history. The high sensitivity of a, to physics from not too high scales
M above m,,, which is scaling like (m,/M)?, and the more than one order of
magnitude improvement of the experimental accuracy has brought many SM
effects into the focus of the interest. Not only are we testing now the 4-loop
QED contribution, higher order hadronic VP effects, the infamous hadronic
LbL contribution and the weak loops, we are reaching or limiting possible
New Physics at a level of sensitivity which caused and still causes a lot of
excitement. “New Physics” is displayed in the figure as the ppm deviation of

azxp _ aLhC _ (294:|: 89) X 10_11 , (371)

which is 3.3 0. We note that the theory error is somewhat larger than the
experimental one. It is fully dominated by the uncertainty of the hadronic low
energy cross—section data, which determine the hadronic vacuum polarization
and, partially, from the uncertainty of the hadronic light-by-light scattering
contribution.

As we notice, the enhanced sensitivity to “heavy” physics is somehow good
news and bad news at the same time: the sensitivity to “New Physics” we are
always hunting for at the end is enhanced due to

2
s ( my
¢

Mnp

by the mentioned mass ratio square, but at the same time also scale dependent
SM effects are dramatically enhanced, and the hadronic ones are not easy to
estimate with the desired precision.

The perspectives for future developments will be discussed at the end of
Chap. [0

After this summary of the current status of a, and a., we will now go
on and present basic techniques and tools used in calculating the various
effects, before we are going to present a more detailed account of the individual
contributions in the next chapter.

3.3 Structure of the Electromagnetic Vertex in the SM

Here we want to discuss the lepton moments beyond QED in the more gen-
eral context of the SM, in which parity P as well as C'P are broken by the
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weak interactions. We again start from the relevant matrix element of the
electromagnetic current between lepton states

% (D1, a3 1, 72) = (€7 (D2, 72) iten (0) € (p1, 74)) = (2, 72) [T u(pr, 1)

(3.72)
and look for the additional form factors showing up if P and C' are violated.
Again ¢ = py — py is the momentum transfer. u(py, 1) is the Dirac spinor, the
wave function of the incoming lepton, with momentum p; and 3rd component
of spin r1(= j:;), and @ = ut10 is the adjoint spinor representing the wave
function of the outgoing lepton. IT ,’;M is a hermitian 4 x 4 matrix in spinor
space and a Lorentz four—vector.

Besides the Dirac matrix v* we have two further independent four—vectors,
the momenta p; and ps or linear combinations of them. It is convenient to
choose the orthogonal vectors P = p; + p2 and ¢ = ps — p1 (with Pg = 0).
The general covariant decomposition for on shell leptons in the SM then may
be written in the form

I

P n
o, =+"A + _ A+ quB + Y 5 As +

q" Ae 4
5 om 9 Y5 A5 +1

P A 3.73
2m m, 1548 (3.73)

2
where the scalar amplitudes A;(p1,p2) are functions of the scalar products
p?, p3 and pipe. Since the lepton is on the mass shell p? = p3 = m? and using
¢%> = 2m? — 2p1po, the dimensionless amplitudes depend on the single kine-
matic variable ¢? and on all the parameters of the theory: the fine structure
constant o = e?/4m and all physical particle masses. We will simply write
A; = Ai(¢?) in the following.
When writing (873]) we already have made use of the Gordon identities

ic""q, = —PF42my*, oM P, = —q",

. : 3.74
ioch”q,v5 = —Plys it Pyys = —qkys + 2myPys (3.74)

which hold if sandwiched between the spinors like @(p2) - - - u(p1). In QED due
to parity conservation the terms proportional to 5 are absent.
The electromagnetic current still is conserved:

Bt =0. (3.75)

On a formal level, this may be considered as a trivial consequence of the
inhomogeneous Maxwell equation (see [I03] for a manifestly gauge invariant
formulation in the SM)

aNFN’V = —ejgm Wlth FNV = ap,Al/ - 8VAM

since 0,0, F" = —e 0,55, = 0 as 0,0, is symmetric in g < v while F*¥
is antisymmetric. As a consequence we must have g, us11 ,’;Mul = 0. By the
Dirac equations p;u; = mu; (¢ = 1,2) we have Giagu; = 0, while Gagysu; =
—2miiaysu1, furthermore, g¢P = 0 while keeping g2 # 0 at first. Hence current
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conservation requires Az = 0 and A5 = —4m?/q? A4 such that we remain with
four physical form factors?]

pPH 2mag* . PH
ﬁgﬂ“wul = U2 ’y‘uAl + Ay + ’y# — 2(] ’}/5144 +1 ’}/5A6 Uy -
v 2m q 2m
This shows that the two amplitudes A3 and Ag are redundant for physics,
however, they show up in actual calculations at intermediate steps and/or for
contributions from individual Feynman diagrams. By virtue of the Gordon

decomposition

pr
2m Y

u(p2) (p1) = u(p2) <’Y“ - iag:sy) u(p1)

we finally obtain for the form factor

2 " . v v v v
o :v”FE(q2)+<v”— ZZI )75FA+10“ quFM(QQ)"‘UM qu%FD(qQ) (3.76)

With Fg = A1 + As the electric charge form factor, normalized by charge
renormalization to Fg(0) = 1, Fao = A4 the anapole moment [104] [105] [106]
[107, [108] which is P violating and vanishing at ¢> = 0: F5(0) = 0. The
magnetic form factor is Fy = —As which yields the anomalous magnetic
moment as ag = Fy(0). The last term with Fp = Ag represents the C'P
violating electric dipole moment (EDM)

_ Fp(0) .

d:
¢ 2m

(3.77)
Note that (B70) is the most general Lorentz covariant answer, which takes
into account current conservation (378 and the on—shell conditions for the
leptons (Dirac equation for the spinors).
In the SM at the tree level Fr(¢?) = 1, while Fi(¢?) = 0 for (i=M, A, D).
The anomalous magnetic moment ay is a dimensionless quantity, just a
number, and corresponds to an effective interaction term

SLE™M = —ZW P(x) o™ P(x) Fu (), (3.78)
.

with classical low energy limit

_§LAMM €eay

o = Hm > oB

2mg ’

2'In the SM the proper definition of the form factors is highly non-trivial. The
conventional definition of the photon field has to be replaced by one which satisfies
Maxwell’s equations to all orders. This has been investigated extensively in [103].
Since we are interested only in the form factors in the classical limit here, we need
not go further into this discussion.
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written as a Hamiltonian in 2-spinor space & la Pauli. Note that a term (B.73]),
if present in the fundamental Lagrangian, would spoil renormalizability of the
theory and contribute to Fi(¢?) (i=M, D) at the tree level. In addition it is
not SU(2);, gauge invariant, because gauge invariance only allows minimal
couplings via the covariant derivative: vector and/or axial-vector terms. The
emergence of an anomalous magnetic moment term in the SM is a conse-
quence of the symmetry breaking by the Higgs mechanis, which provides
the mass to the physical particles and allows for helicity flip processes like the
anomalous magnetic moment transitions. In any renormalizable theory the
anomalous magnetic moment term must vanish at tree level, which also means
that there is no free parameter associated with it. It is thus a finite prediction
of the theory to all orders of the perturbation expansion.

The EDM term only can be non—vanishing if both parity P and time—
reversal T' are violated [I09] [I10]. It corresponds to an effective interaction

SCEPM =~ G(a) 1095 0@) Fua(@). (3.79)

which in the non-relativistic limit becomes
—0LEM = H, ~ —~d,oF, (3.80)

again written as a Hamiltonian in 2-spinor space. Again a term ([B.79) is non—
renormalizable and it is not SU(2);, gauge invariant and thus can be there
only because the symmetry is broken in the Higgs phase. In the framework
of a QFT where CPT is conserved T violation directly corresponds to C'P
violation, which is small (0.3%) in the light particle sector and can come
in at second order at best Ijm] This is the reason why the EDM is so
much smaller than its magnetic counter part. The experimental limit for the

220ften the jargon spontaneously broken gauge symmetry (or the like) is used for
the Higgs mechanism. The formal similarity to true spontaneous symmetry breaking,
like in the Goldstone model, which requires the existence of physical zero mass
Goldstone bosons, only shows up on an unphysical state space which is including
the Higgs ghosts (would be Goldstone bosons). In fact it is the discrete Z2 symmetry
H < —H of the physical Higgs field (in the unitary gauge) which is spontaneously
broken. This also explains the absence of physical Goldstone bosons.

23CP-violation in the SM arises from the complex phase ¢ in the CKM matrix,
which enters the interactions of the quarks with the W* gauge bosons. The magni-
tude in the 3 family SM is given by the Jarlskog invariant [112]

J = cos 01 cos O3 cos 05 sin? 01 sin O sin O3 sin § = (2.88 £ 0.33) x 107° (3.81)

where the 0; are the 3 mixing angles and § is the phase in the CKM matrix. Note
that J is very small. In addition, only diagrams with at least one quark—loop with
at least four CC vertices can give a contribution. This requires 3—loop diagrams
exhibiting four virtual W—-boson lines inside. Such contributions are highly sup-
pressed. Expected C'P violation in the neutrino mixing matrix are expected to yield
even much smaller effects.
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electron is |d.| < 1.6 x 10727¢ - cm at 90% C.L. [I13]. The direct test for the
muon gave d, = 3.7+ 3.4 x 107 % - cm at 90% C.L. [114]. New much more
precise experiments for d,, are under discussion [I15]. Theory expects dehe ~
1072%¢ - cm [I11], 10 times smaller than the present limit. For a theoretical
review I refer to [I16]. If we assume that 7, ~ (m,/me)*n. (see (L)), i.e.
ne scales like heavy particle (X) effects in da,(X) o< (mg/Mx)?, as they do
in many new physics scenarios, we expect that d, ~ (m,/m.)d., and thus
d, ~ 3.2 x 102%¢ - cm. This is too small to affect the extraction of ay, for
example, as we will see.

3.4 Dipole Moments in the Non—Relativistic Limit

Here we are interested in the non-relativistic limits of the effective dipole
moment interaction terms (B78)

AMM __ _eéa’f 7 nz
SLRM == 1% () 0 (w) Py (o)

and (B3.79)
SEERM =~ ()i 795 00) B ()

when the electron is moving in a classical external field described by Fjx*. The
relevant expansion may be easily worked out as follows: since the antisymmet-
ric electromagnetic field strength tensor F),, exhibits the magnetic field in the
spatial components Fj: Bl = ;eileik and the electric field in the mixed
time-space part: E* = Fy;, we have to work out o*¥ for the corresponding
components:

O,’Lk _ ) ("/Z"}/k o ")/k")/l)
i 0 o 0 oF _ 0 ok 0 ot
92 —o' 0 —gk 0 —oF 0 —o' 0
_ i([ohd"] 0 i (010
T2 0 [o%,d"]) 0 o'

o5 = ; (V7" = ¥"7°) 75

SN D) (D6
@06

Note that the 75 here is crucial to make the matrix block diagonal, be-
cause, only block diagonal terms contribute to the leading order in the non—
relativistic expansion, as we will see now.
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In the rest frame of the electron the spinors have the form

u(p,r) = \/po e P+ m)a(0,r) ~a(0,r)

o= (1) = ()= 0

We first work out the magnetic dipole term

UpoMur Fyyy ~ o’ 0) o™ (U( ! )

()
e (12) ()

= 2UT(r2) oU(r))B=2(0)p,,B.

The other non—diagonal terms do not contribute in this static limit. Similarly,
for the electric dipole term

with

v
(UT ,,,,2 O_Zk Tk

_ w v U
UQO"u 75U1FMV’:(UT(T2),O)UM "/5( gl)>F

=2 072,000 (V)

— 2(UT (r5),0) <(g (S ) < g )Fm
=2iU"(ry) e U(r1) E = 2i(0) . E .

In the low energy expansion matrix elements of the form voljuq or tol;vy
pick out off-diagonal 2 x 2 sub—matrices mediating electron—positron creation
or annihilation processes, which have thresholds /s > 2m and thus are gen-
uinely relativistic effects. The leading terms are the known classical low energy
effective terms

€ypQy

5£AMM = H, ~ oB

)

2mg

and
5£EDM = H,~ —dyoFE

written as 2 X 2 matrix Hamiltonian, as given before.

3.5 Projection Technique

Especially the calculations of the anomalous magnetic moment in higher or-
ders require most efficient techniques to perform such calculations. As we have
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seen in Chap. [2] the straight forward calculation of the electromagnetic form
factors turns out to be quite non—trivial at the one—loop level already. In par-
ticular the occurrence of higher order tensor integrals (up to second rank)
makes such calculations rather tedious. Here we outline a projection operator
technique which appears to be a much more clever set up for such calculations.
Calculations turn out to simplify considerably as we will see.

The tensor integrals showing up in the direct evaluation of the Feynman in-
tegrals may be handled in a different way, which allows us to deal directly with
the individual amplitudes appearing in the covariant decomposition B.73)).
With the matrix element of the form ([372) we may construct projection op-
erators P,; such that the amplitudes A; are given by the trace

Ay =T {Pullly, } (3.82)

Since we assume parity P and C' P symmetry here (QED) and we have to form
a scalar amplitude, a projection operator has to be of a form like (B.73) but
with different coefficients which have to be chosen such that the individual
amplitudes are obtained. An additional point we have to take into account is
the following: since we are working on the physical mass shell (off-shell there
would be many more amplitudes), we have to enforce that contributions to

114, of the form 6115, = - - (p1 —m)+(p2—m) - - - give vanishing contribution
as u2517 Seeur = 0. This is enforced by applying the projection matrices p1 +m
from the right and po + m from the left, respectively, such that the general
form of the projector of interest reads

7 7 q"

P
=(p1 +m) <’Y”01+2m02+ 1 c3+H ’7504+2 V5C5—

om N75CG) (P2 +m) .

(3.83)

P
2
It indeed yields
Tr {Pudltty, } =0

for arbitrary values of the constants ¢;, because (p2+m)(pa—m) = p3—m? =0
if we set p2 = m? and making use of the cyclicity of the trace, similarly,
(P —m) (P + m) = p? — m? = 0 if we set p7 = m?2. In order to find
the appropriate sets of constants which allow us to project to the individual
amplitudes we compute Tr P, IT" e and obtain

Tr {Pﬂngu} - Z i A, (3.84)
=1

Z?Zl gi A; = Ay c1(2ds — 4s + 8m?) + co(—2s + 8m2)}
+ Az [c1(—2s + 8m?) + co(—4s + 1/25*m ™2 + 8m?)]
+ Ag | 3(25 - 1/25 m_z)}
+ Ay [ca(2ds — 8dm? — 4s + 8m?) + ¢5(2s)]
(=
(

S

+ As :04 2s) +C5(1/28 m~2)]
+ Ag [c6(2s — 1/25*m™?)]
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where s = ¢?. We observe, firstly, that each of the amplitudes Az and Ag
does not mix with any other amplitude and hence may be projected out in
a trivial way setting cs = 1 or ¢g = 1, respectively, with all others zero in
B33)). Secondly, the parity violating amplitudes A; i = 4, 5,6 do not interfere
of course with the parity conserving ones A; i = 1,2,3 which are the only
ones present in QED. To disentangle 4; and As we have to choose ¢;/c2 such
that the coefficient of A or the one of A; vanish, and correspondingly for A,
and As. The coefficient of the projected amplitude A; has to be normalized
to unity, such that the requested projector yields (3.82]).

Thus, P; is obtained by choosing c¢; such that g; = 1 and g; = 0 for
all 7 # i. The following table lists the non-zero coefficients required for the
corresponding projector:

Pric =i €2 = (a- 2)f1(d) S(S2qm2)
Pricy=c1 " sz)iiém ‘1= (d 2)f1(d) s(szanQ)
Ps 3= 1) s(s 4m2> .
Pa:cs=cs,0 = (4 2)f1(d) (o im?)
Ps:cs = —cy (d72)(87im2)74m2 C4 = (d 2)f1(d) s(szqm%
P - C6 = 2m”

f1 (d) s(s—4m?)

with f1(d) we denote f(d)/f(d = 4) where f(d) = Tr1 = 2(4/?) (limy_.4
f(d) = 4). As discussed in Sect. o physics is not affected by the
way f(d = 4) = 4 is extrapolated to d # 4, provided one sticks to a given
convention, like setting f(d) = 4 for arbitrary d which means we may take
f1(d) = 1 everywhere as a convention. For the amplitudes we are interested
in the following we have

no_ 1 M 4m2 PH .
e 2f1(d)(d_2)(ﬁl+m) (7 +s(s—4m2) 2m> (#2m)

o o2m?/s oy (n (d — 2)s + 4m? P* -
P2 = -2 s —ame) P )(7 T e am2) 2m> (2 +m),

u_ L 2m?/s oy (€ .

All projectors are of the form
= (b1 +m) A (p2,p1) (P2 +m) (3.86)
for example, in the projector for As taking fi(d) = 1 we have

2m? d—2) s+ 4m?2 P+
Ag(pmpl) = ) <’Y” ( )

(d—2)s(s—4m? (s —4m?) 2m> . (3.87)

This projector we will need later for calculating higher order contributions to
the anomalous magnetic moment in an efficient manner.
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The amplitudes A; at one—loop are now given by the integrals

e [ A fik)
a=ef @m) (pa — K2 — m2)(pn — k)2 —m2)(k2) D)

with

fi(k) = (4m? —2s) —4kP + (d — 4) k* + 2(kq)* B 2(kP)?

s (s —4m?)
_ 8w (kP)*  (kq)?
folk) == ", (kP+k2+(d—1) (s dm®) " s )
Fol) = 8’: kq <1—(d—2) . _kfmz)) . (3.89)

Again we use the relations 2kP = 2 [k?] — [(p1 — k)% — m?] — [(p2 — k)? — m?]
and 2kq = [(p1 — k)? — m?] — [(p2 — k)? — m?] when it is possible to cancel
against the scalar propagators d), é) and (é) where (1) = (p1 — k)* —m?,

(2) = (p2 = k)? —m2, (3) = k%

fi(k) = (4m? —2s) + (d —8) (3) +2 (1) +2(2)

+ B -@r- )R -0- e

Ak = ™ ) - @) (1—<d—2>( kP ) (3.90)

s —4m?)

We observe that besides the first term in f; which yields a true vertex
correction (three point function) all other terms have at least one scalar
propagator (1), (2) or (3) in the numerator which cancels against one of
the denominators and hence only yields a much simpler two point func-
tion. In particular f; ¢ = 2,3 are completely given by two point functions
and the remaining k dependence in the numerator is at most linear (first
rank tensor) and only in combination of two point functions. This is a dra-
matic simplification in comparison to the most frequently applied direct
method presented before. With fk (1( é)(g = —Co, |, 1)1(2 = Bo(m,m;s),

Ji (1) 3) ~ = Ji (2) 3) = Bo(0,m;m? fk 1)(3) = plltAzrqu ) fk 2)(3) _pgAzrqu)v

fk (1) 2) = =0, fk a = fk @) = —Ao(m) and fk @) = = 0 we easily find
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e2 9
= 62 (2s —4m*®) Co(m~, m, m)
— 3 Bo(m,m; s) + 4 By (0, m;m?) — 2}

do= © { i’ (Bo(m ) = o0, i)}

1672 | s — 4m?
A3 =0 (3.91)
in agreement with (Z199).
For our main goal of calculating the muon anomaly a,, = F\(0) = —A2(0)

we may work out the classical limit s = ¢ — 0

ap = qlgr_%ﬂ {(r +m) Ay (p2, p1) (b2 +m) 1T, (P, q)} (3.92)

explicitly. Because of the singular factor 1/¢? in front of the projector A
BR1) we are required to expand the amplitude IT#(P,q) to first order for
small g,

174 a v
II,(P,q) ~ I1,(P,0) + ¢ ¢ II,(P, q)|q:O =V.(p) +¢" Toulp), (3.93)

where for ¢ = 0 we have p = P/2 = p;. Other factors of ¢ come from expand-
ing the other factors in the trace by setting po = (P+¢q)/2 and p; = (P—¢q)/2
and performing an expansion in ¢ = ps — p; for fixed P = ps + p1. We note
that due to the on—shell condition p3 = p? = m? we have Pq = 2pq + ¢*> = 0.
The only relevant ¢* dependence left are the terms linear and quadratic in g,
proportional to ¢ and ¢*¢”. Since the trace under consideration projects to
a scalar, we may average the residual ¢ dependence over all spatial directions
without changing the result. Since P and ¢ are two independent and orthogo-
nal vectors, averaging is relative to the direction of P. For the linear term we

have
d”(l aQ)
n o= L —
q _/ PR =0 (3.94)

because the integrand is an odd function, while

dR(P,q) prpv
KoV — [P — Nz
q'q —/ i T =09 +0 p2

must be a second rank tensor in P. Since Pg = 0, the contraction with P, is
vanishing, which requires

0=—-a.

The other possible contraction with g, yields ¢*:
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/dQ(P,q) q2:q2/d9(P7q) —?=ad+f=(d-1)a

am 4dr
and hence
2
o= q
(d—1)
or
2 v
q , PrP
Using these averages we may work out the limit which yields
1
- Tr Y T, .
W= g 1)m AP DATE+m) Tu)) (3.96)
1 2
e DA = =Dy = AP V@) e

as a master formula for the calculation of a,, [61]. The form of the first term is
obtained upon anti-symmetrization in the indices [pv]. The amplitudes V,,(p)
and T}, (p) depend on one on-shell momentum p, only, and thus the problem
reduces to the calculation of on—shell self-energy type diagrams shown in Fig.
5.9

In T, the extra vertex is generated by taking the derivative of the internal
muon propagators

0 i gl Gy
o p—kFa/2-m| o 2p—k-m " p—f-m’

Usually, writing the fermion propagators in terms of scalar propagators

p+q/2 p—q/2

0 02v
Tmm—H -

p p p p

Fig. 3.9. To calculate a, one only needs the on-shell vertex V,,(p) = I1,(P, q)|q=0
and its p <> v anti-symmetrized derivative Ty, = 6‘; I1,,(P,q)|q=0 at zero momen-
tum transfer. Illustrated here for the lowest order diagram; the dotted line may be
a photon or a heavy “photon” as needed in the dispersive approach to be discussed
below
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P G- km)
b k-m T i b
as done in (ZI98)), only the expansion of the numerators contributes to T,
while expanding the product of the two scalar propagators

. . = ) +Q(d*)
(b2 = k) = m? (pr = k)2 =m? ~ ((p— k) —m2)2 " 1
gives no contribution linear in ¢, as the linear terms coming from the individual
propagators cancel in the product. Looking at (ZI98]), for the lowest order

contribution we thus have to calculate the trace (307 with
Vi=ou=2"(P—F+m)y (B—F+m)v,

L o (B — b m) — (= F+m) mm) 7 -

Ty — tyy = 9

The trace yields

1 (2kp)? 1
J1 —1) — 4kp + o (d—1—d_1)

which is to be integrated as in (2.198). The result is (see Sect. 2.6.3] p[09])

22 1
a, = 1§7r2 3 {Bo(O,m;mZ) — Bo(m, m;0) + 1} = j )
as it should be. Note that the result differs in structure from (B91) because in-
tegration and taking the limit is interchanged. Since we are working through-
out with dimensional regularization, it is crucial to take the dimension d
generic until after integration. In particular setting d = 4 in the master for-
mula (3.97)) would lead to a wrong constant term in the above calculation. In
fact, the constant term would just be absent.

The projection technique just outlined provides an efficient tool for calcu-
lating individual on-shell amplitudes directly. One question may be addressed
here, however. The muon is an unstable particle and mass and width are
defined via the resonance pole in the complex p?—plane. In this case the pro-
jection technique as presented above has its limitation. However, the muon
width is so many orders of magnitude smaller than the muon mass, that at
the level of accuracy which is of any practical interest, this is not a matter of
worry, i.e. the muon as a quasi stable particle may be safely approximated to
be stable in calculations of a,,.

2k (

3.6 Properties of the Form Factors

We again consider the interaction of a lepton in an external field: the relevant
T—matrix element is ~
Ty = ej*;AZXt(q) (3.97)
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with

T} = alMuy = (f156,(0)]i) = (€7 (p2)15Ea(0)1€7 (p1)) - (3.98)
By the crossing property we have the following channels:

— Elastic £~ scattering: s = ¢> = (po — p1)?> <0
— Elastic 1 scattering: s = ¢ = (p1 — p2)?> <0
~ Annihilation (or pair-creation) channel: s = ¢* = (p1 + p2)? > 4m?

The domain 0 < s < 4m? is unphysical. A look at the unitarity condition
i{T — Ty} = z(zw)‘* §W(P, — Pi) Ty T, (3.99)
n

which derives from (2.94), (2.101), taking (f|S*S|i) and using (3.120) below,
tells us that for s < 4m? there is no physical state |n) allowed by energy and
momentum conservation and thus

Ty =T  for  s<4mj, (3.100)

which means that the current matrix element is hermitian. As the electro-
magnetic potential ASX*(z) is real its Fourier transform satisfies

A (—q) = A5, (g) (3.101)

and hence
Jh=J4  for  s<d4mi. (3.102)

If we interchange initial and final state, the four—vectors p; and ps are
interchanged such that ¢ changes sign: ¢ — —q. The unitarity relation for the
form factor decomposition of s H,’;M uy (BI6) thus reads (u; = u(p;, 1;))

2m H . v Yv v 4qv
U2 (’YMFE(Q2) + - qzq |5 Fa +ic" quFM(q2) +ot qu’YSFD) “

2m B . v v v Yv )
= {ﬂl (V‘LFE((f) + 0"+ ng JvsFa — ic* quFM((f) —o* ;m%FD) uz}

* 2mgt . . . _pv v ok v Vo ) =
af (v Fe) ot 4 TR i J R <o )t

_ * 2m, H * . v v * v Yuv *
= Uy (’y“FE(qQ) + - qzq 15 Fa + ic” 2qmFM(q2) + ot 2qm'y5FD) U1 .

The last equality follows using ug = u27°, 4] =~%u1, 75 =95, V070 =
—v5, Y0HTAY = 4# and Y00 TAY = g, Unitarity thus implies that the
form factors are real

ImF(s); =0 for s<4m? (3.103)
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below the threshold of pair production s = 4m?. For s > 4m? the form factors
are complex; they are analytic in the complex s—plane with a cut along the
positive axis starting at s = 4m? (see Fig. BI0). In the annihilation channel

(p— = D2, P+ = —pl)
(0j60 (0)|p—, p4) = Z;,<Oljé‘m(0)ln> (nlp—, p+) (3.104)

where the lowest state |n) contributing to the sum is an eTe™ state at thresh-
old: By = E_ =m, and py = p_ = 0 such that s = 4m?2. Because of the
causal ie—prescription in the time—ordered Green functions the amplitudes
change sign when s — s* and hence

Fi(s") = Fi(s) | (3.105)

which is the Schwarz reflection principle.

3.7 Dispersion Relations

Causality together with unitarity imply analyticity of the form factors in the
complex s—plane except for the cut along the positive real axis starting at
s > 4m?. Cauchy’s integral theorem tells us that the contour integral, for the
contour C shown in Fig. BI0] satisfies

Fi(s)= j{dle(Sl) . (3.106)

-~ 2mi s'—s
Since F*(s) = F(s*) the contribution along the cut may be written as

lim (F(s+1ie) — F(s —ie)) =2iIm F(s); s real, s >0

e—0

Im s

Re s
S0

Fig. 3.10. Analyticity domain and Cauchy contour C for the lepton form factor
(vacuum polarization). C is a circle of radius R with a cut along the positive real
axis for s > sg = 4m? where m is the mass of the lightest particles which can be
pair—produced
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and hence for R — oo

!
F(s):limOF(s—l—ia) hm ds’ Im F(s') +Cx

T e—0 s —s—ie
4m?2

In all cases where F(s) falls off sufficiently rapidly as |s| — oo the boundary
term Co, vanishes and the integral converges. This may be checked order
by order in perturbation theory. In this case the “un—subtracted” dispersion
relation (DR)

1. [ ., ImF(s
F(s)="lim [ ds /m (s )
T e s —s—ie
4m?

(3.107)

uniquely determines the function by its imaginary part. A technique based on
DRs is frequently used for the calculation of Feynman integrals, because the
calculation of the imaginary part is simpler in general. The real part which
actually is the object to be calculated is given by the principal value (P)
integral

Re F(s 5[ s G (3.108)
s —s
4m2
which is also known under the name Hilbert transform.

For our form factors the fall off condition is satisfied for the Pauli form
factor Fy; but not for the Dirac form factor Fg. In the latter case the fall off
condition is not satisfied because Fg(0) = 1 (charge renormalization condi-
tion = subtraction condition). However, performing a subtraction of Fg(0) in
(B107), one finds that (Fg(s) — Fg(0))/s satisfies the “subtracted” dispersion
relations

F(s) - F(0) T Im F(s')

s T es0 s'(s' —s—ieg)’
4m?

(3.109)

which exhibits one additional power of s’ in the denominator and hence im-
proves the damping of the integrand at large s’ by one additional power.
Order by order in perturbation theory the integral (BI09) is convergent for
the Dirac form factor. A very similar relation is satisfied by the vacuum po-
larization amplitude which we will discuss in the following section.

3.7.1 Dispersion Relations and the Vacuum Polarization

Dispersion relations play an important role for taking into account the photon
propagator contributions. The related photon self-energy, obtained from the
photon propagator by the amputation of the external photon lines, is given
by the correlator of two electromagnetic currents and may be interpreted as
vacuum polarization for the following reason: as we have seen in Sect. 2.6.3]
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charge renormalization in QED, according to (2207, is caused solely by the
photon self-energy correction; the fundamental electromagnetic fine structure
constant « in fact is a function of the energy scale « — a(FE) of a process due
to charge screening. The latter is a result of the fact that a naked charge is
surrounded by a cloud of virtual particle-antiparticle pairs (dipoles mostly)
which line up in the field of the central charge and such lead to a vacuum
polarization which screens the central charge. This is illustrated in Fig. BTl
From long distances (classical charge) one thus sees less charge than if one
comes closer, such that one sees an increasing charge with increasing energy.
Figure shows the usual diagrammatic representation of a vacuum polar-
ization effect.

As discussed in Sect. 2.6.] the vacuum polarization affects the photon
propagator in that the full or dressed propagator is given by the geometri-
cal progression of self-energy insertions —ill,(g*). The corresponding Dyson
summation implies that the free propagator is replaced by the dressed one

—ighv L —ighv

DM () — D () —
1D (@) @rie (@) @+ I1,(¢?) +ie

(3.110)
modulo unphysical gauge dependent terms. By U(1)em gauge invariance the

photon remains massless and hence we have I1,(¢*) = II,/(0) + ¢* IT, (¢*) with
I1,(0) = 0. As a result we obtain

—ighv

iD’YMV(q) = qQ (1 + Hé(qg))

+ gauge terms (3.111)

where the “gauge terms” will not contribute to gauge invariant physical quan-
tities, and need not be considered further.

Fig. 3.11. Vacuum polarization causing charge screening by virtual pair creation
and re-annihilation
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~y virtual v

pairs 1
v ete, it T T un, dd, - - Y

Fig. 3.12. Feynman diagram describing the vacuum polarization in muon scattering

Including a factor e? and considering the renormalized propagator (wave
function renormalization factor Z,) we have

9 —igh” e* Z,
ie DM (q) = -+ gauge terms (3.112)
! ¢ (1+115(q%))

which in effect means that the charge has to be replaced by a running charge

2
e“Z,

=1 e (3.113)

e — (e?)

The wave function renormalization factor Z, is fixed by the condition that

at ¢> — 0 one obtains the classical charge (charge renormalization in the

Thomson limit; see also (Z166))). Thus the renormalized charge is
2 e

e? = e%(¢?) = L+ (T () — T(0) (3.114)

where the lowest order diagram in perturbation theory which contributes to
I (¢?) is
7) v v

and describes the virtual creation and re-absorption of fermion pairs v*—
ete ,utp=, 7777 uu,dd, ---— y* .
2
In terms of the fine structure constant o = §_ (B.114) reads

og®) = | _aAa i Aa=—Re (II}(¢*) - I1,(0)) . (3.115)

The various contributions to the shift in the fine structure constant come from
the leptons (lep = e, p and 7) the 5 light quarks (u, d, s, ¢, and b and the
corresponding hadrons = had) and from the top quark:
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Aa = Acgep + AO) g + Acvgop + -+ - (3.116)

Also W-pairs contribute at ¢g* > Mg,. While the other contributions can be
calculated order by order in perturbation theory the hadronic contribution
A®) g exhibits low energy strong interaction effects and hence cannot be
calculated by perturbative means. Here the dispersion relations play a key
role. This will be discussed in detail in Sect. 5.2 below.

The leptonic contributions are calculable in perturbation theory. Using
our result (ZI72)) for the renormalized photon self-energy, at leading order
the free lepton loops yield

AO‘ICP(QQ) =
= ¥ g iewr ) vi-gem (1)
l=e,u,T

PR R AL ICR ()] (3.117)
= X n(l’l/mf) = 540 (mi/q?)] for |¢°] > mj
=e,u,T

~ 0.03142 for ¢*> = M2

Q

where y, = 4m?/q* and By = /1 — y, are the lepton velocities. This lead-
ing contribution is affected by small electromagnetic corrections only in the
next to leading order. The leptonic contribution is actually known to three
loops [117, T18] at which it takes the value

Acveptons(M%) =~ 314.98 x 10~* (3.118)

As already mentioned, in contrast, the corresponding free quark loop con-
tribution gets substantially modified by low energy strong interaction effects,
which cannot be calculated reliably by perturbative QCD. The evaluation of
the hadronic contribution will be discussed later.

Vacuum polarization effects are large when large scale changes are involved
(large logarithms) and because of the large number of light fermionic degrees
of freedom (see (ZIT7T)) as we infer from the asymptotic form in perturbation
theory

2
er a q 5
AaPet(¢?) ~ 3775 Q3 Ney <1n |m?| —3) ;1> mE . (3.119)
f

Fig.B.I3lillustrates the running of the effective charges at lower energies in the
space-like regio. Typical values are Aa(5GeV) ~ 3% and Aa(Mz) ~ 6%,

24A direct measurement is difficult because of the normalizing process involved
in any measurement which itself depends on the effective charge. Measurements of
the evolution of the electromagnetic coupling are possible in any case with an offset
energy scale and results have been presented in [I19] (see also [120]).
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0.06 -
0.05 -
0. 041 -
3
S 0.031 s
0.02+ -
0.014{ —— leptons + 5 quarks AL
***** lepfons only
0.00+ -
-30.0 -25.0 -20.0 -15.0 -10.0 ~-5.0 0.0
E (GeV)
Fig. 3.13. Shift of the effective fine structure constant Aoz as a function of the
energy scale in the space-like region ¢*> < 0 (F = \/ g?). The vertical bars at

selected points indicate the uncertainty

where about ~ 50% of the contribution comes from leptons and about ~ 50%
from hadrons. Note the sharp increase of the screening correction at relatively
low energies.

The vacuum polarization may be described alternatively as the vacuum
expectation value of the time ordered product of two electromagnetic cur-
rents, which follows by amputation of the external photon lines of the photon
propagator: at one loop order

MO = O

One may represent the current correlator as a Kallen-Lehmann representa-
tion [121] in terms of spectral densities. To this end, let us consider first the
Fourier transform of the vacuum expectation value of the product of two cur-
rents. Using translatlon invariance and inserting a complete set of states n of
momentum p , satisfying the completeness relation

/d4p” Zﬁm n| =1 (3.120)

2°Note that the intermediate states are multi-particle states, in general, and the
completeness 1ntegral includes an integration over p2, since p, is not on the mass
shell p2 \/ m? + p2. In general, in addition to a possible discrete part of the
spectrum we are deahng with a continuum of states.
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where f,, includes, for fixed total momentum p,, integration over the phase
space available to particles of all possible intermediate physical states |n),
we have

/ d'a &7 (0] () 1 (0)]0)

=i [ G [t S0l 010

n

4
- i/ éf)’; i(27r)4 5 (g = pa) (015" (0) ) (5" (0)[0)

=i27 i (0[5(0)[n){nl5* (0)[0}],, —, -

n

Key ingredient of the representation we are looking for is the spectral func-
tion tensor p*(q) defined by

o @)= X OO )l 0)0)], —, - (3.121)

Taking into account that ¢ is the momentum of a physical state (spectral
condition ¢ > 0, ¢° > 0), the relativistic covariant decomposition may be
written as

P (a) = 0(a")0(®) {[d"¢" — ¢* g ] pr(¢®) + ¢"¢"po(a®)}  (3122)

and current conservation J,j" = 0 & ¢u,p*" = 0 implies pg = 0, which
is the transversality condition. For non—conserved currents, like the one’s of
the weak interactions, a longitudinal component pg exists in addition to the
transversal one p;. Note that ©(p?) may be represented as

%) =7dm25(q2 —m?)
0

and therefore we may write
i/d4x e (0[5%(z) 5¥(0)|0) (3.123)
_ /dmZ { [mQQ#V _ q,uql/] pl(mZ) _ ququpo(mZ)} <—27Ti@(q0)5(q2 _ m2)>’
0

which is the Kéllen-Lehmann representation for the positive frequency part of
the current correlator. The latter, according to (2.139]), is twice the imaginary
part of the corresponding time—ordered current correlation function
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i/d4x e (0|T " (x) 57(0)|0) (3.124)

2 —m?2+ie
0

constrained to positive ¢°.

In our case, for the conserved electromagnetic current, only the transversal
amplitude is present: thus pyp = 0 and we denote p; by p, simply@. Thus,
formally, in Fourier space we have

; / d*a &9 (0| T (x) j4(0)0)

7 1
_ d 2 2 2 _pv o g v
/mp(m)(mg ) e
0
= —(¢®g"™ — q"q") () (3.125)

where ]AYQ (¢%) up to a factor e? is the photon vacuum polarization func-

tion introduced before (see (2I54) and 2I50)):
12N 277 (2
I (q°) = eI1,(q7) - (3.126)
With this bridge to the photon self-energy function H'Iv we can get its imagi-
nary part by substituting

1

¢® —m?2 + ie — —mid(g® —m?)

in (3127), which if constrained to positive ¢ yields back half of ([F.123) with
po = 0. Thus contracting (F123) with 20(¢°)g,,, and dividing by g,.. (¢* g"* —
q"q") = 3¢* we obtain

20(¢°) Im I1),(¢%) = ©(¢°) 27 p(q”) (3.127)

~ 2 27 3L Ol O ) (1l em OO},

n

26In case of a conserved current, where po = 0, we may formally derive that p;(s)
is real and positive pi(s) > 0. To this end we consider the element p®

N@:imﬂwmw%muw

:iwﬂw%%zo

=0(¢") 0(¢*) @* p1(q°)

from which the statement follows.
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Again causality implies analyticity and the validity of a dispersion rela-
tion. In fact the electromagnetic current correlator exhibits a logarithmic UV
singularity and thus requires one subtraction such that from [BI25) we find

2 7 m 7T/ (s
12, (¢*) - 11(0) = / ds _ (IS _Z;(_)ia) . (3.128)
0

Unitarity (3.99) implies the optical theorem, which is obtained from this rela-
tion in the limit of elastic forward scattering |f) — |¢) where

2Im Tj; = z(zw)‘* §(P, — P) [T, . (3.129)
n
which tells us that the imaginary part of the photon propagator is proportional

to the total cross section oot (eTe™ — 7* — anything) (“anything” means any
possible state). The precise relationship reads (see Sect. B3] below)

Im 11,(s) = 1;3(5) (3.130)
I 17(5) = (s T 15(6) = e = 9" — anything) = 3 ()
where
TS 2
R(S) = Utot/4 32 ) . (3131)

The normalization factor is the point cross section (tree level) o, (eTe™ —
v* — putpT) in the limit s > 4mi. Taking into account the mass effects the
R(s) which corresponds to the production of a lepton pair reads

4 2 2
Ry(s) = \/1— T:f (1+ 27:2) S (L= p,) (3.132)

which may be read of from the imaginary part given in (ZI75]). This result
provides an alternative way to calculate the renormalized vacuum polarization
function (ZI72)), namely, via the DR ([B128) which now takes the form

2 o0
’ RE(S)
Vs 2y = ¥ / d 3.133

'yren(q ) BT 4m% S S(S _ q2 _ 15) ( )

yielding the vacuum polarization due to a lepton—loop.

In contrast to the leptonic part, the hadronic contribution cannot be cal-
culated analytically as a perturbative series, but it can be expressed in terms
of the cross section of the reaction ete~ — hadrons, which is known from
experiments. Via

2
Riaa(s) = o(eTe” — hadrons)/4ﬁa($) (3.134)

S
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we obtain the relevant hadronic vacuum polarization

/ zoree Rnaa(s)
e (g2 :O‘q/ ds e 1
yren(0) = 4 o (s — 2~ ie) (3.135)

At low energies, where the final state necessarily consists of two pions, the
cross section is given by the square of the electromagnetic form factor of the
pion (undressed from VP effects),

3
1 4 2 2
Ruaa(s) =, (1— ?”) [FO)?, s<9m? | (3.136)

which directly follows from the corresponding imaginary part ([2.253]) of the
photon vacuum polarization. There are three differences between the pionic
loop integral and those belonging to the lepton loops:

— the masses are different
— the spins are different
— the pion is composite — the Standard Model leptons are elementary

The compositeness manifests itself in the occurrence of the form factor Fy(s),
which generates an enhancement: at the p peak, |Fj (s)|? reaches values about
45, while the quark parton model would give about 7. The remaining difference
in the expressions for the quantities Ry(s) and Ry (s) in (3I32) and BI30),
respectively, originates in the fact that the leptons carry spin ;, while the
spin of the pion vanishes. Near threshold, the angular momentum barrier
suppresses the function Ry (s) by three powers of momentum, while Ry(s)
is proportional to the first power. The suppression largely compensates the
enhancement by the form factor — by far the most important property is the
mass.

3.8 Dispersive Calculation of Feynman Diagrams

Dispersion relations (DR) may be used to calculate Feynman integrals in a
way different from the Feynman parametric approach described in Sect.
The reason is simply because the imaginary part of an amplitude in general is
much easier to calculate than the amplitude itself, which then follows from the
imaginary part by a one—fold integral. The imaginary part in principle may
be obtained by the unitarity relation of the form (399) which translate into
Cutkosky rules [122], which may be obtained using Veltman’s [123] largest
time equation in coordinate space. The latter make use of the splitting of the
Feynman propagator into real and imaginary part (2.139) and contributes to
the imaginary part of a Feynman integral if the substitution

1

p2—m?+ie - omioE - m?)
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replacing a virtual particle (un—cut line) by a physical state (cut line) is made
for an odd number of propagators, and provided the corresponding state is
physical, i.e. is admissible by energy—-momentum conservation and all other
physical conservation laws (charge, lepton number etc.). With a diagram we
may associate a specific physical channel by specifying which external lines
are in—coming and which are out—going. For a given channel then the imag-
inary part of the diagram is given by cutting internal lines of the diagram
between the in—coming and the out—going lines in all possible ways into two
disconnected parts. A cut contributes if the cut lines can be viewed as ex-
ternal lines of a real physical subprocess. On the right hand side of the cut
the amplitude has to be taken complex conjugate, since the out—going state
produced by the cut on the left hand side becomes the in—coming state on
the right hand side. Due to the many extra J—functions (on—shell conditions)
part of the integrations become phase space integrations, which in general are
easier to do. As a rule, the complexity is reduced from n—loop to a n — 1-loop
problem, on the expense that the last integration, a dispersion integral, still
has to be done. A very instructive non—trivial example has been presented by
Terentev [14] for the complete two—loop calculation of g — 2 in QED.

Cut diagrams in conjunction with DRs play a fundamental role also beyond
being just a technical trick for calculating Feynman integrals. They not only
play a key role for the evaluation of non-perturbative hadronic effect but allow
to calculate numerically or sometimes analytically all kinds of VP effects in
higher order diagrams as we will see. Before we discuss this in more detail, let
us summarize the key ingredients of the method, which we have considered
before, once more:

e Optical theorem implied by unitarity: maybe most familiar is its applica-
tion to scattering processes: the imaginary part of the forward scattering
amplitude of an elastic process A+ B — A+ B is proportional to the sum
over all possible final states A + B — “anything” (see Fig. B.14)

Bv D2 Ba D2
E N
Im => ;
A7 p1 Aa b1

Im

-
N

Fig. 3.14. Optical theorem for scattering and propagation
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Im Ttorward (A+ B — A+ B) = \/)\ (s,m?,m3) o1t (A + B — anything)

for the photon propagator it implies

S

1(q) —
Im/IT (s) = dre

otot(eTe” — anything)

which we have been proving in the last section already.

e Analyticity, implied by causality, may be expressed in form of a so—called
(subtracted) dispersion relation
2 7 ImIl(s)
Il (k%) — I (0) = l : 1
' (k) — IT/.(0) /dss(s_k2_ig) (3.137)

™
0

The latter, together with the optical theorem, directly implies the validity
of (BI3H). Note that its validity is based on general principles and holds
beyond perturbation theory. It is the basis of all non—perturbative eval-
uations of hadronic vacuum polarization effects in terms of experimental
data. But more than that.

Within the context of calculating g — 2 in the SM the maybe most impor-
tant application of DRs concerns the vacuum polarization contribution related
to diagrams of the type

oy v

where the “blob” is the full photon propagator, including all kinds of contribu-
tions as predicted by the SM and maybe additional yet unknown contributions
from physics beyond the SM. The vacuum polarization amplitude satisfies a
dispersion relation (3128) and the spectral function is given by (B131]).

The contribution to the anomalous magnetic moment from graphs of the
photon vacuum polarization type shown above can be obtained in a straight
forward way as follows: The physics wise relevant g*”—term of the full photon
propagator, carrying loop momentum k, reads

k2 (1:%@2)) = —292*“’ (1= ) + (I (6)* =) (3.138)

and the renormalized photon self-energy may be written as

I, (k) [ds 1 1
K 2 :/ Im IT/ (s) B2 g

_ (3.139)

s
0
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Note that the only k dependence under the convolution integral shows up in
the last factor. Thus, the free photon propagator in the one—loop vertex graph
discussed in Sect. 263 in the next higher order is replaced by

_ig;w/k2 - _ig,ul//(k2 )
which is the exchange of a photon of mass square s. The result afterward has
to be convoluted with the imaginary part of the photon vacuum polarization.
In a first step we have to calculate the contribution from the massive photon
which may be calculated exactly as in the massless case. As discussed above
Fr(0) most simply may be calculated using the projection method directly

at ¢*> = 0. The result is [124] 1257
1

2(1—2)
K®(s) = @ Peavyy = 0‘/ " 14
p(5) = a T xe—l—(s/mZ)(l—a:)’ (3.140)
0

which is the second order contribution to a, from an exchange of a photon
with square mass s. Note that for s = 0 we get the known Schwinger result.
Utilizing this result and (3139, the contribution from the “blob” to g — 2

reads
o

1 ds /
o) =1 / i 15 () K2 (s) (3.141)
0

If we exchange integrations and evaluating the DR we arrive at

1 oo
2
PN I /ds 1I 17/ x
ay, 7'('/ x( {E) s m i, (S) xQ—l—(S/mZ)(l—x)
0 0
1
(0% ’
- / de (1 —2) [~ (s,)] (3.142)
0
where
2
x 2
Sy = g my, .

The last simple representation in terms of H;(X)(sw) follows using

T 1

=—s .
x? + (s/m2)(1 — x) Y5 — s,

In this context a convenient one—fold integral representation of the VP func-

tion is (2I73)

2"TReplacing the heavy vector exchange by a heavy scalar exchange leads to the
substitution
2> (1—z) (vector) — z*(1—x/2) (scalar)
in the numerator of (3140).
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1
’ —x2 « CE2 m2
! 2) =~ /d 22(1—2) In|1+ 1-
e (1,2 e )

(3.143)

which together with (3I142) leads to a two—fold integral representation of the
VP contribution by lepton loops at two—loop order.

This kind of dispersion integral representation can be generalized to higher
order and sequential VP insertions corresponding to the powers of II’(k?) in

(B:I38). Denoting p(s) = Im IT! ., (s)/7 we may write (3.I39) in the form
I 0 (K?) = [ 9% p(s) kﬁis such that the n—th term of the propagator
0

o ren

expansion ([B.I38) is given by

, n,a 1
( H’yrcn( 2)) /k2_ l€2

=

i=1

-
I

T ds; 2
[ e Wt
0

)
S5 — S5 71

i#5

J

n

1

where we have been applying the partial fraction decomposition

n

J R 1 S;
k2i1;[1k2—si:;k2—s-H5j—Jsi'

T iy

We observe that the integration over the loop momentum % of the one—loop
muon vertex proceeds exactly as before, with the photon replaced by a single
heavy photon of mass s;. Thus, the contribution to a, reads

1 [e%s) [e’e)
« - ds; — Sy ds; s
alX) = /dﬂr 1-2) / Tpts)) ] |/ plsi) 7
T — 5; 8j — Sg it S; 5; — 8
0 J=1y i#]
1 a1 q " .
«o Sk Sj
= dz (1 — -
7T/ v (1-x) H/Sk p(sk) | s Zsz_sj]_[sj_sl
0 k=17 j=1 i#]

Under the integral, to the last factor, we may apply the above partial fraction
decomposition backward

n

1 n
Zs -—31 Hsz

s
g=17F g I L=
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which proves that the s;—integrals factorize and we find [126]

1 0o n
x)_ @ 1 /ds — Sy
o =2 [as-a) | [ oo

0 0

1
_ a/dx (1= 2) (—I1 o (52))" (3.144)
m
0

We are thus able to write formally the result for the one-loop muon vertex
when we replace the free photon propagator by the full transverse propagator

as [127]

x) _ @
CL# T

dz (1 - x) (1 + H;lren@z))

dz (1 —z) a(ss) , (3.145)

N =

O\H O\H

which according to (BI14]) is equivalent to the contribution of a free photon
interacting with dressed charge (effective fine structure constant). However,
since IT/, con (k%) is negative and grows logarithmically with k2 the full photon
propagator develops a so called Landau pole where the effective fine structure
constant becomes infinite. Thus resumming the perturbation expansion under
integrals may produce a problem and one better resorts to the order by order
approach, by expanding the full propagator into its geometrical progression.
Nevertheless ([B14%]) is a very useful bookkeeping device, collecting effects
from different contributions and different orders. In particular if we expand
the 1PI photon self-energy into order by order contributions
H'/y rcn(k2) = H'y(rzgn(k2) + H'y(fgn(k2) +oe

and also write p = p + p®*) 4 ... for the spectral densities.

Coming back to the single VP insertion formula (3.142]) we may use (3.143])
as well as the second form given in (2I73]) which reads

1
/ 2 t)
It (@/m?)=-1 /dt el 3.146
'yrcn(q/m) T m2 73122_4/(1_1’2)7 ( )

wit@

28We adopt the notation of Kinoshita [126] and mention that the densities p(t)
used here are not to be confused with the p(s) used just before, although they are
corresponding to each other.
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t2 (1 —1t%/3)

and we may write
) 1 1 0
<X>:(°‘) /d 1- /dtht 14
a,; - z(l—2x) Wi(z) (3.148)
0 0
where
2
q 1
W= 2
m el
and hence 2
m 1—=z
=1 .14
Wt(x) + (1 _ t2) ml% {E2 (3 9)
If n equal loops are inserted we have
1 1 ( ) n
O = [ 4z a- O‘/dt”t 3.150
G 7r/ 7 z) T Wy (z) (3.150)
0 0

according to the factorization theorem demonstrated before. This formula is
suitable for calculating the contribution to the lepton anomalous magnetic
moment once the spectral function p(t) is known. For the one-loop 1PT self-
energy we have po(t) given by (BI47) and the corresponding density for the
two—loop case reads [117]

2t 3—t2) (1+t) /. 14+t . 1+t
p4(t)=3(1_t2){( )2( + )<L12(1)+ln ; 1n1J_rt

+2 (Lig(ili) +L12(1“2Lt) —Lig(lgt)) — 4 Lia(t) +L12(t2)>
1+t

+<11(3—t2) 1+t + L Zt(3—t2)> L

16 4

+t (3 —t%) (31111”

- 21nt> + Zt (5-— 3t2)} : (3.151)
The corresponding result for the three—loop photon self-energy has been
calculated in [128]. For four loops an approximate result is available [129].
Generally, the contribution to a, which follow from the lowest order lep-
ton (¢) vertex diagram by modifying the photon propagator with [ electron
loops of order 2i, m muon loops of order 2j and n tau loops of order 2k is
given by
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1

1
(14il+jim+kn) i t
ag:( ) /dx 1—x) /dt1 pai(tr) 9
" )
0

A 1_'_1:1 1—x (m(3

t2 22 mye
1 VAR "
/ dt p2; (t2) | / dts pan(ts) i
0 1+ 1—4t§ 1;2m (7:1;) 0 1+ 1—4t§ 1;21 (%Z)
(3.152)

The same kind of approach works for the calculation of diagrams with VP
insertions not only for the lowest order vertex. For any group of diagrams
we may calculate in place of the true QED contribution the one obtained in
massive QED with a photon of mass /s, and then convolute the result with
the desired density of the photon VP analogous to (B.141]) where (B.140) gets
replaced by a different more complicated kernel function (see e.g. [61] [130]
and below). It also should be noted that the representation presented here
only involve integration over finite intervals ([0, 1]) and hence are particularly
suited for numerical integration of higher order contributions when analytic
results are not available.

The formalism developed here also is the key tool to evaluate the hadronic
contributions, for which perturbation theory fails because of the strong inter-
actions. In this case we represent Im H,/yhad(s) via (BI31) in terms of

Ohad(8) = o(ete” — hadrons)
where 2
a1l /
Onaa(s) =~ Im 11,M(s) (3.153)

or in terms of the cross section ratio R(s) defined by (BI3I) where both
Ohad(s) or equivalently Rpaq(s) will be taken from experiment, since they are
not yet calculable reliably from first principles at present.

Starting point is the basic integral representation (from EI4I) using

B.I131)

oo 1
had s (1—-x) Q@
0/ b/dx (1 2)s/m2 3r R(s) . (3.154)

If we first integrate over  we find the well known standard representation

a a [ds
al = 377/ ) K (s) R(s) (3.155)
0

as an integral along the cut of the vacuum polarization amplitude in the time—
like region, while an interchange of the order of integrations yields the analog
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of (BI42): an integral over the hadronic shift of the fine structure constant

BII3) in the space-like domain [131]:
1
ad | O
et = / dz (1 2) A0, (~Q*(x)) (3.156)
0

2 . .
where Q%(z) = * mi is the space-like square momentum—transfer or

1—z
2 4Am2
T = Q2 \/1—}— 2"—1
2m3, Q

Alternatively, by writing (1 — z) = % S (1 —2)? and performing a partial
integration in ([BI50]) one finds

= / dee2—2) (DQ*(2)/Q@)) (3.157)

where D(Q?) is the Adler—function [132] defined as a derivative of the shift
of the fine structure constant
drr’ (8) 3r d

— = — 2 v =
D(—s) (127%) s ds N stAahad(s) . (3.158)

The Adler—function is represented by

D(@Q*) =Q? </002 (s f(Q)Q) ds) (3.159)

in terms of R(s). i.e. in case of hadrons it can be evaluated in terms of exper-
imental e™e~—data. The Adler—function is discussed in [I33] and in Fig.
a comparison between theory and experiment is shown. The Adler—function is
an excellent monitor for checking where pQCD works in the Euclidean region
(see also [50]), and, in principle, it allows one to calculate aﬂad relying more on
PQCD and less on ete~—data, in a well controllable manner. The advantage
of this method at present is limited by the inaccuracies of the quark masses,

in particular of the charm mass [134] [I35].
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4

Electromagnetic and Weak Radiative
Corrections

4.1 g — 2 in Quantum Electrodynamics

The by far largest contribution to the anomalous magnetic moment is of pure
QED origin. This is of course the reason why the measurements of a. and
a,, until not so long time ago may have been considered as precision tests of
QED. This clear dominance of just one type of interaction, the interaction of
the charged leptons e, p and 7 with the photon, historically, was very impor-
tant for the development of QFT and QED, since it allowed to test QED as
a model theory under very simple, clean and unambiguous conditions. This
was very crucial in strengthening our confidence in QFT as a basic theoret-
ical framework. We should remember that it took about 20 years from the
invention of QED (Dirac 1928 [g. = 2]) until the first reliable results could be
established (Schwinger 1948 [agl) = «/27]) after a covariant formulation and
renormalization was understood and settled in its main aspects. As precision
of experiments improved, the QED part by itself became a big challenge for
theorists, because higher order corrections are sizable, and as the order of
perturbation theory increases, the complexity of the calculations grow dra-
matically. Thus experimental tests were able to check QED up to 7 digits in
the prediction which requires to evaluate the perturbation expansion up to 5
loops (5 terms in the expansion). The anomalous magnetic moment as a di-
mensionless quantity exhibits contributions which are just numbers expanded
in powers of «, what one would get in QED with just one species of leptons,
and contributions depending on the mass ratios if different leptons come into
play. Thus taking into account all three leptons we obtain functions of the
ratios of the lepton masses m., m, and m,. Considering a,, we can cast it
into the following form [T} [2]

CLSED = A1 + As(my/me) + Aa(my/ms) + As(my/me, my /m») (4.1)
The term A; in QED is universal for all leptons. Only those internal fermion

loops count here where the fermion is the muon (=external lepton). The

F. Jegerlehner: Electromagnetic and Weak Radiative Corrections, STMP 226, 207-[262] (2008)
DOI 10.1007/978-3-540-72634-0 4 © Springer-Verlag Berlin Heidelberg 2008
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contribution A5 has one scale and only shows up if an additional lepton loop
of a lepton different from the external one is involved. This requires at least
one more loop, thus two at least: for the muon as external lepton we have
two possibilities: an additional electron-loop (light-in-heavy) As(m,,/m.) or
an additional 7-loop (heavy-in-light) As(m,/m.) two contributions of quite
different character. The first produces large logarithms o< In(m,, /m.)? and ac-
cordingly large effects while the second, because of the decoupling of heavy par-
ticles in QED like theories, produces only small effects of order o (m,,/m,)?.
The two—scale contribution requires a light as well as a heavy extra loops and
hence starts at three loop order. We will discuss the different types of contribu-
tions in the following. Each of the terms is given in renormalized perturbation
theory by an appropriate expansion in a:

Ay = AP (3) + A0 (224 AP () 4 A0 (2)! 4 A0 ()7 4
Ay = Agi)( ) +A6)(,,) +A8)(a) +A10)( ) .
Ao = AP (2)" AP () 4 ALV ()

and later we will denote by

the total L-loop confident of the (a/7)* term.
In collecting various contributions we should always keep in mind the
precision of the present experimental result [3]

as™ = 116592080(63) x 10~

and the future prospects of possible improvements [4] which could reach an

ultimate precision
ai" ~10x 107" (4.2)

For the n—loop coefficients multiplying (a/7)™ this translates into the re-
quired accuracies given in Table Il To match the current accuracy one has
to multiply each entry with a factor 6, which is the experimental error in units
of 10719,

As we will see many contributions are enhancement by large short—distance
logarithms of the type Inm,/m.. These terms are controlled by the RG
equation of QED or equivalently by the homogeneous Callan-Symanzik (CS)
equation [5]

Table 4.1. Numerical precision of coefficients up to five loops
SA® SAW SA© SA®) §A10
4x107%  1x107° 7x1073 3 1% 10?
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0 0 m
(00) Z —
(meam@ +5(a)aaa> a, <me,a> 0

where () is the QED f—function associated with charge renormalization.
(oo)(m“

ap (s
logs of mass ratios and constant terms but powers of m./m,, are droppe(ﬂ.

The solution of the CS equation amounts to replace a by the running fine

structure constant a(m,,) in affo)("nz‘; , @), which implies taking into account

the leading logs of higher orders. Since 3 is known to three loops and also
a, is known analytically at three loops, it is possible to obtain the important
higher leading logs quite easily. The basic RG concepts have been discussed
in Sect.

«) is the leading form of a, in the sense that it includes powers of

4.1.1 One-Loop QED Contribution

For completeness we mention this contribution represented by Fig. 1] here
once more. According to (3145 the leading order contribution may be written
in the form

1
af) QED _ O‘/ dz (1—-2) = “ (4.3)

which is trivial to evaluate.

4.1.2 Two—Loop QED Contribution

At two loops in QED the 9 diagrams shown in Fig.E2]are contributing to g—2.
The (within QED) universal contribution comes from the first 6 diagrams,
which besides the external muon string of lines have attached two virtual
photons. They form a gauge invariant subset of diagrams and yield the result

4 4

Fig. 4.1. The universal lowest order QED contribution to as

La,, itself satisfies an exact CS equation which is inhomogeneous, the inhomo-
geneity being a mass insertion (m.) on a,; this inhomogeneous part is O(me/my)
and thus drops from the CS equation for the asymptotic approximation aELOO).
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1)
4)
/vé\\
Ry
7)

e
PP

8) 9)

Fig. 4.2. Diagrams 1-7 represent the universal second order contribution to as,
diagram 8 yields the “light”, diagram 9 the “heavy” mass dependent corrections

279  5mw? g2

3
4
AW —, 2+ ().

="+
[1-6] 144 12
The last 3 diagrams include photon vacuum polarization (vap) due to the lep-
ton loops. The one with the muon loop is also universal in the above sense (one
flavor = single scale QED) and contributes the mass independent correction

119 2

4
Ay e =1)= o=

The complete “universal” part yields the coefficient A§4) calculated first by
Petermann [6] and by Sommerfield 7] in 1957:

197 %2 7?2 3
.= — In2 = —0.328 47 79 193 78... (4.4
1 uni 144+12 9 n +4C(3) 0.328 478 965 579 193 78 (4.4)

where ((n) is the Riemann zeta function of argument n. The mass dependent
non—universal contribution is due to the last two diagrams of Fig. The
coefficient now is a function of the mass my of the lepton forming the closed
loop. Using the representation (3.142]) together with (2.I73]) we see that the
coefficient of (a/7)? may be written as double integral [§]

(1/xy) :/0 clu/0 dv (1—u)v* (1= v"/3) (4.5)

AW
w?(1—v?)+ 422 (1—u)’

2 vap
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where 2y = my/ m,, and my is the mass of the virtual lepton in the vacuum
polarization subgraphd. It was computed in the late 1950s [9] for m, = m.
and neglecting terms of O(m./m,). Its exact expression was calculated in
1966 [10]. The first integration yields logarithms, the second one double loga-
rithms (products of logarithms) and a new type of integrals, the dilogarithms

or Spence functions Lis(z) = — fol dtIn(1 — xt)/t defined earlier in (2.203)).
Actually, by taking advantage of the properties of the dilogarithm (Z202]), the
full analytic result of [I0] can be simplified to [11]

(4) 7_25 o Inz 2 4 71'2 _ 1 _ T 2
Ay ap(1/) = 36 3 +2°(4+3nz)+=x {3 2Inz In - T Liz(x%)
r2
T oy | T 11—z . .

—|—2(1—51’)_2 —lnxln(1+x)—ng(x)#—le(—x)}

= _§2 - hgx +2°(4+3Inz)+z* {QIHZ(Z’) —2nzn (1’— i) +L12(1/352)}

—|—;(1—5x2):—1nm1n(z;i)+L12(1/x)—Li2(—1/m)} @>1). (47

The first version of the formula is valid for arbitrary x. However, for x > 1
some of the logs as well as Liy(z) develop a cut and a corresponding imaginary
part like the one of In(1 — x). Therefore, for the numerical evaluation in terms
of a series expansiond, it is an advantage to rewrite the Liz(z)’s in terms of
Liz(1/x)’s, according to (Z202), which leads to the second form. For z = 1

(muon loop), using Lis(1) = ((2) = 7 and Lis(~1) = —1¢(2) = =T, the
evaluation of (IIH) yields A (1) = 119/36 — m2/3 the contribution already

2 vap

included in A1 i given by ([@4).

2We remind that the above integral representation is obtained by applying the
method presented in Sect. To start with, a#) (vap, £) is given by a dispersion
integral of the form (BI55) with R(s) — Re(s) given by ([BI32)). Thus

) (vap, ) = / T K (5) Rals) (46)

2
4mj

where K, ff) (s) represents the contribution to a, from the one-loop diagram Fig. {.1]
where the photon has been replaced by a “heavy photon” of mass y/s. The convo-
lution with R, accomplishes the insertion of the corresponding lepton loop into the
photon line of the one-loop vertex.

3A frequently used rapidly converging series expansion is

e 'n+1

Lis (x XO:BTL 1))

where u = —In(1 — z) and B, are the Bernoulli numbers.
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For numerical calculations it is often convenient to work with asymptotic
expansions. For a 7-loop an expansion for large arguments x gives formula

(12) of [12]:

> 1*Inl 9 13 416
Vo, =1="") = oo BBLge AT
e (1/2 mT) 457 70 T19600" 99225 315"

n12n+2

)(2n+3)(2n+5)

A

o0

(8n3 + 28n2 — 45)127+2
— 2Inl
Z [(n+3)(2n+3)(2n+5)]? 2 T2 Z

For the electron—loop an expansion for small z leads to formula (11) of [12]:

AW B B 25 q? 1 U S
Ay (1/ze = 1/k = mc)_—36+ 4k—31nk+(3+41nk)k — 47 k
72 44 14 ) 8 109

— Tlnk+2In%k| K ESInk — kS
+{3 + 9 3 nrk+2In ] + 15 n 995

oo

Z{ 2(n+3) 1 8n3 + 44n? + 48n + 9 j2n+4
(

n@2n+1)2n+3) " n2(2n+ 1)2(2n + 3)2
Evaluations of (@) or of the appropriate series expansions yields

A (my/m,) = 1.094258 3111 (34)

A (my./my) = 0.000 078 064 (25),

where the errors are solely due to the experimental uncertainties of the mass
ratios.
According to Table 1] the 7 yields a non-—negligible contribution. At
the two—loop level a e — 7 mixed contribution is not possible, and hence
(4)
Az” (my/me, my /mey) = 0.
The complete two—loop QED contribution from the diagrams displayed in
Fig. is given by
Cy = A(4) A(4)

1 uni 2 vap

(my/me) + ASY,(my,/m.) = 0.765 857 410 (26) .

and we have

af P = 0,765 857410 (26) (

™

2
) ~ 413217.621(14) x 101 (4.8)

for the complete 2-loop QED contribution to a,. The errors of Agl) (my/me)

and Agl) (my/m.) have been added in quadrature as the errors of the differ-
ent measurements of the lepton masses may be treated as independent. The
combined error §Cy = 2.6 x 10~% is negligible by the standards 1 x 107> of
Table [£1]
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4.1.3 Three—Loop QED Contribution

At three loops in QED there are the 72 diagrams shown in Fig. con-
tributing to g — 2 of the muon. In closed fermion loops any of the SM
fermions

may circulate. The gauge invariant subset of 72 diagrams where all closed
fermion loops are muon-loops yield the universal one-flavor QED contri-
bution Agﬁl)mi. This set has been calculated analytically mainly by Remiddi
and his collaborators [13], and Laporta and Remiddi obtained the final re-
sult in 1996 after finding a trick to calculate the non—planar “triple cross”
topology diagram (diagram 25) of Fig. @3] [14] (see also [I5]). The re-
sult, presented in ([B.42) before, turned out to be surprisingly compact. All
other corrections follow from Fig. by replacing at least one muon in a
loop by another lepton or quark. The such obtained mass dependent cor-
rections are of particular interest because the light electron loops typically
yield contributions, enhanced by large logarithms. Results for AgG) have
been obtained in [I6] 17 [I8] 19l 20], for Agﬁ) in [12 211 22] 23]. The lead-
ing terms of the expansion in the appropriate mass ratios have been dis-
cussed in Sect. B2] before. For the light—by—light contribution, graphs 1)
to 6) of Fig. B3] the exact analytic result is known [I9], but because of
its length has not been published. The following asymptotic expansions are
simple enough and match the requirement of the precision needed at the
time:

6 2 2 M, 59 4 10 , 2
A (my/me) = 3™ In : + gr™ —3¢(3) — sty
+ e 47r2 ' 1967{'2 In2+ 4247r2
my _3 Me 3 9
20 2
Me 2. 3my T 20 2 My 16 4 32,
— 3! -5 )1 ~ 4¢(3) —
+(mﬂ) L 311 me+(9 3) n Me 135ﬂ—+ ¢(3) 97T
6Ly | e 4 61 25 , 283
1 3 2 3) — 4 3¢(3 2
+3) n g mE) - ot 0B+ o =

3 r
+ (me) 1071'211’1 mu _ 117r2:|

my L 9 Me 9
.

Me T, o 3my 4l o my 13 o 517 my

1 1 1
+<mﬂ> 0™ me T8 me Tl T1os) M.

1 191 , 13283 5

3 O (= b
Bt g™ F 2592} + O ((me/mu)’)

= 20.947 924 89(16) (4.9)
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Fig. 4.3. The universal third order contribution to a,. All fermion loops here are
muon-loops. Graphs 1) to 6) are the light—by-light scattering diagrams. Graphs 7) to
22) include photon vacuum polarization insertions. All non—universal contributions

follow by replacing at least one muon in a closed loop by some other fermion
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where here and in the following we use m./m, as given in ([8:29). The leading
term in the (me./m,) expansion turns out to be surprisingly large. It has been
calculated first in [24]. Prior to the exact calculation in [I9] good numerical
estimates 20.9471(29) [25] and 20.9469(18) [26] have been available.

(6) _ 2 2 M 2 2 1 2 31 m
A ap(mp/me) = 9 In m: + (C(?)) — g In2+ o + o7 In :
11 4 2,5 5. 8 1, 4 5 o 25 5, 1075
+216ﬂ- o In“ 2 404 ln 2 3§(3)+3 In2 187 + 216
(135 16 o) o 8199
18 9 1080
(10 om, 11, m, 14 , 49 , 131
1 -1 - In2—2 -
+< ) s, T g My, T g T 2Ny
4 2 m 35 3 16 2 5771 2
In" " - In2—
+< ) 3™ M, T 2™ T g 1080”}
. 25 3 My _ 1369 2 [ My o 2 . 269 2
—|—< ) 9 In <m€> 180 In <m€>+< 2¢(3) + 47" In2 144
7496\ . m 43 8 80 10
- In~*— : *In”2 In*2
675)nme 108" TT e gart g
411 89 1061 5, 274511 5
In2 — - e :
F g SO F g2 = g 54000} + O ((me/mu)’)
= 1.920 455 130(33) (4.10)

The leading and finite terms were first given in [27], the correct (m./m,,)
terms have been given in [2I]. In contrast to the LbL contribution the leading
logs of the VP contribution may be obtained relatively easy by renormalization
group considerations using the running fine structure constant [51 28]. In place
of the known but lengthy exact result only the expansion shown was presented
in [18]. Despite the existence of large leading logs the VP contribution is an
order of magnitude smaller than the one from the LbL graphs.

m? 19
Aé6l)bl(m/i/m7') = ¥ { (3 — }

m?
L [13. 161 831931 161 ;o 161894
m# [18>7 7 1620°° 972000 3240 97200
L [17. 13 1840256147 4381, 24761 }
m& [36°7 22477 3556224000 120960 317520
L [T, 2047 453410778211 5207, 1940853 }
m3 [20>° 7 54000°7 1200225600000 189000 952560000
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+m}P 5 G 1187 o 86251554753071 328337 ., 640572781
mio | 18°° 7 44550°°  287550049248000 14968800 23051952000
+0 ((my./m-)"?) = 0.002 142 832(691) (4.11)

where L = In(m?/m?), (2 = ((2) = 7%/6 and (3 = ((3). The expansion given
in [I9] in place of the exact formula has been extended in [20] with the result
presented here.

A(6) L) = 1 —
2vap(mu/m ) m. 135 nmu 457T 24300

4
M 19 ,m, 14233 m, 49 11 , 2976691
+ ( ) { In 132300 ™ m,, T 7685 L

m“)Q{_ 23 m. 2 o 10117

m.) 2520 " m, 945" " 206352000
6
M A7 ,m. 805489 . m, 119 128
1 - 1 3) —
+(m7) {3150 B, T 11907000 ™, T 192063 T 14175”
102108163 .

0 %) = —0.001 782 326(484 412
+3000564000O} +0 ((mu/me)") (84)  (412)

Again, in place of exact result obtained in [I8] only the expansion shown
was presented in the paper. All the expansions presented are sufficient for
numerical evaluations at the present level of accuracy. This has been cross
checked recently against the exact results in [I1].

At three loops for the first time a contribution to As(m,/me,m,/m,),
depending on two mass ratios, shows up. It is represented by diagram 22) of
Fig. [4.3] with one fermion loop an electron—loop and the other a 7-loop. In
view of the general discussion of VP contributions in Sect. B.g]it is obvious to

write
1 2
(0% ’ —X
= de(l—2)2 |—I.° 2
dia22) T /0 z(1-2) [ vren <1 - xm“)}

"r _xQ 2
N (5 m2 )] (4.13)

which together with (BI46) or (ZI73) leads to a three—fold integral repre-
sentation, which we may try to integrate. Since IT %, given by EZIT2) is
analytically known, in fact (ZI3]) is a one—fold integral representation. It has
been calculated as an expansion in the two mass ratios in [2I] 22] and was
extended to O((m?/m?)?) recently in [23]. The result reads

aff) (vap, e, T)

2 2
A®) () m 2 m 1
égap( u/me,m“/mf) = ( ”) |:135 InH 135

m2
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m2\’[ 1 m2  mZm 37 m2 1 m2 w2
+aé) _4mmmfn7¢M_2%N%ﬁ+ﬁMmmg+mo
229213
__12348000}
+<mi)3-_ 2 lnmflnmfmi_ 199 lnmi— 1 1nmi 42
m2 945 m2 md 207675 m2 4725 m2Z | 2835
__1102961}
75014100

1 - m"7 1
o4 Mmz " md 2058210 " m2 31185 " m2 | 891

161030983 }

N <mi)4 {_ 1 . m2, mZm 391 m2 19 ml w2
5

14263395300

+2m§_471'2 me ) mi slnmilnmzmi ) mgmi
15 m2 45 m2my, m2 m2 mé m2 m2

= 0.00052766(17) . (4.14)

The result is in agreement with the numerical evaluation [I8]. The error in
the result is due to the 7—lepton mass uncertainty. The leading—logarithmic
term of this expansion corresponds to simply replacing a(¢*> = 0) by a(m?,)
in the two-loop diagram with a 7 loop. We have included the last term, with
odd powers of m. and m,, even though it is not relevant numerically. It
illustrates typical contributions of the eikonal expansion, the only source of
terms non—analytical in masses squared.

With (342) and (£9) to (@I4) the complete three-loop QED contribution
to a, is now known analytically, either in form of a series expansion or exact.
The mass dependent terms may be summarized as follows:

A (my, fme) = 22.868 380 02(20),
AP (my, fm.r) 0.000 360 51(21), (4.15)
AL (my fme,my, /my) = 0.000 527 66(17).

As already mentioned above, the AgG) (my/me) contribution is surprisingly
large and predominantly from light-by-light scattering via an electron loop.
The importance of this term was discovered in [29], improved by numerical
calculation in [2] and calculated analytically in [I9]. Adding up the relevant
terms we have

Cs = 24.050 509 65 (46)

or
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3
a(® QP — 24,050 509 65 (46) (:) ~ 30141.902(1) x 1071 (4.16)

as a result for the complete 3—loop QED contribution to a,. We have combined
the first two errors of (£I3]) in quadrature and the last linearly, as the latter
depends on the same errors in the mass ratios.

4.1.4 Four—Loop QED Contribution

The calculation of the four—loop contribution to a, is a formidable task, as
there are more than one thousand diagrams to be calculated. Since the individ-
ual diagrams are much more complicated than the three—loop ones, only a few
have been calculated analytically so far [30]. In most cases one has to resort to
numerical calculations. This approach has been developed and perfected over
the past 25 years by Kinoshita and his collaborators [IJ, 2 BTl 32} B3] [34] [35]
with the very recent recalculations and improvements [36] [37) [38] [39]. This
O(a?) contribution is sizable, about 6 standard deviations at current exper-
imental accuracy, and a precise knowledge of this term is absolutely crucial
for the comparison between theory and experiment.

As a first term we mention the mass independent term Agg), where 891
diagrams (see Fig. ) contribute, which represents the leading four—loop
contribution to the electron anomaly a.. As a result of the enduring heroic
effort by Kinoshita a final answer has been obtained recently by Kinoshita

NN N s

(2x3=6) (15+3=18) (15) ((3+1)x2x7=56)
(3x50=150) (3x6) (8x6)
(10x6) (2x6)

Fig. 4.4. Some typical eight order contributions to a¢. In brackets the number of
diagrams of a given type
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52 52 51 41
55»0%2 ‘;@M@% ®
H la Ib Ic Id

Fig. 4.5. Typical diagrams of subgroups Ia (7 diagrams), Ib (18 diagrams), Ic
(9 diagrams) and Id (15 diagrams). The lepton lines represent fermions propagating
in an external magnetic field. ¢; denote VP insertions

and collaborators [38, [39] who find1
A® = —1.9144(35) (4.17)

where the error is due to the Monte Carlo integration.

Again the by far largest contribution to a,, is due to Agg) (my/me), which
collects the effects by the light internal electron loops. Here 469 diagrams
contribute which may be divided into four gauge invariant (g-i) groups:

Group I: 49 diagrams obtained from the 1-loop muon vertex by inserting 1-,
2— and 3-loop lepton VP subdiagrams, i.e. the internal photon line of Fig. 1]
is replaced by the full propagator at 3-loops. The group is subdivided into
four g-i subclasses I(a), I(b), I(c) and I(d) as shown in Fig.

4This challenging project has been initiated in the early 1980s by Kinoshita and
Lindquist and lead to a first result in 1990 [32] 33]. As the subsequent ones, this
result was obtained by numerical integration of the appropriately prepared Feynman
integrals using the Monte Carlo integration routine VEGAS [40]. Since then a number
of improved preliminary results have been published, which are collected in the
following tabular form

Ags) year Ref.
—1.434 (138) 1983-1990 [32 [33],
—1.557 (70) 1995 [,
—1.4092 (384) 1997 [42],
—1.5098 (384) 2001 [43],
—1.7366 (60) 1999 [44],
—1.7260 (50) 2004 [45] [37],
—1.7283 (35) 2005 [38],
~1.9144 (35) 2007 9],

which illustrates the stability and continuous progress of the project. Such evalua-
tions take typically three to six month of intense runs on high performance comput-
ers. To a large extend progress was driven by the growing computing power which
became available.
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Results for this group have been obtained by numerical and analytic meth-
ods [30, 36]. The numerical result [36]

A = 16.720359 (20)
has been obtained by using simple integral representationsﬁ.

Group II: 90 diagrams generated from the 2-loop muon vertex by inserting 1—-
loop and/or 2-loop lepton VP subdiagrams as shown in Fig. Again results
for this group have been obtained by numerical and analytic methods [30] [36].
The result here is [36]

AP = —16.674591 (68) .
Group III: 150 diagrams generated from the 3-loop muon vertex Fig. by
inserting one 1-loop electron VP subdiagrams in each internal photon line

in all possible ways. Examples are depicted in Fig. .71 This group has been
calculated numerically only, with the result [36]

A®) L =10.79343 (414) .

Group IV: 180 diagrams with muon vertex containing LbL subgraphs deco-
rated with additional radiative corrections. This group is subdivided into g-i
subsets IV(a), IV(b), IV(c) and IV(d) as illustrated in Fig. €8

5Subgroup Ia has the integral representation

1 L ’
B p2(t)
A= fara-a (/ v -eia- w)/aﬂ)
0 0

where pa(t) is given by ([BI47). Carrying out the ¢ integral one obtains

1
8 a? a a a—{—l3
AR, = /dw(l—w) {—9+ 5 +(2— 6) 1na_1}
0

with a = 2/(1 — z). In this case also the last integration may be carried out analyt-
ically [46] [47]. Similarly, subgroup Ib has the representation

B / [ pa2(t1)
Af =2 [de(1—a) (/ o -0 —w)/aﬁ)
0

0
1 palt2)
" (/ 10—l - x)/ﬂ)

with po given by (BI4T) and ps by (BIE]]), respectively.
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B w7 £
e e,
xR 5

Fig. 4.6. Typical diagrams of group II (90 diagrams). The lepton lines as in Fig.
2 and 4, respectively, indicate second (1-loop subdiagrams) and fourth (2-loop sub-
diagrams) order lepton—loops

A A

Fig. 4.7. Typical diagrams of group III (150 diagrams). The lepton lines as in
Fig. A3l

The result of this calculation, which is at the limit of present possibilities, was
obtained by two independent methods in [36] and reads

AF), = 121.8431 (59) .

Adding up the results from the different groups the new value for Agg) (my/me)
reads

A (m,, Jm.) = 132.6823(72)[127.50(41)] , (4.18)

in brackets the old value which was presented in [35]. In order to get some
impression about the techniques and difficultieswhich have to be mastered

o o £t o

Fig. 4.8. Some typical diagrams of subgroups I'Va (54 diagrams), IVb (60 diagrams),
IVe (48 diagrams) and IVd (18 diagrams). The lepton lines as in Fig.
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we recommend the reader to study more carefully the original work like the

recent articles [36] [38] [39).

There is also a small contribution from the term Agg), which depends on
3 masses, and which arises from 102 diagrams containing two or three closed
loops of VP and/or LbL type. There are contributions from the classes I
(30 diagrams), IT (36 diagrams) and IV (36 diagrams) defined above and the
results found in [36] read

AL (my e, m/ms) = 0.007 630 (01)
A (my, /me,my/m,) = —0.053818 (37) (4.19)
AG7y (my ey my fme) = 0083782 (75)
which sums up to the value
AP (my, fme, my/m.) = 0.037 594 (83) . (4.20)

A rough estimate of the 7—loops contribution is also given in [36] with the
result

A (m,,/m.) = 0.005(3) . (4.21)
In summary: all mass dependent as well as the mass independent O(a*) QED
contributions to a, have been recalculated by different methods by Kinoshita’s
group [36] 38 [B9]. There is also some progress in analytic calculations [4g].
Collecting the A®) terms discussed above we obtain

Cy = 130.8105(85)
or

4
af¥ O = 130.8105 (85) () ~380.807(25) x 1071 (4:22)

as a result for the complete 4-loop QED contribution to a,.

4.1.5 Five—Loop QED Contribution

Here the number of diagrams (see Fig. [L0)) is 9080, a very discouraging num-
ber even for Kinoshita [37]. This contribution originally was evaluated using
renormalization group (RG) arguments in [2, [49]. The new estimate by Ki-
noshita and Nio [37] 50 i

A8 (m, /m,) = 663(20),

and was subsequently cross—checked by Kataev [5I] using renormalization
group arguments. As mentioned earlier, a bound for the size of the universal
part has also been estimated [52] which is taken into account as

5The first estimate Agm)(mu/me) ~ 930(170) has been given by Karshen-
boim [49].
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-\

(18) (18) (2072)
(120) (18) @]

Fig. 4.9. Some typical tenth order contributions to a, including fermion loops. In
brackets the number of diagrams of the given type

AP = 0.0(3.8) . (4.23)

Thus we arrive at
C5 ~ 663(20)(3.8)

or

5
a(10) QED - 663(20)(3.8) (O‘) ~ 4.483(135)(26) x 10711 (4.24)
™

as an estimate of the 5—loop QED contribution.

In Table we summarize the results of the QED calculations. The ex-
pansion coefficients C; which multiply (a/7)* grow rapidly with the order.
Nevertheless, because of the smallness of the expansion parameter o/, the
convergence of the perturbative expansion of aSED is good. We conclude that
the perturbative truncation error looks to be well under control at the present
level of accuracy.

The universal QED terms have been summarized in ([8.43)) and adding up

the mass dependent QED terms of the 3 flavors (e, u, 7) we finally obtain
a™P = 116584 718.113(.082)(.014)(.025)(.137)[.162] x 10~ ** (4.25)

Table 4.2. Summary of QED contributions to a,

C; (D QED 101
. 05 a®  116140973.301(81)
C>  0.765857410 (26) a® 413217.621(14)
Cs  24.05050965 (46) a'® 30141.902(1)
C4 130.8105(85) a® 380.807(25)
Cs 663.0(20.0)(3.8) a® 4.483(135)(26)
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where the errors are due, respectively, to the uncertainties in cinput, in the
mass ratios, the numerical error on o terms and the guessed uncertainty of
the o contribution.

4.2 Weak Contributions

The weak interaction contribution to g — 2 attracted attention of theoreticians
long time before it started to play a relevant role in the comparison with the
experimental result. Actually the “weak contribution sensitivity” was reached
only with the recent BNL experiment. With the emergence of the SM [53]
and establishing its renormalizability [54] for the first time it was possible
to make real predictions for a, beyond QED. Before, in non-renormalizable
low energy effective theories, corresponding attempts were not convincing,
since, as we discussed earlier only in a renormalizable theory a, is a finite
unambiguously predictable quantity and hence an unambiguous monitor for
testing the theory. Soon after a unified electroweak theory seemed established
a number of groups presented the one-loop result for a,, in 1972 [55]. At that
time, the weak term turned out to be almost two orders of magnitude smaller
then the experimental accuracy of the CERN g — 2 experiment. At present
the weak term is an effect of almost three standard deviations.

Weak interaction effects are mediated by exchange of the heavy weak
gauge bosons W*, which mediate charged current (CC) processes, and Z,
which mediates the neutral current (NC) processes. Beyond the electroweak
SU(2), ® U(1l)y Yang-Mills gauge theory, a Higgs sector is required which
allows to generate the masses of the gauge bosons W and Z, as well as the
masses of the fermions, without spoiling renormalizability. Thereby the gauge
symmetry is broken down SU(2), QU (1)y — U(1)em to the Abelian subgroup
of QED, and an additional physical particle has to be taken into account the
famous Higgs particle particle physicists are still hunting for.

In the SM the fermions are organized in three lepton—quark families, with
the left-handed fields in SU(2); doublets and the right-handed fields in

singlets:
1st family: (Uf> , (Q) s Vers €y UR, AR
e ) \d/,

2nd family: <V’i) ,<?> s Vurs B> CRy SR
/) \%/¢L

3rd family: <TVI) , <
L

S o

> 7VTR5T};7tR;bR-
L
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The Abelian subgroup U(1)y is associated with the weak hypercharge, related
to the charge and the 3rd component of weak isospin by the Gell-Mann-
Nishijima relation Y = 2(Q — T3)d. Denoting by vy = (ve, vy, v7), £ = (e, 1, 7),
qu = (u,c,t) and gq = (d, s,b) the four horizontal vectors in “family space”
of fermion fields with identical electroweak quantum numbers, the charged
current (CC) has the form

J,f = Ju1 —iJu2 = vy (1 —95) Unns £+ Guyu (1 —v5) Uckm 44
(4.26)

and exhibits quark family flavor changing, through mixing by the unitary 3 x 3
Cabibbo-Kobayashi-Maskawa matrix Ucky as well as neutrino flavor mixing
by the corresponding Maki- Nakagawa-Sakata matrix Uyns. The SU(2)y, cur-
rents have strict V-A (V = vector [y,], A = axial-vector [y,7s5]) form, which
in particular implies that the CC is maximally parity (P) violating (Lee and
Yang 1957). The mixing matrices exhibit a CP violating phase, which also
implies the existence of a tiny electrical dipole moment. In a local QFT a
non—vanishing EDM is possible only if CP is violated, as we noted earlier. For
the magnetic moments CP has no special impact and the CP violating effects
are too small to play any role. For our purpose the 3 x 3 family mixing ma-
trices may be taken to be unit matrices. The neutral current (NC) is strictly
flavor conserving

JHZ = Ju3 — 2Sin2 @szm = Z@f’yu(vf — af’y5)1/)f (427)
f

with
G =" Qppvuthy (4.28)
7

the P conserving electromagnetic current. The weak mixing parameter sin? Oy
is respomnsible for the v — Z mixing. The sums extend over the individual

"SU(2)z ® U(1)y quantum numbers of fermions read

Doublets Singlets

wor () (wet)r (d,50)r (w)r ()r (wet)r (ds,br
Q o ~1 2/3 ~1/3 0 ~1 2/3 ~1/3
s 1/2  —1/2 1)2 ~1/2 0 0 0 0
Yy -1 -1 1/3 1/3 0 -2 4/3 —2/3

Quarks in addition carry SU(3). color. The color factor Ny is 3 for quarks and
1 for leptons, which are color singlets. Note that in the SM all matter fields are in
the fundamental (SU(2)—doublets, SU(3).~triplets[antitriplets]) or trivial (singlet)
representations. The simplest ones possible.
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fermion flavors f (and color). In our convention the NC vector and axial-
vector neutral current coefficients are given by

v =Tsp —2Qssin® Ow , ay = Ty (4.29)

where Tsf is the weak isospin (£3) of the fermion f. The matter field La-
grangian thus takes the form

Ematter = Z ’ijll\/uap«wf + I
f

2v/2

g

TIWHT +hc.
(J" + C)+2cos(9w

JIZ" + ejim AM

(4.30)

where g is the SU(2), gauge coupling constant and e = gsin Oy is the charge
of the positron (unification condition).

We should mention that before symmetry breaking the theory has the
two gauge couplings g and ¢’ as free parameters, after the breaking we have
in addition the vacuum expectation value (VEV) of the Higgs field v, thus
three parameters in total, if we disregard the fermion masses and their mix-
ing parameters for the moment. The most precisely known parameters are
the fine structure constant « (electromagnetic coupling strength), the Fermi
constant G,, (weak interaction strength) and the Z mass Mz. Apart from the
unification relation

e2

a=, e=gsinOp , tanOw = ¢'/g
7

we have the mass generation by the Higgs mechanism which yields

gv gv
M = M, =
W= 9 27 9608 Ow '’

while lowest order CC Fermi decay defines the Fermi or muon decay constant
2
1
G,= 7 = .
4V2ME, /202

The neutral to charged current ratio, called p—parameter, follows from

g2

p
GNC = = )
4V2M2 cos? Ow /202

with po = 1 at the tree level. These relations are subject to radiative cor-
rections. Given o, G, and Mz as input parameters, all further parameters
like Myy, sin? @y, g, etc are dependent parameters. Typically when calcu-
lating versions of the weak mixing parameter sin? @; in terms of the input
parameters one obtains

sin? ©; cos? ©; = e 1 (4.31)

3 (2 K *
V2G, M21— Ar;
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where
Ar; = Ari(a, Gy, Mz, mp, myz, my)

includes the higher order corrections which can be calculated in the SM or in
alternative models. For example,

V2G,

p=1+A4p , Ap=
with a large correction proportional to m? due to the heavy top [56]. In the
SM today the Higgs mass mys is the only relevant unknown parameter and by
confronting the calculated with the experimentally determined value of sin? ©;
one obtains important indirect constraints on the Higgs mass. Ar; depends
on the definition of sin? @;. The various definitions coincide at tree level and
hence only differ by quantum effects. From the weak gauge boson masses, the
electroweak gauge couplings and the neutral current couplings of the charged
fermions we obtain

M2
sin2@W:1— MV;/
z
2 2/ 2 T
sin“ @, = =
s =N
1 v
) f
= ]_—
sin” Oy 40| ( af) s f#EY,

for the most important cases and the general form of Ar; (i = W, g, f) reads
Ar; = Aa — f; (sin2 O0;) Ap + Ar;rem
with fi (sin® Ow) = cos? Oy / sin® Ow; f,(sin? Oy) = f;(sin?Of) = 1 and a

universal term Aa which affects the predictions of My via sin® Oy, etc. For
My we have [57]

M2 4A2 1
M2, =PYZ2 (14 1 Areen, 4.32
w 2 <+\/ pM%(l—Aa+ " ))’ (4-32)

with
A = \/wa/\/2GN = 37.2802(3) GeV .

The leading dependence on the Higgs mass my is logarithmic with

es 11 m2, 5 wes 14+ 9sin’O m2, 5
Higgs _ H Higgs __ f H
A = <1n M2, 6) AT = g 2 o, (ln M2 6)

assuming mpy > My (see e.g. [58] for more details).
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Z

Fig. 4.10. The leading weak contributions to a,; diagrams in the physical unitary
gauge

4.2.1 Weak One—Loop Effects

The relevant diagrams are shown in the following Fig. in the unitary
gauge. For the Feynman rules of the SM we refer to SM textbooks or to my
TASI lecture notes [58] for a short overview. In spite of the fact that the
unitary gauge is not renormalizable, the relevant gauge invariant S—matrix
element, may be calculated directly in the unitary gauge. The advantage is
that in this gauge only physical particles are present and diagrams exhibiting
Higgs ghosts and Faddeev-Popov ghosts are absent. What is most interesting
is the occurrence of the first diagram of Fig. ET0lwhich exhibits a non—Abelian
triple gauge vertex and the corresponding contribution provides a test of the
Yang-Mills structure involved. It is of course not surprising that the photon
couples to the charged W boson the way it is dictated by gauge invariance.
The gauge boson contributions are given by

V2G,m2 10
(2) EW — i ~ 10~
a, (W) 62 3 = +388.70(0) x 10
V2G,m2 (=144 sin?Ow)? — 5
(2) EW _ 1y w ~ —11
a, (2) 1672 3 ~ —193.88(2) x 10
(4.33)
while the diagram with the Higgs exchange yield&ﬁ
1
(2) EW () — V2G,mg, 2-y)y’
@y, ( ) - 2 Y o _ 2
aw Yy (L))
m2 m2
o \/2Gumi mé; In m%‘; for mg >m,
472 g for myp <my,
<5x 107 for mpy > 114 GeV , (4.34)

8The exact analytic result for the Higgs reads

\/ZGLm2
a@ ) = T e o m- et 190 - ma -0+ -0+ |
N \/QG,ﬂn2 1

7 3 201
" {z_l (Inz — 6)—4—,2_2 (Blnz — 4)+z_3 9lnz — 20)+O(z_4lnz)}

472

in which z = m?% /m?, and € = (y/1 —y —1)/(v/1 —y +1) with y = 4/z.

[73]
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in view of the LEP bound (333]). Employing the SM parameters given in

B30) and B3T) we obtain

al) PV = (194.82 £ 0.02) x 107" (4.35)

The error comes from the uncertainty in sin® Oy given above.

4.2.2 Weak Two—Loop Effects

Part of the electroweak two—loop corrections were calculated first in 1992 by
Kukhto, Kuraev, Schiller and Silagadze [59] with an unexpected result, the
corrections turned out to be enhanced by very large logarithms In Mz /my,
which mainly come from fermion triangular—loops like in Fig. E1Th. In QED
loops with three photons attached do not contribute due to Furry’s theorem
and the yyy—amplitude vanishes. In presence of weak interactions, because of
parity violation, contributions from the two orientations of the closed fermion
loops do not cancel such that the vvZ, vZZ and yWW amplitudes do not
vanish. In fact for the YWW triangle charge conservation only allows one
orientation of the fermion loop.

Diagrams a) and b), with an internal photon, appear enhanced by a large
logarithm. In fact the lepton loops contributing to the vyZ vertex lead to
corrections

N \/ZG#TTLZ o

afD BV () =

9 MZZ
2T5¢ Ny Q% |31n +C
sftel f{ m?u f]

in which my =my, if my <m, and my = my if my > m, and

5/2 for my <m,
Cy=<11/6 —8/9 7% for my =m,,
—6 for my >m,, .
b) c)
Y v
wsy Z v Z
f f

Fig. 4.11. Some of the relevant electroweak two—loop diagrams in the unitary
gauge, [ = (Ve,Vu,Vr,) €4, T,u,c,t,d,s,b with weak doublet partners f' =
(e by Ty) Ve, Uy, Vryd, 8,b,u, ¢, t of course the neutrinos (in brackets) do not couple
directly to the photon and hence are absent in the triangular subgraphs
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For an individual fermion f the contribution is proportional to chQ?caf.
In [59] only lepton loops were taken into account, and it is well known that the
triangular subdiagram has an Adler-Bell-Jackiw (ABJ) or VVA anomaly [60],
which cancels if all fermions are included. The anomaly cancellation is manda-
tory in a renormalizable theory and it forces the fermions in the SM to come
in families of leptons and quarks [61]. The latter compensate the anomaly of
the former. The cancellation condition of the SM reads

NQ%ar =0, 4.36
Zf fQrar ( )

and such a cancellation is expected also for the leading short distance loga-
rithms proportional to In Mz and in fact this has been checked to happen on
the level of the QPM for the 1st and 2nd fermion family [62] [63]. Assuming
dressed constituent quarks masses M, Mg > m,,, the QPM result for the first
family reads [63]

4) EW

V2G, m? M8 17
A (e, u, d)gen ~ — ¥ [ u

~ —4.00 x 107!
1672 7 nmgM§+2] S

(4.37)

while for the second family, with Mg, M. > m,, we have

affl) EW(

2G 2 8 2
[MC,S])QPM:—\/ b O {n Me T _sm

. + - } ~ —4.65x 107" .
1672« m$M2 = 6 9

(4.38)

For the numerical evaluation we had to insert some quark masses and we
resorted to the not very well defined constituent quark masses used in [63]:

M, = Mg =300 MeV , Ms;=>500MeV, M.=15GeV and M, =4.5GeV .
(4.39)

It should be noted that such large effective light quark masses violate
basic Ward-Takahashi identities of low energy QCD. The latter requires values
like (B36) for the so called current quark masses to properly account for the
pattern of chiral symmetry breaking]. The ambiguity in the choice of the quark

9 Adopting the values (336) one would have to replace the masses satisfying
mq < my (¢ =wu,d,s) by m, (SU(3) chiral limit), such that [62]

al "V (e, u, d])qpm 2 0
and

2G 2 2 2 2
u:cvs])QPMZ—\/ m T O 41nmC+3 T

a(4) EW ([
# 1672 m3, 3 9

~ 587 x 107" .

However, this free current quarks result cannot be a reasonable approximation, as
it completely ignores the non—perturbative QCD effects.
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masses reflects the fact that we are not in the perturbative regime. If one uses
the above constituent quark masses to calculate the hadronic photon VP one
does not get an answer which is close to what is obtained non—perturbatively
from the dispersion integral of ete™—data [64].

Concerning the third family, D’'Hoker in [65] pointed out that a super—
heavy fermion like the top, which usually is expected to decouple, generates a
large log, because the heavy fermion does not participate in the cancellation
of the large logs, while it still participates in the cancellation of the mass
independent ABJ anomaly (see also [66]). The origin of the effect is the large
weak isospin breaking in the top—bottom doublet, which is manifest in the
large mass splitting m; > Mz > m;. Consequently, one has to expect that
the large logs from the leptons cancel against the ones from the quarks, with
only partial cancellation in the 3rd family ([, ¢, b]).

It should be stressed that results from individual fermions are gauge de-
pendent and only sums of contributions for complete fermion families are
physically meaningful. Nevertheless, we will give at intermediate steps partial
result either in the Feynman gauge or in the unitary gauge.

The leading contributions Fig. [E1Th were investigated first by Peris,
Perrottet and de Rafael [62], by evaluating the hadronic effects in a low en-
ergy effective approach. The full set of diagrams of Fig. LT1] was calculated
by Czarnecki, Krause and Marciano [63], using the QPM. The results were
later refined and extended in the leading log approximation by renormaliza-
tion group methods at the two— as well as at the three—loop level by Degrassi
and Giudice in [67]. Thereby also smaller effects, like the ones from diagram
b), were included. The latter does not give a large effect because the v — Z
mixing propagator is of type VV with coupling strength Q fv;Q,v, which is
suppressed like (1—4sin? Oy ) ~ 0.1 for quarks and like (1—4 sin? Oy )? ~ 0.01
for leptons. Diagrams ¢) to e) have an additional heavy propagator and thus
yield sub-leading terms only. In the enhanced contributions proportional to
the large logs In Mz /my or (my/Mw)? the exact sin? Oy dependence has
been worked out. Results may be summarized as follows:

Summary of Perturbative Leading Log Results

Two loop corrections to al"jcak naturally divide into leading logs (LL), i.e.

terms enhanced by a factor of In(Mz/my) where my is a fermion mass scale
much smaller than Mz, and everything else, which we call non—leading logs

(NLL). The 2-loop leading logs ardJ [62 63| 67, [68]

0The LL contributions may be grouped into

V2G,, m? 40 M
a " (Wi = = lom2 : {3} = mZ
17
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2

(4) EW _ V2G,m2 o ([215 31 Y

ap‘ LL - 1671'2 T 9 + 9 (1 - 48W) hl mu

8 M

- YNy 121705 - § (1F - 200k (1 ast) | 207
fer

(4.40)

in the notation introduced above. Electron and muon loops as well as non—
fermionic loops produce the In(Myz/m,) terms in this expression (the first
line) while the sum runs over F' = 7,u,d, s, ¢,b. The logarithm In(Mz/my)
in the sum implies that the fermion mass my is larger than m,. For the
light quarks, such as u and d, whose current masses are very small, m; has a
meaning of some effective hadronic mass scale.

The issue about how to treat the light quarks appropriately was recon-
sidered and discussed somewhat controversial in [68] [69] [70]. Corresponding
problems and results will be considered next.

Hadronic Effects in Quark Triangle Graphs

As leptons and quarks can be treated only family—wise we have to think about
how to include the quarks and hadrons. Here the hadronic corrections involved
by virtue of asymptotic freedom of QCD are calculable in pQCD if a heavy
mass sets the scale from where the integrals get their dominant contribution.
Since all the weak contributions involve at least one heavy scale, it seems
justified to work with the QPM in a first step. In doing so we will be con-
fronted again with the question about the meaning of the quark masses to be
used in case of the light quarks. As already mentioned, the crucial constraint
is the ABJ anomaly cancellation]. The nature of the ABJ triangle anomaly

a;(:l) EW(

2G,, m?
Zono f—loopsher, = — ¥ 2 M [13( nyp -2 “ﬂ )

162 7 |9V g (v my,

N {—6 (94)* - 3(95)2} I M2

My

\/QGM mi «
1672 T

ay) ™V (2, p—loop)Lr. =

where the first term comes from the triangular loop (only VVA, VVV vanishing
by Furry’s theorem) (diagram a) of Fig. ELTT]), the second from the v — Z mixing
propagator muon loop (only VV can contribute) (diagram e) of Fig. LTT]).

Mz
mf/

_\/QGM mi

aEL4) EW (27 f—lOOpS)LL = 1672
s

« 4
o> NsQy {—6 9h9hQr + 99595} In
f

in which my = max[mg, m,].

" Renormalizability, gauge invariance and current conservation is intimately re-
lated. Axial anomalies showing up in the weak interaction currents for individual
fermions must cancel in order not to spoil gauge invariance and hence renormaliz-
ability.
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is controlled by the Adler-Bardeen non—renormalization theorem [71], which
says that the one—loop anomaly is exact to all orders, by the Wess-Zumino
integrability condition and the Wess-Zumino effective action [72] (see below),
by Witten’s algebraic/geometrical interpretation, which requires the axial cur-
rent to be normalized to an integer [73]. Phenomenologically, it plays a key role
in the prediction of 7% — 77, and in the solution of the 1’ mass problem. Last
but not least, renormalizability of the electroweak Standard Model requires
the anomaly cancellation which dictates the lepton—quark family structure.

Digression on the Anomaly

The axial anomaly is a quantum phenomenon which doesn’t get renormalized
by higher order effects. In QED the axial current anomaly is given by

. e?
aﬂjg(m) = 87'('2

where FH = OMAY — §” A" is the electromagnetic field strength tensor and
F, = égu,,ng”" its dual pseudotensor (parity odd). The pseudoscalar den-
sity is a divergence of a gauge dependent pseudovector

Fo (@) F™ (z) # 0 (4.41)

Eu B ="K, 5 K, = 26,000 AP0V A”.

In general, in perturbation theory the axial anomaly shows up in closed
fermion loops with an odd number of axial-vector couplings if a non-vanishing
v5—odd trace of y—matrices likd™@

Tr (Y9"y % s) = 4ie*” (4.42)

(in d = 4 dimensions) is involved and if the corresponding Feynman integral
is not ultraviolet convergent such that it requires regularization. The basic
diagram exhibiting the axial anomaly is the linearly divergent triangle diagram
Fig. 412 which leads to the amplitude (1st diagram)

2
TV . g
T onpe) = (0P T @5z S [

yan k p2
igy"T; igy"T;
k+py k — po +
Y5 T
—(p1 +p2)

Fig. 4.12. Fermion triangle diagrams exhibiting the axial anomaly

2Notice that Tr ( . ’y“'i’y5) =0 for n < 4 and for all n = odd.
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1 1 1
x Tr N M -
(k—mm’y fric k+ptic] ”5)
If we include the bose symmetric contribution (2nd diagram)
A INN =upA
TZZ (p17p2) :ng (p17p2)+Tszl]i (p27p1)
and impose vector current conservation
A A
pluT{;Z (p1,p2) = pzuﬂ-’;z (p1,p2) =0

we obtain the unambiguous regularization independent result

2

g o Dijk 4" p1ppas #0

22N s
—(p1 4+ p2)xr Tijk (p1,p2) =1 167

with Dijk =Tr ({Tl, TJ} Tk) .

This result is independent of the masses of the fermion lines and is not
changed by higher order corrections. Therefore the result is exact beyond
perturbation theory! All anomalous fermion loops may be traced back to
the basic triangular fermion loop, and in fact all other possible anomalous
matrix—elements of the axial current are summarized in the general form of
the anomaly equation

2

7 Dij G (2) G (1) (4.43)

where G, () is the non-Abelian field strength tensor and G* its dual pseu-
dotensor. Equation (£43]) is the non—Abelian generalization of ({41 in the
Abelian case. As a result the condition for the absence of an anomaly reads

In fact the contributions to the anomaly being independent of the mass may be
represented in terms of fixed helicity fields, and opposite helicities contribute
with opposite signs

Dijk =Tr ({TLi7 TLj}TLk) —Tr ({TRM TRj}TRk) (444)

which tells us that left-handed and right—handed fields give independent con-
tributions to the anomaly. Only theories which are democratic with respect
to helicities in the axial anomaly coefficient are anomaly free. Since SU(2)
has only real representations R* ~ R (in particular 2 ~ 2*) it cannot produce
any anomaly. In contrast SU(3) is not anomaly safe, because the fundamental
representations 3 and the complex conjugate 3* are inequivalent. However, as
quarks in the triplet representation 3 and antiquarks in the anti-triplet rep-
resentation 3* enter symmetrically in QCD (a pure vector theory), SU(3).
cannot give rise to anomalies. Only the Abelian hypercharge group U(1)y
produces anomalies, which must cancel as required by the above condition.
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End of the Digression

Due to the fact that perturbative QCD breaks down at low energies the han-
dling of the quark loops or the related hadronic fluctuations pose a particular
problem as the anomaly cancellation originally works on the level of quarks.
Here another important theorem comes into play, however, namely 't Hooft’s
anomaly matching condition [74], which states that the anomaly on the level of
the hadrons must be the same as the one on the level of the quarks, as a conse-
quence of the anomaly non-renormalization theorem. An improved treatment
of the hadronic contributions using an effective field theory approach has been
elaborated in [69)].

Structure of Contributions from Quark Triangles

Following [68], in order to discuss the contribution from VVA triangle fermions
loops one has to consider the Z*y~+* amplitude

Tox = i/ 'z e 9(0|T{ju(x) s (0)} |y (k) (4.45)
which by the LSZ reduction formula is equivalent to
T,,)\ = 68“(/6) le)\ y

Tyr = — / At dy @R (O[T {j,(x) ju () G2 (0)}]0)

in which €, (k) is the polarization vector for the external photon. At small k
up to quadratic terms one may write the covariant decomposition
ie

T\ = —
A 472

[wT(qz) (=@ for + 00" for — axq® fow) + wL(4*) 4xq° fou
o (4.46)
full = 25uuaﬁfaﬁ ) leI = kugu - kugu

in terms of a transversal amplitude wr and a longitudinal one wy,, with respect
the the axial current index \5.
The contribution of a fermion f via the Z*~y~* amplitude to the muon

anomaly a,(fl) EW([ fl)avv, in the unitary gauge, where the Z propagator is

i (_guu + qqu/M%)/(qz — M%% is given by

V26, m? o 1 1 2(qp)?
(4) EW _ p oy @ 4 qp
Aay” (v grt / T4 2 4 ogp [3 <1+ q2mi>

M?2 M2
X <wL — M2 _Zq2 wT) + M2 _Zq2 wT] (4.47)

13The second rank tensor —i f,,,, corresponds to the external electromagnetic field
strength tensor Fj,, with 0, — —ik, and A, — €,.
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in terms of the two scalar amplitudes wy, r(¢?). p is the momentum of the
external muon. For leading estimates it is sufficient to set p = 0 except in the
phase space where it would produce an IR singularity, then the result takes
the much simpler form

G 2 A? 2
2o P = Va0 (wn@)+ M @)

1672 7 M2 +Q? wr
(4.48)
where Q% = —¢? and A is a cutoff to be taken to oo at the end, after summing
over a family. For a perturbative fermion loop to leading order [75]
1
_ _ dx x (1 —x)
1—loop 2 1—loop 2 2
w Q = 2w Q°) = 4Ty N+ Q /
L Q%) T Q%) Zf: fheflwy Ox(l—x)Q2+m§
2 2 2 2
my<Q Z 2 1 me Q 1
= 4Tchfo [ 5 4 In 2 +O( 6)
- @ @ w2 %
Vainshtein [76] has shown that in the chiral limit the relation
1
wr(Q@*)pacn|,,_, = 5 wr (@), _, (4.49)

is valid actually to all orders of perturbative QCD in the kinematical limit
relevant for the g — 2 contribution. Thus the non-renormalization theorem
valid beyond pQCD for the anomalous amplitude wy, (considering the quarks
q=u,d,s,c,b,tonly):

2N,

q

WL (@), = Wi (@) (4.50)

m=0

carries over to the perturbative part of the transversal amplitude. Thus in
the chiral limit the perturbative QPM result for wp is exact in pQCD. This
may be somewhat puzzling, since in low energy effective QCD, which encodes
the non—perturbative strong interaction effects, this kind of term seems to
be absent. The non-renormalization theorem has been proven independently
in [77] and was extended to the full off-shell triangle amplitude to 2-loops
in [78].

One knows that there are non—perturbative corrections to Vainshtein’s re-
lation (@49 but no ones of perturbative origin. A simple heuristic proof of
Vainshtein’s theorem proceeds by first looking at the imaginary part of (£45)
and the covariant decomposition (£46). In accordance with the Cutkosky
rules (see footnotd2 on p- in Chap. ) the imaginary part of an am-
plitude is always more convergent than the amplitude itself. The imaginary
part of the one-loop result is finite and one does not need a regulariza-
tion to calculate it unambiguously. In particular, it allows us to use anti-
commuting 75 to move it from the axial vertex vy vs to the vector vertex -, .
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In the limit m; = 0, this involves anti-commuting s with an even num-
ber of y—matrices, no matter how many gluons are attached to the quark
line joining the two vertices. As a result Im 7,5 must be symmetric under
Ve A g —q

Im U)T(q2) (_q2fu)\ + quafa)\ - Q)\qafow) + wL(q2) QAqafau:|
% 4q” for + 20" fov

which, on the r.h.s., requires that ¢> = 0, to get rid of the antisymmetric
term proportional to f,, and that wp is proportional to wy: wr = cwrp; the
symmetry follows when ¢ = 2. Thus the absence of an antisymmetric part is
possible only if

2Im wr(¢*) = Im wy, (¢*) = constant §(¢?) , (4.51)

where the constant is fixed to be 27 - 2T3chfQ?c by the exact form of wr,.
Both wy, and wr are analytic functions which fall off sufficiently fast at large
¢ such that they satisfy convergent DRs

o0
wr(¢?) = 1/ dsImwT’L2(8)
T Jo s—q

which together with (L5I) implies (@49). While wy as given by (@E0)
is exact beyond perturbation theory, according to the Adler-Bardeen non-—
renormalization theorem and by the topological nature of the anomaly [73],
as a consequence of Vainshtein’s non-renormalization theorem for wp we
have

25N,
QQ

Coming back to the calculation of ({48]), we observe that the contributions
from wy, for individual fermions is logarithmically divergent, but it completely
drops for a complete family due to the vanishing anomaly cancellation coef-
ficient. The contribution from wp is convergent for individual fermions due
to the damping by the Z propagator. In fact it is the leading 1/Q? term of
the wp amplitude which produces the In 1\ng terms. However, the coefficient
is the same as the one for the anomalous term and thus for each complete
family also the In Mz terms must drop out. Due to the non-renormalization
theorem ([€49) the perturbative leading 1/Q? term of wz has to carry over to
a low energy effective approach of QCD (see below).

wr(q®) =

QQ
7%5 4 hon— perturbative corrections . (4.52)

Results for Contributions from Fermion Loops

For the third family the calculation is perturbative and thus straight forward

with the result [62] 63} [69]
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V26, o [81 m2 2 M2 (1 m2 5)

@ EW ([ 3 4]} — _
a5, 1) 1672 |3 M2 om \Mmz T3
M2 M2
+1In §—|—3ln 2Z—8+--']
mj ms 3
\/QGMmia
~— 3(3) ~ —8.21(1 1071 (4.53
1622 7T><303(3) 8.21(10) x 10 (4.53)

Small terms of order mi/m%, m?/M%, Mz /m} and smaller mass ratios have
been neglected.

While the QPM results presented above, indeed confirmed the complete
cancellation of the In My terms for the 1st and 2nd family, in the third family
the corresponding terms In Mz/m, and In Mz/m; remain unbalanced by a
corresponding top contribution.

Since in the perturbative regime QCD corrections are of O(a(u?)/7),
where g1 is in the range from my to Mz, pQCD is applicable for ¢, b and ¢
quarks, only (see Fig. B.3]). For the lighter quarks u, d and s, however, the
QPM estimate certainly is not appropriate because strong interaction correc-
tions are expected to contribute beyond perturbation theory and assuming
that non—perturbative effects just lead to a dressing of the quark masses into
constituent quarks masses certainly is an over simplification of reality. Most
importantly, pQCD does not account for the fact that the chiral symmetry
is spontaneously broken the mechanism responsible for the emergence of the
pions as quasi Goldstone bosons. The failure of the QPM we have illustrated
in the discussion following p. for the much simpler case of the hadronic
vacuum polarization, already. We thus have to think about other means to
take into account properly the low energy hadronic effects, if possible.

Digression on the Chiral Structure of Low Energy Effective QCD

Fortunately, a firm low energy effective theory of QCD exists and is very well
developed: chiral perturbation theory (CHPT) [79], an expansion for low mo-
menta p and in the light current quark masses as chiral symmetry breaking
parameters. CHPT is based on the chiral flavor structure SU(3)r ® SU(3)r
of the low lying hadron spectrum (u,d, s quark bound states). The SU(3)y
vector currents j, = Zij &i(Tk)ij vt as well as the SU(3)a axial currents
gk = 2 i (T 7“751/1J are partially conserved in the SU(3) sector of
the (u,d,s) quark flavors, and strictly conserved in the chiral limit of van-
ishing quark masses m., mq4, ms — 0, modulo the axial anomaly in the axial
singlet current. The partial conservation of the chiral currents' derives from

YTy, (k= 1,...,8) are the generators of the global SU(3) transformations and
i, = u,d, s flavor indices.

S Especially in the SU(2) isospin subspace, the small mass splitting [m1 —me| <
m1 + mo motivates the terminology: conserved vector current (CVC) and partially
conserved axial vector current (PCAC) (see Sect. below).
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8M(§§1’y“w2) = i(m1 — ma) @[;;wg (CVC in the isospin limit m, = mg) and
Ou(h1y"y51b2) = i(my + ma) P1y512 (PCAC) and the setup of a perturbative
scheme is based on the phenomenologically observed smallness of the current

quark masses (330).
The chiral expansion is an expansion in &

Log = Lo+ hLly+ h2L6 + .. (4.54)

which is equivalent to an expansion in powers of derivatives and quark masses.
In standard chiral counting one power of quark mass counts as two powers of
derivatives, or momentum p in momentum space. In chiral SU(3) there exists
an octet of massless pseudoscalar particles (m, K, n), the Goldstone bosons in
the chiral limit. The leading term of the expansion is the non-linear c—model,
where the pseudoscalars are encoded in a unitary 3 x 3 matrix field

U(p) = exp <—i\/2 d’;f)) (4.55)

with (T; the SU(3) generators)

7 + +
V2 + V6 071' K 1 77/
dla)= > Tgi=| = L+ 0 K' |+ /3 no] (56)
i K- K’ -2 U

where the second term is the diagonal singlet contribution by the 7’ meson.
The latter is not a Goldstone boson, however it is of leading order in 1/N..
The leading order Lagrangian at O(p?) is then given by

F2

£2:4

Tt {D*UD,U' + M* (U + U")} (4.57)
where, in absence of external fields, the covariant derivative D,U = 9,U
coincides with the normal derivative. Furthermore, M? = 2B, where B is
proportional to the quark condensate (0|au|0) and 7 = J(mqy + mq). In the
chiral limit of exact SU(3)r ® SU(3)r, symmetry we have

(0]a@u|0) = (0]dd|0) = (0]3s]0) .

The parameters M and F' are the leading order versions of the pion mass and
the pion decay constant, respectively:

m2 =M?*[1+0(m)], Fy=F[l+0(m)].

™

The low energy effective currents again are nonlinear in the pion fields and in
CHPT again appear expanded in the derivatives of U and the quark masses.
For vector and axial-vector current one obtains

vi=", (@' W'DU+UDUN) +06") = [ 0.8" + 0(6")]| + O(°)
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s 2

4= U DU~ UDLUY) + 06°) = [~Fous' +0(6%)] + 06°)
which implies the conserved vector current (CVC) and the partially conserved
axial vector current (PCAC) relations. Despite the fact that this Lagrangian
is non—renormalizable, one can use it to calculate matrix elements like in stan-
dard perturbation theory. However, unlike in renormalizable theories where
only terms already present in the original bare Lagrangian get reshuffled by
renormalization, in non-renormalizable theories order by order in the expan-
sion new vertices of increasing dimensions and associated new free couplings
called low energy constants show up and limit the predictive power of the
effective theory.

At physical quark masses the value of the condensate is estimated to be
(mqyqq) ~ —(0.098 GeV)* for ¢ = u,d. The key relation to identify the
quark condensates in terms of physical quantities is the Gell-Mann, Oakes
and Renner (GOR) [80] relation. In the chiral limit the mass operators grur,,
or grup transform under (3*, 3) of the chiral group SU(3)r ® SU(3)r. Hence
the quark condensates would have to vanish identically in case of an exact
chirally symmetric world. In fact the symmetry is spontaneously broken and
the vacuum of the real world is not chirally symmetric, and the quark con-
densates do not have to vanish. In order to determine the quark condensates,
consider the charged axial currents and the related pseudoscalar density

Ay = J’Y,u'YE’)U
P =divsu
and the OPE of the product

Au@) PH) = Y Cha = 0'(" ).

In QCD we may inspect the short distance expansion and study its conse-
quences. One observation is that taking the VEV only the scalar operators
contribute and one obtains the exact relation

(0] A, () P*(y)|0) = 277(;” @ 3)2)4 (0]au + ddlo) .

The spectral representation (see (B123]) ) for the two—point function on the
Lh.s. is of the form p, p(p®) and current conservation requires p* p(p?) = 0
such that only the Goldstone modes, the massless pions, contribute, such that
with

(0] AL (0)]7") =i Fr py

(O[P*(0)[7") = gx

we get
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Frgr = —(0|au + dd|0) .

For nonvanishing quark masses the PCAC relation 0" 4,, = (m,, +mg) P then
implies the exact relation

F,Tmi+ = (my + mq) gr

and the famous GOR relation

F2m2 . = —(my +mya) (0|au + dd|0) (4.58)
follows from the last two relations. Note that the quark condensates must be
negative! They are a measure for the asymmetry of the vacuum in the chiral
limit, and thus are true order parameters. If both Fy and (0|@u + dd|0) have
finite limits as my — 0 the pion mass square must go to zero linear with the
quark masses

1 _
m2, = B (my +mqg) ; BE—F2 (Olau +dd|0) ; B>0.

The deviation from the chiral limit is controlled by CHPT. The quark masses
as well as the quark condensates depend on the renormalization scale pu,
however, the product (0m4gg|0) is RG invariant as is inferred by the GOR
relation.

End of the Digression

In [62] the light quark contribution to Fig. LTTh were evaluated using the low
energy effective form of QCD which is CHPT. To lowest order in the chiral
expansion, the hadronic Zvv interaction is dominated by the pseudoscalar
meson (the quasi Goldstone bosons) exchange. The corresponding effective
couplings are given by

e

1 1
£® = FE,0, (wo + ) zn (4.59)

 25in O cos O V3 7]8—\/6 o
which is the relevant part of the O(p?) chiral effective Lagrangian, and the
effective O(p*) coupling

a N,

1 2 -
= 0 m
Lwzw © 12F. <7r + 3™ + 2\/3 770) F, F* (4.60)

which is the Wess-Zumino-Witten Lagrangian. The latter reproduces the ABJ
anomaly on the level of the hadrons. 7° is the neutral pion field, F, the pion
decay constant (F; = 92.4MeV). The pseudoscalars ng, 79 are mixing into the
physical states n,7’. The [u, d, s] contribution with long distance (L.D.) part
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(E < p) evaluated in CHPT and a short distance (S.D.) part (E > u) to be
evaluated in the QPM. The cut—off for matching L.D. and S.D. part typically
is My =mp ~1 GeV to Mg = M, ~ 2 GeV. The corresponding diagrams
are shown in Fig. T3] which together with its crossed version in the unitary
gauge and in the chiral limit, up to terms suppressed by m? /M3, yield{d

In +

2G,, m;, 4. M3 2
al) PV ((u, d, s]; p < Ma)cnpr = V26, o [ . }

1672 7 3 mi 3
~2.10x 1071,
V2G, m? o M2
4) EW . _ H 1% Z
aft) ([w,d, s);p > Ma)gpm = 1652 {ZIH M/Ql]
~ 445 x 1071 .

Note that the last diagram of Fig. [£I3]in fact takes into account the leading
term of (52) which is protected by Vainshtein’s relation (£.49).

Above a divergent term has been dropped, which cancels against cor-
responding terms from the complementary contributions from e, p and ¢
fermion—loops. Including the finite contributions from e, p and ¢ :

V2G, m? o M2 M2 37 8
4) EW _ K 1% Z Z 2
aﬁ) (le, . c)opm = 1672 —61n m2 +41In M2 3 + 7

\/ZGM mi (6%
o 16702 =«

% 50.37 ~ —13.64 x 10~

(a) [L.D] (b) [L.D.] (¢) [S.D.]

Fig. 4.13. The two leading CHPT diagrams (L.D.) and the QPM diagram (S.D.).
The charged pion loop is sub—leading and will be discarded

16The simplest way to implement the lower cut—off M4 to the low energy effective
field theory (EFT) is to write in (E48)

1 1 1 1
= _|_ —_
M@ T M3t Mz a3eq2
N~ ~ - N~ ~ -
EFT QPM

by using the QPM for the second term. In the first term My is replaced by M4, in
the second term constant terms drop out in the difference as the quark masses in
any case have values far below the cut—offs.
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the complete answer for the 1st plus 2nd family reads [62]

2 2 2
@ew,|eud V26, m? o Jl4 My MR35 8,
“ ([u,as})CHPT 672 x| 3 w2z a2z T3 o7
V2G,, m?
e " “ %26.2(5) ~ —7.09(13) x 10711 . (4.61)
s ™

In (@61 the error comes from varying the cut—off M4 between 1 GeV and 2
GeV. Below 1 GeV CHPT can be trusted above 2 GeV we can trust pQCD.
Fortunately the result is not very sensitive to the choice of the cut—off1.

On the other hand results depend quite strongly on the quark masses
utilized. This result was refined by a more elaborate analysis in which sub—
leading terms were calculated using the operator product expansion (OPE).

Digression on the Operator Product Ezpansion

The operator product expansion (Wilson short distance expansion) [81] is a
formal expansion of the product of two local field operators A(x) B(y) in
powers of the distance (x — y) — 0 in terms of singular coefficient functions
and regular composite operators:

=3 Cla noi" )

where the operators (’)i(z;y) represent a complete system of local operators of
increasing dimensions. The coefficients may be calculated formally by normal
perturbation theory by looking at the Green functions

x+y

(0|T A(z) B(y) X|0) = ZCx— (0]TO( ) X1[0) + Rn(z,y)

constructed such that

2

Ry —0 as (z—y)*V; (x—y) <0

an < aAN4+1 VN

(asymptotic expansion). By X we denoted any product of fields suitable to
define a physical state | X) via the LSZ reduction formula (see Table [2]).

7 1f no cut—off is applied to the validity of the effective theory as in [62] one
gets —8.58 x 107! in which case an unphysical residual In Mz dependence persists.
The QPM result taking the rather arbitrary constituent quark masses (£39) is
—8.65x 10 . The QPM result taking current quark masses (B:306) is —5.87 x 10~ 1.
In [68] the leading logarithmic estimate is —6.72 x 107! (Equations (26) plus (28)
of [68]), while a refined estimate yields —6.65 x 10~ '* (Equations (60) plus (65)
of [68]) fairly close to our estimate (GI)).
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The OPE is a very important tool in particular in the intrinsically non—
perturbative strong interaction dynamics, which is perturbative at short
distances only, by virtue of asymptotic freedom. It serves to separate soft
non—perturbative low energy effects from hard perturbative high energy ef-
fects in case a hadronic process involves a highly energetic subprocess. Typ-
ically, the short distance singular coefficient functions are often accessible to
pQCD while the soft effects are factored out into a non—perturbative matrix
elements of appropriate composite operators. The latter in many cases may
be determined by experiment or by non—perturbative methods like QCD on a
lattice. One of the most prominent examples of the application of the OPE is
deep inelastic electron-nucleon scattering (DIS), which uncovered the quark
structure of hadrons at short wave lengths. The factorization into coefficients
and matrix elements in the OPE is renormalization scheme dependent and in
particular depends on the renormalization scale p. The factorization into hard
and soft physics requires the condition my < p < @, which we will assume
to be satisfied in the following. For a more comprehensive elaboration of the
subject I recommend Shifman’s lectures [82].

At the heart of the OPE is the following basic problem: Local products of
quantum fields in general are singular, for two scalar fields in scalar ¢*-theory
for example

x Yy r=Y
X X

creates a loop which in general in UV singular, the obtained composite field
©*(x = y) is defined after subtraction of an UV singular term only, i.e. it
requires renormalization. In fact a series of new divergences shows up: all su-
perficially divergent sub—diagrams, which contain the generated vertex:

The dots represent derivatives in configuration space or multiplication of the
line with the corresponding momentum in momentum space. The dashed cir-
cles enclose a renormalization part which corresponds to a constant, and
graphically contracts into a point. The superficial divergence of the cor-
responding sub-diagrams 7; in d = 4 dimensions is given by dim v; =
4 — N; — L; + dim ?; dim ¢? = 2, where N; is the number of ¢-lines and
L; the number of derivatives on ¢-lines. The subtraction factors multiply
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Green functions or matrix elements with insertions of operators of increasing
dimensions. The Wilson expansion isolates the subtraction terms related to
sub—diagrams 7; which translate into ; by identifying x = y:

- e {d S

71

NSNS R G

Y2 X Y3 x

The first factor of each term represents the coefficient C;(z — y) the second
the operator matrix element (0[T0;(*3Y) [X).

For a product of two currents the procedure is similar. The object of
interest in our case is

T{ju(x) jsx(0)} = T{: h(x)v ¥ (x) : : P(0)ya75¢(0) :}

where the Wick ordering : - - - : is the prescription that only fields from different
vertices are to be contracted (see p.H3l). A contraction of two free Fermi fields
under the T—product represents a Dirac propagator

T{"/)aci(x) 1Z)Bc’j (y)}frcc =i SFozﬂ (33 —Y; mz) 5CC'5ij_ : iﬁc/j (y) Vaci (ZIJ) :

for a free field. In our example the currents are diagonal in color and flavor
and we hence suppress color and flavor indices. We thus obtain in the case of
free fields

T{ju () 5x(0)}ree = T{: Ya(@) (W) ap V5(2) : : Yar (0)(12V5)arpr1bpr (0) 1}
= (=1)iSrgal—zimys) (Ww)ap 1 Srpar(T;mys) (1AV5)ar s
+ i Spgar(x;my) : Pa(2)(W)as (YAYs)arp s (0) :
+ 1Skpral—z5ms) : Yar (0)(1275)arp (0 )ap Y5 (2)
+

]V(CC) j5>\(0) :
-1) Wc\)Qfm + VV\}_._{VWO b + VV\]’_._{VWO b + «MO<(4>;\;»

The first term in fact is zero. A two point correlator of VA—type vanishes
identically@, however, for VV— or AA—type of products of currents such a

18Tn momentum space the ys5—odd trace yields terms proportional to €vrap Where
the two indices o and g have to be contracted with momenta or with ¢°?, yielding a
vanishing result. In a propagator there is only one momentum p available, but pp°
is symmetric and contracts to zero with the anti-symmetric e-tensor.
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term in general is present. For the second and third term we may proceed as
follows: the Dirac propagators have the form

Srap(T —y;mi) = (1704 + mi)ap Ar(z —y,m;)

where Ap(x—y,m;) is the scalar Feynman propagator (see2.2) i/ (p? —m? +ie)
in momentum space, and the Dirac algebra may be easily worked out by using
the Chisholm identity

Aa vf3 VA af

YAyt = (9" + g2 g"’ — " g*F) yp + iV

V58 -

The two terms correspond to the symmetric and the antisymmetric part. In
the chiral limit then only terms exhibiting one v matrix are left which enter
bilocal vector or axial vector currents of the form

JY (2,0) = : P (2)yp(0) :

J5(,0) = : P(2)ys750(0) : (4.63)

In the presence of interactions and a set of other fields X characterizing a
state | X) we graphically may write

T{ju(x) jsx(0) X} =
g g (4.64)
~ The Wilson OPE is obtained know by expanding the bilocal current
sp(x)---9(0) : in x. In the free field case these Wick monomials are regular

for z — 0 as the singular term, the first term of (£.62), has been split off. It
is therefore possible to perform a Taylor series expansion in x

L P(a) - p(0) =Y i' 2 gt ab(0) Dy e Dy e (0)
n=0
and
POy b= D0 L aan G(0) By G $A0)
n=0 "

The bilocal operators thus take the form

o0

1

X " X

Ji (2,0) = Z n! ahtt et Of i (0)
n=0
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In momentum space factors x* are represented by a derivative with respect
to momentum —i 32u' In gauge theories, like QED and QCD, of course deriva-
tives in x—space have to be replaced by covariant derivatives in order to keep
track of gauge invariance. In general it is not too difficult to guess the form of
the possible leading, sub—leading etc. operators from the tensor structure and
the other symmetries. For the second term above, as an example, diagram-
matically we have

ggé “g“é

ey 0
(4.65

b

)

where the 1st coefficient diagram in leading order is the VVA triangle diagram,
the 2nd coefficient diagram in leading order is a Compton scattering like tree
diagram. The second line shows the leading perturbative terms in case the
“final state” X is a photon 7. The other terms of (£.64)) may be worked out
along the same lines.

We now turn back to the application of the OPE in calculating hadronic
effects in the weak contributions to g — 2. For this purpose the state |X) is
the external one-photon state |y(k)) in the classical limit, where it describes
an external magnetic field. The first term of ([@G4)) in this case does not
contribute. The diagrammatic representation of the OPE allows us an easy
transition from configuration to momentum space.

End of the Digression

Non—perturbative Effects via the OPE

For the purpose of the anomalous magnetic moment (see (A4H])) one need
consider only two currents

TV)\ = 1/d4x ei(n T{] ( ]5)\ } - ch)\ozl 0041

where the operators O are local operators constructed from the light fields,
the photon, light quarks and gluon fields. The Wilson coefficients ¢! encode
the short distance properties while the operator matrix elements describe the
non—perturbative long range strong interaction features. The matrix element
of our concern is
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Tyx = (0[Tyaly(k Zcml ) (0[O (k) (4.66)

in the classical limit k& — 0, where the leading contribution becomes linear in
fap the dual of fog = kaeg — kgen. Hence, only those operators contribute
which have the structure of an antisymmetric tensor

IO () = i i (4.67

with constants «; which depend on the renormalization scale p. The operators
contributing to 7,5 in the OPE, in view of the tensor structure (£40)), are of
the form

T => {cr(@®) (~*Oby + quq* Ol — xq“Ol,,) + €1 (¢°) arq 0L, }

%

such that (4.68)
wrp(@®) =Y (6% 17) Ri(p?) (4.69)
The OPE is an expansion for large Q? = —¢? and the relevance of the terms are

determined by the dimension of the operator, the low dimensional ones being
the most relevant, unless they are nullified or suppressed by small coefficients
due to exact or approximate symmetries, like chiral symmetry. Note that the
functions we expand are analytic in the ¢>—plane and an asymptotic expansion
for large Q? is a formal power series in 1/Q? up to logarithms. Therefore
operators of odd dimension must give contributions proportional to the mass
my of the light fermion field from which the operator is constructed. In the
chiral limit the operators must be of even dimension and antisymmetric.

In the following we include the factors T3y at the Z*j55(0) vertex (axial
current coefficient) and Q5 at the A”j,(z) vertex (vector current coefficient)
as well as the color multiplicity factor N.; where appropriate. A further factor
Q@ (coupling to the external photon) comes in via the matrix elements x; of
fermion operators f - - - f. In case of helicity flip operators fr - -- fr, or fr--- fr
the corresponding r; will be proportional to m .

The first non—vanishing term of the OPE is the 1st term on the r.h.s.
of ([A6H), which requires a parity odd operator linear in the photon field. In
fact, the leading operator has dimension dp = 2 given by the parity odd dual
electromagnetic field strength tensor

1
472

- 1
O%ﬁ = FoB = A2 PP, A,

The normalization is chosen such that kp = 1 and hence wf , = ¢f ;. The
corresponding coefficient for this leading term is given by the perturbative

one—loop triangle diagram and yields
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4T3chfQ2 2m> Q2 m}

F F f f f
Ccr [f] = 2CT [f] = Q2 1- Q2 hl ,U2 + O( Q4 ) (470)
where the leading 1/Q? term cancels family—wise due to quark-lepton duality.
In the chiral limit we know that this is the only contribution to wry,.

Next higher term is the 2nd term on the r.h.s. of (£65). The dp = 3
operators which can contribute to the amplitudes under consideration are
given by

[63 P f O ]‘a o £ __po
OfB:—lfo 675f525 Bro foPo f

These helicity flip operators only may contribute if chiral symmetry is broken
and the corresponding coefficients must be of the form ¢/ oc m;/Q*. These
coefficients are determined by tree level diagrams of Compton scattering type
and again contribute equally to both amplitudes

_ 8T55Qpmy

= 0! )

Misusing the spirit of the OPE for the moment and neglecting the soft strong
interaction effects, we may calculate the soft photon quark matrix element in

the QPM from the one—loop diagram shown in (£63) (last diagram) which is
UV divergent and in the MS scheme yields

cplf) = 2¢1(f]

,U2
Rf :—Qfomf 1nm2 .
!

Inserting this in

_ _ 8
Alte=3y;, = 2 A=y, — Q! > Tsp Qmy kg
7

one recovers precisely the 1/Q* term of [@T0). So far we have reproduced the
known perturbative result. Nevertheless the calculation illustrates the use of
the OPE. While the leading 1/Q? term is not modified by soft gluon inter-
actions, i.e. kp = 1 is exact as the state |y) represents a physical on—shell
photon, undressed from possible self-energy corrections, the physical k¢ can-
not be obtained from pQCD. So far it is an unknown constant. Here again,
the spontaneous breakdown of the chiral symmetry and the existence of, in
the chiral limit, non-vanishing quark condensates (¢1))g # 0 plays a central
role. Now, unlike in perturbation theory, ¢ need not be proportional to m .
In fact it is proportional to (1)%)g. As the condensate is of dimensionality 3,
another quantity must enter carrying dimension of a mass and which is finite
in the chiral limit. In the u, d quark sector this is either the pion decay con-
stant Fy or the p mass M,o. As it is given by the matrix element ([ALGT) (see
also the last graph of Fig. LGh]) x¢ must be proportional to N.fQ ¢ such that
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{Wrvs)o
Rp=NesQr )
and hence [69], [76] 0
_ - 8 b
A(d073)wL — 2A(d073)wT — Q4 ZchTgf Q?; my <¢f-;‘b2f>0 . (471)
0

!

An overall constant, in fact is not yet fixed, however, it was chosen such that
it reproduces the expansion of non—perturbative modification of wy, as a pion
propagator beyond the chiral limit:

2 2 2m2

Peremzo@ @
as we will see below.
All operators of dop = 4 may be reduced via the equation of motion to

do = 3 operators carrying a factor of mass in front:
F(D*YP —DPy*)ys f = —my fo™P s f .
They thus do not yield new type of corrections and will not be considered

further, as they are suppressed by the light quark masses as m%/Q*.

Similarly the dimension dp = 5 operators

.ffﬁ‘aﬁa f,y5fﬁ’aﬁ’
which are contributing to the 1/Q° coefficient, require a factor ms and thus
again are suppressed by nearby chiral symmetry.

More important are the dimension do = 6 operators, which yield 1/Q°
terms and give non-vanishing contributions in the chiral limit. Here again
the specific low energy structure of QCD comes into play, namely the spon-
taneous symmetry breaking of the chiral symmetry (in the symmetry limit).
The latter is characterized by the existence of an orderparameterZ?, which
in QCD are the color singlet quark condensates (1,1,) of the light quarks
q = u,d, s, where we have implicitly summed over color. The point is that the
condensates are non-vanishing in the chiral limit m, = 0, typically they take
values (1,1,) ~ —(240 MeV)3. Note that in pQCD chiral symmetry (in the
symmetry limit) remains unbroken, <'quwq> vanishes identically. Higher order
color singlet contributions are possible which include hard gluon exchange
represented by the Feynman diagrams of Fig. [£14l They are of the type as
represented by the last diagram of (£64]). The operators responsible derive
from : j,(z) j52(0) : corrected by second order QCD (two quark gluon inter-
action vertices as given in Fig. in Sect. 2.8]) with the gluon and two quark
pairs contacted, like

19Spontaneous symmetry breaking is best known from ferromagnets, where ro-
tational invariance is spontaneously broken, leading to spontaneous magnetization
(S:) = M # 0 in a frame where M is directed along the z—axis.
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qq
v Z v Z
g

Fig. 4.14. Non—perturbative quark condensate contributions due to spontaneous
breaking of chiral symmetry. The scalars g couple to the vacuum (gq) # 0. Two
other diagrams are obtained by attaching the gluons to the quark lines by other
permutations

B 0(@) POASDO) £+ Ty (T artra G (21) 07 (Tt G (22)

where T; are the SU(3) generators satisfying

1

1
Z(T%)aa/(Ti)bb’ - D) (5ab’5a’b - Nc

i

5aa/ 5bb’) .
The terms have been worked out in detail in [69] and are of the form

7 (—27r2 as) 0*%(0) T

Tux(q) = 1[g8E0rpad” — dacurpsd’] Qs
with
af 2 ap m L af 7 1, af _
0" = 3 (wo™Pu) (au) + 3 (do®Pd) (dd) + 5 (50*7s) (3s)] (0) .

These terms yield the leading non—perturbative (NP) contributions and persist
in the chiral limit. They only contribute to the transversal amplitude, and
using estimates presented in [83] one obtains

16 5 2 s (Y)?

472
0" F2 1 QF (4.72)

wr(Q*)np =~ —

for large enough (2, the p mass being the typical scale. This NP contribution
breaks the degeneracy wr(Q?) = ;wL(Qz) which is valid in perturbation
theory@. Taking into account the quark condensates together with explicit
chiral symmetry breaking, according to (&T1l), also a term

4 3 (4mu — Mg — m5)<1[”/’>

1
Awr(Q*)np = 2AwL(Q2)NP =y 22 Ot ’

(4.73)

2°The OPE only provides information on wr for Q2 large. At low Q2 we only
know that wr(0) = 1287% C35 where C3% is one of the unknown CHPT constants
in the O(p®) parity odd part of the chiral Lagrangian [4].



252 4 Electromagnetic and Weak Radiative Corrections

yields an NP contribution, but this time to both wr and wr.
The consequences of the OPE for the light quarks u, d and s in the chiral
limit may be summarized as follows [68]:

wr, (U, d)m,, y=0 = =3 WL[8]m.=0 = 52 7 (4.74)
Tyaly\ 2
wT[uad]mu,d:O = -3 wT[S]mS:() = 1 32mas <ww>0 + O(Q—S) )

Q 9Q° F?
The condensates are fixed essentially by the Gell-Mann-Oakes-Renner (GOR)

relations (58]

(M +ma) (Yih)o = —Fgm2
ms@g/}) ~ —F02MI2( .

and the last term of (£74) numerically estimates to
wr(Q?)np ~ —a (0.772 GeV)*/Q°

i.e. the scale is close to the p mass. Our estimates are rough leading order
estimates in the sense of CHPT. The index ¢ denotes quantities in the chiral
limit. Except from the masses of the pseudoscalars, which vanish in the chiral
limit, we do not distinguish between quantities like the pseudoscalar decay
constants Fy, F and Fg. Similarly, we assume the light quark condensates
(1h)o to be approximately equal for u,d and s quarks. Furthermore, we use
m? ~ im3 and M} ~ Mg with My ~ 950 MeV (for CHPT refinements we
refer to [79]). Also isospin symmetry will be assumed where appropriate.

In fact the non-perturbative refinements of the leading 7°, 7,7’ exchange
contributions in wy, requires the inclusion of vector-meson exchanges which
contribute to wy. More precisely, for the transversal function the intermediate
states have to be 17 mesons with isospin 1 and 0 or 1~ mesons with isospin
1. The lightest ones are p, w and a;. They are massive also in the chiral limit.

In principle, the incorporation of vector-mesons, like the p, in accordance
with the basic symmetries is possible using the Resonance Lagrangian Ap-
proach (RLA) [85] [86], an extended form of CHPT. The more recent anal-
yses are based on quark—hadron duality, as it holds in the large N, limit of
QCD [87, [88], for modeling the hadronic amplitudes [89]. The infinite series of
narrow vector states known to show up in the large N, limit is then approxi-
mated by a suitable lowest meson dominance, i.e. amplitudes are assumed to
be saturated by known low lying physical states of appropriate quantum num-
bers. This approach was adopted in an analysis by the Marseille group ﬂf)ﬂ]

2n this analysis, the leading 1/Q2 term of wr in [@74) got lost, which produces
a fake In Mz term in the leading hadronic contribution. This was rectified in [76], [68]
and confirmed by the authors of [69] in [77]. The 1/Q° correction was estimated
using “large N, limit of QCD” type of arguments and taking into account the three
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An analysis which takes into account the complete structure ([{LT4]) was final-
ized in [68]. In the narrow width approximation one may write

Imwp = ﬁzv 9i 0(s —mf)

where the weight factors g; satisfy

Y, 9i=1, > gmi=0

in order to reproduce ([LT4) in the chiral limit. Beyond the chiral limit the
corrections ([£73) should be implemented by modifying the second constraint
to match the coeflicient of the second terms in the OPE.

While for the leptons we have

2
wL[é] = _QQ ) (é: 67M77—)

tha hadronic amplitudes get modified by strong interaction effects as men-
tioned: a sufficient number of states with appropriate weight factors has to
be included in order to be able to satisfy the S.D. constraints, obtained via
the OPE. Since the Z does not have fixed parity both vector and axial vector
states couple (see Fig. LI3h). For the 1st family 7°, p(770) and a;(1260) are

taken into accoun

lowest lying hadrons with appropriate quantum numbers as poles: the p, p’ and a1,
yields
A g, |38 3 petes — Gu i, o x (0.04 £ 0.02) ~ (0.011 £ 0.005) x 10~ !
e V2 872 . . ~ (0. . .

Thus, these interesting NP corrections at the present level of precision turn out to be
completely negligible. However also the longitudinal amplitude is modified by mass
effects. While for the first family quarks the effects are very small, for the strange
quark the contribution turns out to be relevant. The estimate here yields

V2G,ml «a

Aauly, = "7 10" X (AT E 1T 1.37) = (1.2 £ 0.3+ 0.4) 1071,

Still the effect is small, however one has to estimate such possible effects in order
to reduce as much as possible the hadronic uncertainties.

221t should be noted that the “pole” in wr[f] = 2/¢*> has nothing to do with
a massless one—particle exchange, it is just a kinematic singularity which follows
from the tensor decomposition ([@46]). Therefore the hadronic counterpart wr, [u, d] =
—2/(q* —m?2 +1ie) is not just a chiral symmetry breaking shift of the Goldstone pole,
which is the result of the spontaneous chiral symmetry breaking. What matters is
that in physical quantities the residue of the “pole” must be checked in order to
know, whether there is a true pole or not. The pion—pole in wr [u, d] certainly has a
different origin than the spurious one of wr[¢].
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2 1 m2
wL[u,d]:Q2+mgr§2<Q2_Q4+>
1 M2 —m?2 Mg—mfT 1 m2
wrlu,d] = M2 — M2 2 2 oz | Slor o0 T )
a1~ Mp Q + p Q + ai Q Q

for the 2nd family 7/(960), n(550), ¢(1020) and f1(1420) are included

2 2 1 21 M
wL[S]__B[Q2+M§,_Q2+m?7]__3 Q@ g T

1 1 [M?l—m% Mi_m’%]w 1(1 m2 )

p— — — — n PR
wrls 3MZ M2 Q2+ M2 Q*+M%L| 3 *

Q> Q!

with Ms = 2M$, — m,% The expansion shows how it fits to what we got from
the OPE. Numerically the differences are not crucial, however, and we adopt
the specific forms given above.

While the contributions to a, from the heavier states may be calculated
using the simplified integral (£48)), for the leading 7% contribution we have
to use ([@AM), which also works for m; ~ m,. In terms of the integrals
Ii(z) = fol dr (1+2) In(z + (1 —2)? 2) and Ix(z) = fol dz (1 — 2)? In(z +
(1 — x)? 2), the results obtained for the 1st family reads [68]

m
al W ([e, u, d]) ~ Ii(m2/m2) +2In o

\/2G;L mi a (4
1672 3
m2 1. m2 2

4 T T 2 2y 1 ™
+ m? { 2(m, /mz) 3 nmi + 9]

2 M2 M2 )
1 P P 1 ai
+In ;% M,%I—MEDM,§+3}
2G,, m>
~ _\/16’;2 # i x 7.46(74) = —2.02(20) x 107! . (4.75)

This may be compared with the QPM result ([£37), which is about a factor
two larger and again illustrates the problem of perturbative calculation in
the light quark sector. For the 2nd family adding the p and the perturbative
charm contribution one obtains

V2G,m2 o |2 M7 2 M}

(4) EW ~ _ 1 o 1 Ui
a = (e s]) 1672 w3 M2 3 m2
1 MZ—m?  M; M? MZ 87 56
In 44l e 431 .
+3MJ%1—M£HM§+ nM£+3nmi 9 Ty

N_\/QG#TTLZ o

x 17.1(1.1) ~ —4.63(30) x 10~ | (4.76)
1672 7
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which yields a result close to the one obtained in the QPM ([@38]). Here the

QPM works better because the non—perturbative light s—quark contribution
is suppressed by a factor four relative to the ¢ due to the different charge.
Note that this large N, QCD (LNC) inspired result

\/QGM mi (6%

a( EW([Q’“’d Lons | X 2456 —6.65x 1071,

e 8])LNC ~ —

(4.77)

obtained here for the 1st plus 2nd family, is close to the very simple estimate
(£5T)) based on separating L.D. and S.D. by a cut—off in the range 1 to 2 GeV.

Perturbative Residual Fermion—loop Effects

So far unaccounted are sub—leading contributions which come from diagrams
¢),d),e) and f). They have been calculated in [63] with the result

2 2 2
(4) EW B \/2Gy m# « 1 5 my | my 7 AOtH
BNLL T T qene 22, sz Tz T3l
~ —4.15(11) x 107" — (1.179) x 107 (4.78)
where AC* is the coefficient from diagram f)
m2
g 4 D my < my
AC’tH _ 332 (1 - \}3 C12 (7‘(/3)) , mpyg = My
n’?j <8+ s+ 5 (ln’::%’ —1) ) mp > my
H t

with typical values AC* = (5.84,4.14,5.66) contributing to 78] by (—1.58,
—1.12, —-1.53) x 10~ respectively, for mg = (100, my, 300) GeV. The first
term in ([@ET]) is for AC* = 0, the second is the AC*H contribution for
my = my with uncertainty corresponding to the range my = 100 GeV to
mpy = 300 GeV .

Results for the Bosonic Contributions

Full electroweak bosonic corrections have been calculated in [90]. At the two—
loop level there are 1678 diagrams (fermion loops included) in the linear 't
Hooft gauge, and the many mass scales involved complicate the exact cal-
culation considerably. However, the heavy masses My, Mz and my, which
appear in the corresponding propagators, reveal these particles to be essen-
tially static, and one may perform asymptotic expansions in (m, /My )? and
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(My /mg)?, such that the calculation simplifies considerably. A further ap-
proximation is possible taking advantage of the smallness of the NC vec-
tor couplings, which are suppressed like (1 — 4 sin? Ow) ~ 0.1 for quarks
and (1 — 4 sin® Oy )% ~ 0.01 for leptons, i.e. in view of the experimental
value sin® Oy ~ 0.23 we may take sin® Oy = 1 /4 as a good approxima-
tion. This remarkable calculation was performed by Czarnecki, Krause and
Marciano in 1995 [90]. Altogether, they find for the two—loop electroweak
corrections

. V2G, m2 2 ;. M2 ’
a(Y BV (bosonic) = 16;2 a i izz_:l {agis‘z,v + mg b215‘2/V:| +O(s$)
~ 214113 x 1071 (4.79)
for My = 80.392 (sin®?Ow = 1 — M2,/M2) and myg = 250 GeV ranging

between mpy = 100 GeV and mpy = 500 GeV. The expansion coefficients are
given by

a2 = 35— %S =y ]\n;‘%:,

ap = S0+ 1L+ H RS — T+ G

ar =R P g, A S P — W
a; = — 198569465 + 235 \7/73 + 116837T2 + 21223 Sy — 134 In 1\1:1% _ gln 1\7}%
by = oo+ 0w — 39 + 3 In® A’Z%V — % In A’Z%V

by =4 5w 3lS+ 2w T 4 Sk

by =184 32+ MG S I — Ul ik

bi = A4 e S, + A T — I

and
4

9V

The on mass—shell renormalization prescription has been used. Part of the
two—loop bosonic corrections have been absorbed into the lowest order result,
by expressing the one-loop contributions in ([E33)) in terms of the muon decay
constant G 23 For the lower Higgs masses the heavy Higgs mass expansion
is not accurate and an exact calculation has been performed by Heinemeyer,

o=, Cla (g) — 0.2604341...

2In [91] using asymptotic expansions and setting my ~ My and sin? Ow ~ 0
an approximate form for the bosonic corrections
M2
+ O(sin® Ow In V2V )
m

s

_V2Gumi o [65 n Wes

e EW(
” 1672 T |9 m2

bosonic) =
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Stockinger and Weiglein [92] and by Gribouk and Czarnecki [93]. The result
has the form

2G,, m? . m2
al(f) EW (hosonic) = \/16;2 “z <ckL’°§’2L1 Mg + ¢ bos 2L> , (4.80)

2

where the coefficient of the large logarithm In ;4”5 ~ —13.27 is given by the
w

simple expression

o1
et = J1107 423 (1~ 4s5)%] ~ 5.96.

In contrast to the leading term the Higgs mass dependent function 08057% in

its exact analytic form is rather unwieldy and therefore has not been pub-
lished. It has been calculated numerically first in [92]. The result was con-
firmed in [93] which also presents a number of semi-analytic intermediate
results which give more insight into the calculation. In the range of interest,
myg = 50 GeV to mpy = 500 GeV, say, on may expand the result as a function
of the unknown Higgs mass in terms of Tschebycheff polynomials defined on
the interval [-1, 1], for example. With

z = (2mpg — 550 GeV) /(450 GeV)
and the polynomials
tlzl, tQZl‘, ti+2:23}t¢+1—ti, izl,-~' ,4

we may approximate ([L80) in the given range by

aff) EW (bosonic) ) x 10710 (4.81)

HM@:

with the coefficients a; = 80.0483, as = 8.4526, az = —3.3912, a4 = 1.4024,
as = —0.5420 and ag = 0.2227. The result is plotted in Fig. [£.15 and may be
summarized in the form

al) ¥V (bosonic) = (—21.561132) x 107" (4.82)

was given, which is not too far from the full result [@79) which for sin? Ow = 0.224
and my = 250 GeV may be cast into the effective form

2, m?2 2
aﬁfl) EW(bosonic) ~ —\/ 16”2m“ @ 5.96 In MVQV —0.19
s my,
B V2G, m «a

i X 789~ —21.1x 107 .
T
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144 . exact i
b large my expansion r
“1.44 > — — LL term -
a i <- Higgs mass lower bound I
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Fig. 4.15. Exact result for the bosonic correction vs. the asymptotic expansion
@73 minus a correction 0.88 x 10~ and the LL approximation (first term of

E30))

where the central value is obtained for my = m; and the validity range given
holds for myg = 100 GeV to myg = 300 GeV. The exact result exhibits a
much more moderate Higgs mass dependence at lower Higgs masses and the
uncertainty caused by the unknown Higgs mass is reduced substantially.

Summary of the Results for the Weak Contributions

The various weak contributions are collected in Table 3] and add up to the
total weak 2-loop contribution

ag*) EW ~ (—41.76t%éé[mH7mt] + 1.0[had]) x 1071 (4.83)

The high value —40.65 for low mpy = 100 GeV, the central value is for
mpy = my GeV and the minimum —43.15 for a high my = 300 GeV (see

B.33)).

Table 4.3. Summary of weak 2-loop effects. Fermion triangle loops: 1st, 2nd and
3rd family LO, fermion loops NLL and bosonic loops (with equation numbers)

leud] LO @A) [usc] LO @T6) [rbt] LO @53) NLL 78] bosonic (£32)
-2.0240.2 4.63+£0.3 821401  -537%1 216717
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Three-loop effects have been estimated by RG methods first in [67] and
confirmed in [68] with the result

a1 7Y =~ (04+02) x 1071 (4.84)

where the error stands for uncalculated 3-loop contributions.

By adding up ([@.33), (£83) and (£84)) we find the result
a,V = (153.5 + 1.0(had] * ]} [mp, me, 3 — loop]) x 10~ . (4.85)

based on [92} 68, O34
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5

Hadronic Effects

The basic problems we are confronted with when we have to include the non—
perturbative hadronic contributions to g — 2, we have outlined in Sect. B.2.1]
pp. I53H. and in Sect. (2.2 pp. 232Jf, already. We will distinguish three types
of contributions, which will be analyzed in different subsections below:

i

ii)

The most sizable hadronic effect is the O(a?) vacuum polarization in-
sertion in the internal photon line of the leading one-loop muon vertex
diagram Fig.[5.Il The hadronic “blob” can be calculated with help of the
method discussed in Sect. B.7.J] While perturbation theory fails and ab
initio non—perturbative calculations are not yet available, it may be ob-
tained via a DR from the measured cross—section ete~™ — hadrons via
BI138) and BI34).

An order of magnitude smaller but still of relevance are the hadronic VP
insertions contributing at order O(a?). They are represented by diagrams
exhibiting one additional VP insertion, leptonic or hadronic, in the pho-
ton line or by diagrams with an additional virtual photon attached in
all possible ways in Fig. 5.1l As long as hadronic effects enter via pho-
ton vacuum polarization only, they can be safely evaluated in terms of

[ [t

Fig. 5.1. Leading hadronic contribution to g — 2
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o Y’

Fig. 5.2. Leading hadronic light—by-light scattering contribution to g — 2

experimental data via the basic DR (BI3H). The errors of the data here
appear suppressed by one power in « relative to the leading hadronic
contribution and therefore do not play a critical role.

iii) More involved and problematic is the hadronic light—by-light contribution,
represented by the diagram Fig.[5.2] and entering at O(a?). Here, a low
energy effective field theory (EFT) approach beyond CHPT is needed and
some model assumptions are unavoidable. Unfortunately such effective
model predictions depend in a relevant way on model assumptions, as we
will see. What saves the day at present is the fact that the size of the effect
is only about twice the size of the uncertainty of the leading hadronic VP
contribution. Therefore, a rough estimate only cannot spoil the otherwise
reliable prediction. For the future it remains a real challenge for theory
since further progress in g — 2 precision physics depends on progress in
putting this calculation on a theoretically saver basis.

Since the different types of contributions are confronted with different
kinds of problems, which require a detailed discussion in each case, we will
consider them in turn in the following subsections.

5.1 Vacuum Polarization Effects and ete™ Data

Fortunately vacuum polarization effects may be handled via dispersion rela-
tions together with available eTe™ — hadrons data (see p. 3] for remarks on
the early history). The tools which we need to overcome the main difficulties
we have developed in Sect. B7.1] and at the end of Sect. For the evalu-
ation of the leading order contribution the main problem is the handling of
the experimental e™e~—annihilation data and in particular of their systematic
errors. The latter turn out to be the limiting factor for the precision of the
theoretical prediction of a,,.

To leading order in « the hadronic “blob” in Fig. 5] has to be identi-
fied with the photon self-energy function H,/yhad(s) which we relate to the
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cross—section ete™ — hadrons by means of the DR (3.I53) based on the
correspondence:

Y Y Y
@ |

I (g?) ~ oigi (@)

2

The interrelationship is based on unitarity (optical theorem) and causality
(analyticity), as elaborated before. Remember that H;had(qQ) is a one parti-
cle irreducible (1PI) object, represented by diagrams which cannot be cut into
two disconnected parts by cutting a single photon line. At low energies the
imaginary part is related to intermediate hadronic states like 7%, p,w, ¢, - - -,
mm, 3w 4w, wry, o KK oo omwZ, -+ wwH, -+ (at least one hadron
plus any strong, electromagnetic or weak interaction contribution), which in
the DR correspond to the states produced in et e~ —annihilation via a virtual
photon (at energies sufficiently below the point where v— Z interference comes
into play).

At low energies, near flavor thresholds and in domains exhibiting reso-
nances 0124 (¢?) cannot be calculated from first principles, because at present
we lack appropriate non—perturbative methods to perform calculations in the
time-like region.

Fortunately, the cross—sections required are available in form of existing
experimental data. Since the leading hadronic contribution is rather large,
an elaborate handling of the experimental data is mandatory because the
experimental errors are substantial and of course limit the precision of the
“theoretical” prediction of a,. Like the deep inelastic electron-nucleon scat-
tering experiments, the et e~ —annihilation experiments played an eminent role
in establishing QCD as the underlying theory of the strong interaction and
have a long history. Touschek initiated the construction of an eTe™ storage
ring accelerator in the early 1960’s at Frascati near Rome. Improved eTe™
storage ring facilities and first cross—section measurements followed at Orsay,
Novosibirsk and Frascati. The observed rise in the total hadronic cross—section
at these times looked very puzzling, as actually a drop as 1/E? was expected
at high energies from unitarity arguments. The CEA experiment [I], however,
which operated at slightly higher energy, left no room for doubts that the
cross—section was far higher than theoretical expectations. For the first time,

'Note that in place of the representation (BI54) which requires the hadronic
cross—section, per se a time-like quantity, there is the alternative representation
(BIED) in terms of the space-like Adler—function, which at low energies is accessible
to non—perturbative lattice QCD simulations. At higher energies pQCD is applicable
(see Sect.[Z8). Progress in lattice QCD together with perturbation theory will allow
us to calculate azad from the QCD Lagrangian one day in future.
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QC[E, which predicted a cross—section enhanced by the color multiplicity
factor 3, was clearly favored by experiment and as we know in the sequel rev-
olutioned strong interaction physics [3| 4 [5]. SLAC and DESY, reaching higher
energies, followed and unexpectedly new states were discovered at SLAC, the
7 lepton, the charm quark ¢ and the bottom quark b. The highest energies
so far were reached with LEP at CERN going up to 200 GeV. Important for
the evaluation of the hadronic contributions to g — 2 are recent and ongo-
ing hadronic cross—section measurements at Novosibirsk, Frascati and Beijing
which provided much more accurate eTe™ data. Table [5.1] gives a more com-
plete overview of the history of ete™ machines and experiments and the max-
imum center of mass energy they reached. Unfortunately, some of the energy
ranges have been covered only by old experiments with typically 20% system-
atic errors. For a precise evaluation of the hadronic effects we need to combine
data sets from many experiments of very different quality and performed in
different energy intervals. The key problem here is the proper handling of the
systematic errors, which are of different origin and depend on the experiment
(machine and detector) as well as on theory input like radiative corrections.
The statistical errors commonly are assumed to be Gaussian and hence may
be added in quadrature. A problem here may be the low statistics of many
of the older experiments which may not always justify this treatment. In the

Table 5.1. Chronology of eTe™ facilities

Year Accelerator Emax (GeV) Experiments Laboratory
1961-1962 AdA 0.250 LNF Frascati (Italy)
1965-1973 ACO 0.6-1.1 DM1 Orsay (France)
1967-1970 VEPP-2 1.02-1.4 ‘spark chamber’ Novosibirsk (Russia)
1967-1993 ADONE 3.0 BCF,vv, 772, MEA, LNF Frascati (Italy)
wr, FENICE

1971-1973 CEA 4,5 Cambridge (USA)

1972-1990 SPEAR 2.4-8 MARK I, CB, MARK 2 SLAC Stanford (USA)

1974-1992 DORIS -11 ARGUS, CB, DASP 2, DESY Hamburg (D)
LENA, PLUTO

1975-1984 DCI 3.7 DM1,DM2,M3N,BB Orsay (France)

1975-2000 VEPP-2M 0.4-1.4 OLYA, CMD, CMD-2, Novosibirsk (Russia)
ND,SND

1978-1986 PETRA 12-47 PLUTO, CELLO, JADE, DESY Hamburg (D)
MARK-J, TASSO

1979-1985 VEPP-4 -11 MD1 Novosibirsk (Russia)

1979- CESR 9-12 CLEO, CUSB Cornell (USA)
1980-1990 PEP -29 MAC, MARK-2 SLAC Stanford (USA)
1987-1995 TRISTAN 50-64 AMY, TOPAZ, VENUS KEK Tsukuba (Japan)

1989 SLC 90 GeV SLD SLAC Stanford (USA)
1989-2001 BEPC 2.0-4.8 BES, BES-II THEP Beijing (China)
1989-2000  LEP I/II 110/210 ALEPH, DELPHI, L3, CERN Geneva (CH)

OPAL
19992007 DA®NE P factory KLOE LNF Frascati (Italy)
1999- PEP-II B factory BABAR SLAC Stanford (USA)
1999- KEKB B factory Belle KEK Tsukuba (Japan)

2Apart from its
scattering [2].

role in explaining Bjorken scaling in deep inelastic ep—
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low energy region particularly important for ¢ — 2, however, data have im-
proved dramatically in recent years (CMD-2, SND/Novosibirsk, BES/Beijing,
CLEO/Cornell, KLOE/Frascati, BaBar/SLAC) and the statistical errors are
a minor problem now.

The main uncertainty, related to the systematic errors of the experimental
data, is evaluated via a certain common sense type error handling, which often
cannot be justified unambiguously. This “freedom” of choice has lead to a large
number of estimates by different groups which mainly differ by individual
taste and the level of effort which is made in the analysis of the data. Issues
here are: the completeness of the data utilized, interpolation and modeling
procedures, e.g. direct integration of the data by applying the trapezoidal rule
versus fitting the data to some smooth functional form before integration,
separation of energy ranges where data or theory (pQCD and/or hadronic
models) are considered to be more reliable, combining the data before or after
integration etc.

A reliable combination of the data requires to know more or less precisely
what experiments have actually measured and what they have published. As
mentioned earlier hadronic cross—section data are represented usually by the
cross—section ratio

Rhd (5) o(ete™ — v* — hadrons)
5

5.1
olete” =" = ptp~) o1

which measures the hadronic cross—section in units of the leptonic point—
cross—section. One of the key questions here is: what is the precise definition
of R(s) as a “measured” quantity? In theory we would consider (5.1I), which

also may be written in terms of lowest order cross—sections, with respect to
QED effects. In short notation

Rhad(s) = O'had(S) _ Ugad(s)

! oun(s)  opu(s)
which reveals R(s) defined in this way as an undressed R (s) quantity, since in
the ratio common effects, like dressing by VP effects (iterated VP insertions),
normalizationd (luminosity measurement) and the like cancel from the ratio
automatically. While the dressedd physical cross-sections Ohad(s) and o,,(s)
are proportional to the square of the effective running fine structure constant
a(s) see (BIIH and Fig. BI3) the “bare” or “undressed” omes of, 4(s) and

0

o, #(s) are proportional to the square of the classical fine structure constant «

determined at zero momentum transfer. The ratio obviously is insensitive to

3Note that the initial state radiation (ISR) bremsstrahlung only cancels if the
same cuts are applied to hadro—production and to p™ ™~ pair production, a condi-
tion, which usually is not satisfied. We should keep in mind that experimentally it
is not possible to distinguish an initial state photon from a final state photon.

“The terminus “dressed” refers to the inclusion of higher order effects which are
always included in measured quantities.
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dressing by vacuum polarization. For the leading diagram Fig. 511 “dressed”
would mean that the full photon propagator is inserted, “undressed” means
that just the 1PI photon self-energy is inserted.

In principle, one could attempt to treat self-energy insertions in terms of
the full photon propagator according to (B.I45]), however, vertices cannot be
resumed in a similar way such that working consistently with full propagators
and full vertices as building blocks, known as the “skeleton expansion”, is
technically not feasible. One should avoid as much as possible treating part
of the contributions in a different way than others. One has to remind that
many fundamental properties of a QFT like gauge invariance, unitarity or
locality, only can be controlled systematically order by order in perturbation
theory. We therefore advocate to stick as much as possible to an order by order
approach for what concerns the expansion in the electromagnetic coupling «,
i.e. we will use (3145]) only in expanded form which allows a systematic order
by order treatment in «.

It turns out that at the level of accuracy we are aiming at, the quantity
R(s) we need is not really the ratio (5.IJ). We have seen that some unwanted
effects cancel but others do not. In particular all kinds of electromagnetic
radiation effects do not cancel in the ratio. This is obvious if we consider
the low energy region, particularly important for the a;*? evaluation, where
7T~ —production dominates and according to (5.I)) should be compared with
puTp~—production. Neither the final state radiation (FSR) bremsstrahlung
contributions nor the phase spaces are commensurate and drop out, and the
wT p~—production phase space in the threshold region of 7+~ —pair produc-
tion is certainly in the wrong place here. What we need is the hadronic con-
tribution to Im I/ (s), which is what enters in the DR for IT/(s). Thus, what
one has to extract from the measurements for the use in the DR is

had _ " had
R (s) = 12rImII " (s) (5.2)

as accurately as possible, where IT."24(s) is the hadronic component of the
1PI photon self-energy.

In fact the high energy asymptotic form of o,,(s) is the quantity appro-
priate for the normalization:

4raf(s)?

3s

At first, the cross—section here must have been corrected for bremsstrahlung
effects, because the latter are process and detector dependent and are of higher
order in a. The detector dependence is due to finite detector resolution and
other so called cuts which we have discussed in Sect. Cuts are unavoid-
able as real detectors by construction have some blind zones, e.g. the beam
tube, and detection thresholds where events get lost. This requires acceptance
and efficiency corrections. As a matter of fact a total cross—section can be
obtained only by extrapolations and theory or some modeling assumptions
may be required to extract the quantity of interest.

R:ad(s) = o(eTe” — hadrons)/ (5.3)
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There are two types of total cross—section “measurements”. At low ener-
gies, in practice up to 1.4 to 2.1 GeV, one has to identify individual final states,
because there is no typical characteristic “stamp”, which allows the experi-
menter to identify a hadronic versus a non-hadronic event. One has to identify
individual states by mass, charge, multiplicity, the number of final state par-
ticles. At high energies the primary quark pair produced hadronizes into two
or more bunches, called jets, of hadrons of multiplicity increasing with energy.
With increasing energy one passes more and more multi-hadron thresholds,
like the ones of the n pion channels: 777 ~, 77 7%, 7t n~ntn~, 7ta— 770
and so on, and the energy available distributes preferably into many—particle
states if the corresponding phase space is available (see Fig. [5.3). The non—
perturbative nature of the strong interaction is clearly manifest here since a
perturbative order by order hierarchy is obviously absent on the level of the
hadrons produced. In contrast, created lepton pairs can be easily identified
in a detector as a two—body state and other non—hadronic states are down in
the rate at least by one order in . Therefore, at high enough energy one may
easily separate leptons from hadrons because they have clearly distinguish-
able signatures, in the first place the multiplicity. This allows for an inclusive
measurement of the total cross—section, all hadronic states count and there
is no need for identification of individual channels. Such measurements are

S3oox

mmﬁ
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Fig. 5.3. Thresholds for exclusive multi particle channels below 2 GeV



270 5 Hadronic Effects

availabld] above about 1.4 GeV (MEA, vy2). Above 2.1 GeV inclusive mea-
surements are standard. The amazing fact is that at the level of the inclusive
cross—section, for high enough energies when the effective strong coupling con-
stant « is small enough (see Fig. B3], perturbative QCD starts to work well
away from threshold regions, where resonances show up, in the sense

o(ete” — hadrons)(s) = Za(eJre* — Xp)(s) ~ Z olete™ — qq)(s),
X5 q

where the sums go over all states which are possible by conservation laws and
phase space. The sum over quarks ¢ is subject to the constraint 4m§ < s.
The quark—pair production cross—section is calculable in pQCD. Here the
asymptotic freedom of QCD (see p.[I29]) comes into play in a way similar to
what is familiar from deep inelastic ep—scattering and Bjorken scaling.

At low energies an inclusive measurement of the total hadronic cross—
sections is not possible and pQCD completely fails. Experimentally, it becomes
a highly non—trivial task to separate muon—pairs from pion—pairs, neutral pi-
ons from photons, 7t7~ 7" from 77~y etc. Here only exclusive measure-
ments are possible, each channel has to be identified individually and the
cross—section is obtained by adding up all possible channels. Many channels,
e.g. those with 7%’s are not easy to identify and often one uses isospin relations
or other kind of theory input to estimate the total cross—section.

Experimentally, what is determined is of the form (see ([2.103]))

_ Nhad (1 + 5RC) Unorm(s)

Rhad exp (g
( ) Nhorm € U,u,u,O(S) ’

where Np,q is the number of observed hadronic events, Ny om is the number of
observed normalizing events, ¢ is the detector efficiency—acceptance product
of hadronic events while dg¢ are radiative corrections to hadron production.
Onorm (8) 1s the physical cross—section for normalizing events (including all
radiative corrections integrated over the acceptance used for the luminosity
measurement) and o,,0(s) = 47a?/3s is the normalization. In particular
this shows that a precise measurement of R requires precise knowledge of the
relevant radiative corrections.

For the normalization mostly the Bhabha scattering process is utilized [or
i itself in some cases]. In general, it is important to be aware of the fact that
the effective fine structure constant a(u) enters radiative correction calcula-
tions with different scales p in “had” and “norm” and thus must be taken into
account carefullyﬁ. Care also is needed concerning the ISR corrections because
cuts for the Bhabha process (ete™ — eTe™) typically are different from the

5Tdentifying the many channel (see Fig. [[3) is difficult in particular when neu-
trals are involved. There is plenty of problems both with missing events or double
counting states.

SBhabha scattering e (p1) e (p-) — et (pl) e (p_) has two tree level di-
agrams Fig. [£.4] the t— and the s—channel. With the positive c.m. energy square

(
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Fig. 5.4. VP dressed tree level Bhabha scattering in QED

ones applied to ete™ — hadrons. Usually, experiments have included corre-
sponding uncertainties in their systematic errors, if they not have explicitly
accounted for all appropriate radiative corrections.

The most important contribution for calculating aﬂad comes from the low
energy region below about 1 GeV. In Fig. we show a compilation of the
measurements of the square of the pion form factor |Fy(s)|> = 4 R (s)/32
with 3, = (1 — 4m2 /s)'/? the pion velocity.

A collection of eTe~—data above 1 GeV is shown in Fig. [6], an up—
to—date version of earlier compilations [7}, 8 @] 10 1T} 12} 03] by different
groups. For detailed references and comments on the data we refer to [7] and
the more recent experimental papers by MD-1 [I4], BES [I5], CMD-2 [16} [I7],
KLOE [18], SND [19] and BaBar [20]. A list of experiments and references is
given in [I3], where the data available are collected.

A lot of effort went into the perturbative QCD calculation of R(s). The
leading term is given by the QPM result

R(s)M ~ N, Zq Qz , (5.4)

s = (p* + p7)? and the negative momentum transfer square t = (p_ — p’)* =

—; (s —4m?2) (1 —cos®), 0 the e~ scattering angle, there are two very different scales

involved. The VP dressed lowest order cross—section is

do s 2
- A
dcos®@ 48w sz | Ak

in terms of the tree level helicity amplitudes A;x, i,k =L,R denoting left— and
right—-handed electrons. The dressed transition amplitudes, in the approximation of
vanishing electron mass, read

3 2 2(t) |2
|ALL,RR|2 _ o (1 +COS€)2 € ’55) + € lg )

3 2 2|
|ALR,RL|2 _ o (1 — cos 0)2 € is) + € IE )

Preferably one uses small angle Bhabha scattering (small [¢|) as a normalizing pro-
cess which is dominated by the t—channel ~ 1/t, however, detecting electrons and
positrons along the beam axis often has its technical limitations.
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Fig. 5.5. The dominating low energy tail is given by the channel eTe™ — 777~

which forms the p-resonance. The p — w mixing caused by isospin breaking (m. —
mgq # 0) is distorting the ideal Breit-Wigner resonance shape of the p

where the sum extends over quarks q with 4m3 < s. Thus depending on

the number of quark thresholds passed R =2, 10/3 and 11/3 for N, = 3,4
and 5, respectively. In Fig. one may nicely observe the jumps in R when
a new threshold is passed. The higher order corrections are very important
for a precise calculation of the contributions from the perturbative regions.
Fortunately they are moderate sufficiently far above the thresholds. In pQCD
the MS scheme (see Sect. [ZG.0]) is generally adopted and normal order by
order calculations are always improved by RG resummations. Corrections are
known to O(a2) [4, 21, 221 23]. The last term was first obtained by Gorishnii,
Kataev, Larin and Surguladze, Samuel [22] in the massless limit, and then
extended to include the mass effect by Chetyrkin, Kiithn et al. [23]. The state
of the art was implemented recently in the program RHAD by Harlander and
Steinhauser [24]. Away from the resonance regions the agreement between
theory and experiment looks fairly convincing, however, one has to keep in
mind that the systematic errors, which vary widely between a few % up to
20% are not shown in the plot. Typically, the theory result is much more ac-
curate than the experimental one, in regions where it applies. This is possible,
because, the QCD parameters as and the charm and bottom quark masses
relevant here are known from plenty of all kinds of experiments rather ac-
curately now. Nevertheless, it is not obvious that applying pQCD in place
of the data, as frequently done, is not missing some non—perturbative con-
tributions. The non—perturbative quark condensate terms (1/Q* power cor-
rections) which enter the OPE are not a real problem in our context as they
are small at energies where pQCD applies [25]. There are other kinds of NP
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Fig. 5.6. Experimental results for R5*(s) in the range 1 GeV < E = /s <
13 GeV, obtained at the eTe™ storage rings listed in Table [5.Jl The perturbative
quark—antiquark pair-production cross—section is also displayed (pQCD). Parame-
ters: as(Mz) = 0.118 + 0.003, M. = 1.6 + 0.15 GeV, M, = 4.75 + 0.2 GeV and

e (4 ,2/s)

phenomena like bound states, resonances, instantons and in particular the
hadronization of the quarks. In applying pQCD to describe real physical cross—
sections of hadro—production one needs a “rule” which bridges the asymptotic
freedom regime with the confinement regime, since the hadronization of the
colored partons produced in the hard kicks into color singlet hadrons eludes
a quantitative understanding. The rule is referred to as quark hadron dual-
ityl [27) 28], which states that for large s the average non—perturbative hadron
cross—section equals the perturbative quark cross—section:

o(eTe~ — hadrons)(s) ~ Z alete™ — qq)(s),

q

(5.5)

"Quark-hadron duality was first observed phenomenologically for the structure
function in deep inelastic electron—proton scattering [26].
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where the averaging extends from threshold up to the given s value which
must lie far enough above a threshold (global duality). Approximately, such
duality relations then would hold for energy intervals which start just below
the last threshold passed up to s. Qualitatively, such a behavior is visible in
the data, however, for precise reliable predictions it has not yet been possible
to quantify the accuracy of the duality conjecture. A quantitative check would
require much more precise cross—section measurements than the ones available
today. Ideally, one should attempt to reach the accuracy of pQCD predictions.
In addition, in dispersion integrals the cross—sections are weighted by different
s—dependent kernels, while the duality statement is claimed to hold for weight
unity. One procedure definitely is contradicting duality reasonings: to “take
pQCD plus resonances” or to “take pQCD where R(s) is smooth and data in
the complementary ranges”. Also adjusting the normalization of experimental
data to conform with pQCD within energy intervals (assuming local duality)
has no solid foundation.

In view of the problematic quality of the data in some regions a “theory—
driven” approach replacing data by pQCD results in smaller or larger inter-
vals [29, B0, BI] may well be adequate to reduce the hadronic uncertainties.
However, the uncertainty of the pQCD results evaluated by varying just the
QCD parameters a(p), the quark masses mg (1) and the renormalization scale

u, conventionally, in a range u € (\és,2\/s), generally does not account for
possible non—perturbative uncertainties, related to the hadronization process.
Thus the problem of the theory driven approach is a reliable error estimate,
and not the shift in the central value, which may well be shifted in the right
direction. In the following we generally present a conservative approach of the
evaluation of the hadronic effects, taking the data and directly integrating
them in all regions where pQCD cannot be trusted in the sense as advocated
in [24].

The following data integration procedure has been used for the evaluation
of the dispersion integral:

1. Take data as they are and apply the trapezoidal rule (connecting data
points by straight lines) for integration.

2. To combine results from different experiments: i) integrate data for
individual experiments and combine the results, ii) combine data from
different experiments before integration and integrate the combined “in-
tegrand”. Check consistency of the two possible procedures to estimate
the reliability of the results.

3. Error analysis: 1) statistical errors are added in quadrature, 2) systematic
errors are added linearly for different experiments, 3) combined results are
obtained by taking weighted averages. 4) all errors are added in quadrature
for “independent” data sets. We assume this to be allowed in particular
for different energy regions and/or different accelerators.

4. The p-resonance region is integrated using the Gounaris-Sakurai (GS)
parametrization of the pion form factor [32]. Other pronounced resonances
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have been parametrized by Breit-Wigner shapes with parameters taken
from the Particle Data Tables [33].

5.1.1 Integrating the Experimental Data and Estimating the Error

Here we briefly elaborate on procedures and problems related to the inte-
gration of the function R(s) given in terms of experimental data sets with
statistical and systematic errors. Obviously one needs some interpolation pro-
cedure between the data points. The simplest is to use the trapezoidal rule in
which data points are joined by straight lines. This procedure is problematic
if data points are sparse in relation to the functional shape of R(s). Note
that in pQCD R(s) is close to piecewise constant away from thresholds and
resonances (where pQCD fails) and the trapezoidal rule should work reliably.
For resonances the trapezoidal rule is not very suitable and therefor one uses
Breit-Wigner type parametrizations in terms of resonance parameters given
in the particle data table. Here it is important to check which type of BW
parametrization has been used to determine the resonance parameters (see [7]
for a detailed discussion). Some analyses use other smoothing procedures, by
fitting the data to some guessed functional form (see e.g. [34] [35]).

While statistical errors commonly are added in quadrature (Gaussian er-
ror propagation), the systematic errors of an experiment have to be added
linearly, because they encode overall errors like normalization or acceptance
errors. Usually the experiments give systematic errors as a relative system-
atic uncertainty and the systematic error to be added linearly is given by
the central value times the relative uncertainty. For data from different ex-
periments the combination of the systematic errors is more problematic. If
one would add systematic errors linearly everywhere, the error would be ob-
viously overestimated since one would not take into account the fact that
independent experiments have been performed. However, often experiments
use common simulation techniques for acceptance and luminosity determina-
tions and the same state—of-the—art calculations for radiative corrections such
that correlations between different experiments cannot be excluded. Since we
are interested in the integral over the data only, a natural procedure seems
to be the following: for a given energy range (scan region) we integrate the
data points for each individual experiment and then take a weighted mean,
based on the quadratically combined statistical and systematic error, of the
experiments which have been performed in this energy range. By doing so we
have assumed that different experiments have independent systematic errors,
which of course often is only partially trudd. The problem with this method
is that there exist regions where data are sparse yet the cross—section varies

81f there are known common errors, like the normalization errors for experiments
performed at the same facility, one has to add the common error after averaging. In
some cases we correct for possible common errors by scaling up the systematic error
appropriately.
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rapidly, like in the p-resonance region. The applicability of the trapezoidal
rule is then not reliable, but taking other models for the extrapolation intro-
duces another source of systematic errors. It was noticed some time ago in [36]
that fitting data to some function by minimizing x? may lead to misleading
results. Fortunately, the problem may be circumvented by the appropriate
definition of the y? to be minimized (see below).

In order to start from a better defined integrand we do better to combine
all available data points into a single dataset. If we would take just the col-
lection of points as if they were from one experiment we not only would get
a too pessimistic error estimate but a serious problem could be that scarcely
distributed precise data points do not get the appropriate weight relative to
densely spaced data point with larger errors. What seems to be more adequate
is to take for each point of the combined set the weighted average of the given
point and the linearly interpolated points of the other experiments:

with total error 6y = 1/y/w, where w = >, w; and w; = 1/62, ¢ - BY 6itot =

07 sta 1 07 4y We denote the combined error of the individual measurements.
In addition, to each point a statistical and a systematic error is assigned by

taking weighted averages of the squared errors:

sta—\/ § wz zsta ) sys—\/ § wz zsys .

There is of course an ambiguity in separating the well-defined combined
error into a statistical and a systematic one. We may also calculate sepa-
rately the total error and the statistical one and obtain a systematic error
Osys = \/ 62, — 0%, Both procedures give very similar results. We also calcu-
late x? = >, w; (R; — R)? and compare it with N — 1, where N is the number
of experiments. Whenever S = /x2/(N —1) > 1, we scale the errors by
the factor S, unless there are plausible arguments which allow one to discard
inconsistent data points.

In order to extract the maximum of information, weighted averages of
different experiments at a given energy are calculated. The solution of the
averaging problem may be found by minimizing x? as defined by

Nexp Ny,

:ZZ ) (CH)™! (R} — Ry)

where R} is the R measurement of the nth experiment at energy \/si, Nexp
the number of experiments, C}} is the covariance matrix between the ith and
jth data point of the nth experiment, and R is the average to be determined.
The covariance matrix is given by
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n __ (5insta)2+(51nsys)2 fOI‘j:i ..
CZ]_{ sm .o fOI'];éZ ) 7’7.]_17"';Nn

isys “jsys

where 6., and 0. . denote the statistical and systematic error, respectively,

1 sta VA
2
of R}'. The minimum condition g’é = 0, for all i yields the system of linear
equations

1

Nex
n=1

Np
Jj=1

The inverse covariance matrix C;; ! between the calculated averages R; and
R; is the sum over the inverse covariances of every experiment

Nexp

Cit =2 (CH

n=1

This procedure, if taken literally, would yield reliable fits only if the errors
would be small enough, which would require in particular sufficiently high
statistics. In fact, many of the older experiments suffer from low statistics
and uncertain normalization and the fits obtained in this manner are biased
towards too low values (compare [34] with [35], for example). The correct
x? minimization requires to replace the experimental covariance matrices Cl”j
by the ones of the fit result C;; [36]. This is possible by iteration with the
experimental covariance as a start value.

5.1.2 The Cross—Section ete~ — Hadrons

The total cross—section for hadron production in e*e~—annihilation (a typical
s—channel process) may be written in the form

« 47 2m? /
Onad(5) = \/ . (1+ S) Im I7."*(s)
1"

4

e’ / ,
. Im H,Yhad(s) , since s > 4m2 > m?

1

where I7."*(s) is the hadronic part of the photon vacuum polarization with
(see (BI3I) and Sect. BT

2
'had/_\ _ © had
Im I7.%(s) = 127TR'Y (s) .

From ([ZI73) we easily get the lowest order quark/antiquark pair-production
cross—section encoded in
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4m? 2m?
RgQCD(s):ZNCng\/1— S‘f <1+ Sq> : (5.6)
q

which however is a reasonable approximation to hadro—production only at
high energies away from thresholds and resonances (see below) and to the
extent that quark-hadron duality (5.5 holds. At low energies 4m?2 < s <
9m?2 wr-production is the dominant hadro—production process. The pion—
pair production is commonly parametrized in terms of a non—perturbative
amplitude, the pion form—factor Fy(s),

3

1 4m2\ 2

Rgad(s):4<1— m’*) FOGP,  s<9m?. (5.7)
S

For point-like pions we would have F(s) = F(0) = 1. At this point it is
important to remind the reader that we have been deriving a set of relations
and formulae to leading order O(a?) in QED in Sect. 2.7. For a precise analysis
of the hadronic effects higher order QED corrections are important as well.
Furthermore, we have assumed that the center of mass energy E = /s is small
enough, typically, £ < 12 GeV say, such that virtual Z exchange contributions
ete”™ — Z* — hadrons or ete™ — Z* — uTpu~ are sufficiently suppressed
relative to virtual v* exchange at the precision we are aiming at. Since abad
is rather insensitive to the high energy tail such a condition is not a problem.

In order to obtain the observed cross—section, we have to include the
QED corrections, the virtual, soft and hard photon effects. The basic prob-
lems have been discussed in Sect. For the important 77 channel, as-
suming scalar QED for the pions (see Fig. for the Feynman rules) the
one—loop diagrams are depicted in Fig. B.7 In calculating the corrected

+ >Mu:§ -
e
s 5l

#
+ ¢ +
<

+

+

Fig. 5.7. One-loop sQED radiative corrections to pion—pair production assuming
point—like pions
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cross—section one starts with point—like pions and replaces the point form—
factor FP°int(s) = 1 (strong interaction switched off) by the strong inter-
action dressed one with Fy(s) a generic function of s. At least to O(a?)
this is possible due to the simple structure (see (L.8))) of the observed cross—
section [37] [38] [39] [40].

Particularly important is the initial state radiation (ISR) which may lead
to huge corrections in the shape of the cross—section. The most dramatic
effects are of kinematical nature and may be used for cross—section measure-
ments by the radiative return (RR) mechanism shown in Fig. in the
radiative process eTe™ — w7y, photon radiation from the initial state
reduces the invariant mass from s to s’ = s(1 — k) of the produced final
state, where k is the fraction of energy carried away by the photon radiated
from the initial state. This may be used to measure op,q(s’) at all energies
V/s' lower than the fixed energy /s at which the accelerator is running [41].
This is particularly interesting for machines running on-resonance like the ¢
and B-factories, which typically have huge event rates as they are running
on top of a peak [42] [43] 44]. The first dedicated radiative return experi-
ment has been performed by KLOE at DA®NE/Frascati, by measuring the
7t~ cross-section [I8] (see Fig. IBEE Results from BABAR will be discussed
later.

~ hard
>\N\(Xﬂ T, po >\A/\/<} hadrons
¢,3751— s k= E,.Fyeam
a) b)

Fig. 5.8. a) Radiative return measurement of the 777~ cross—section by KLOE
at the ¢p—factory DAPNE. At the B—factory at SLAC, using the same principle,
BABAR has measured many other channels at higher energies. b) Standard mea-
surement of ohaq in an energy scan, by tuning the beam energy

9The KLOE measurement is a radiative return measurement witch is a next to
leading order approach. On the theory side one expects that the handling of the
photon radiation requires one order in a more than the scan method for obtaining
the same accuracy. At present the cross—section determined by KLOE using the
PHOKARA Monte Carlo, as a function of the pion—pair invariant mass appears
tilted relative to the CMD-2/SND data. KLOE data lie higher below the p° and
lower above the p°, with deviations at the few % level at the boundaries of the
measured energy range. What is observed is that there is no deviation in the integral
taken over the measured range, while there is a difference in the distribution (see
comments after Table [[3). My speculation is that this may be due to a slight
misidentification of the pion—pair invariant mass by unreconstructed higher order
radiation effects. In fact additional unidentified final state photon radiation tends
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The “observed” cross—section at O(a?) may be written in the form
0°*(s) = 00(s) [1+ Gini(w) + Ofin(w)]

s—2wv/s s—2w/s
+/ ds’ 0o(s") pii(s, s’) + 00(5)/ ds’ pan(s,s’), (5.8)
4 4

2 2
m7|' m7|'

which also illustrates the unfolding problem one is confronted with in de-
termining the cross—section of interest og(s). This “bare” cross—section, un-
dressed from electromagnetic effects, is formally given by the point
cross—section (2:257]) times the absolute square of the pion form—factor which
encodes the strong interaction effects

71'0(2
o0ls) = |Fu () 07 () = T 62 Fa(s)] (59)

w is an IR cut parameter as introduced in Sect. 2.6.6l It drops out in the
sum (E8). The initial state corrections, in the approximation O(am?/m?),
are given by the following virtual+soft (V+S) and hard (H) parts:

Sini(w) = In <2j‘;> Be(s) + i {—2 + 7;2 + ;L}

where L. = In (m) and B,(s) = 2* [L, — 1]. The hard ISR radiator func-

tion is given by

Pini(s,8") = 1 {B@(s) o«

: () -] |

1—=2 ™

with z = s’/s. We denote by 3, = (1 —4m?2 /s)'/2 the pion velocity. The final
state corrections again we separate into a virtual4soft part and a hard part:

A2
Ofin(w) = In <?/U;> Br(s,s') + : {38 sﬁimﬂ In (1jg:> -2

L 1-p32 3..( % 1+ﬁ,%1 1+ Bx
() ) - G
1+/67T 1"’677 1_677
[1n< 5 )—l—ln(ﬁﬂ)}—kln( 25, )111( 25”)
. 20 . 1-— 0, 2
+ 2Lis (1 —l—ﬂﬂ—> + 2Lis (— 25” > — 37T2:|} ,

w2 [ (1 200) )

to move events from a higher energy bin into a lower one. The integral is obviously
less sensitive to the correct even—by—event energy determination.

with
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The hard FSR radiator function reads

1 [ Bx(s,s) n 2a(1 B Z)ﬁﬂ(s')

prin(s; ') = s| 1—z T B2(s)

At the level of precision of interest also higher order corrections should be
included. The O(a?) corrections are partially known only and we refer to [39]
and references therein for more details.

The crucial point is that the radiator functions pi,i(s, s’) and to some ex-
tent also pan (s, s') are calculable in QED. Pion pair production is C-invariant
and it is very important that experimental angular cuts, which always have
to be applied, are symmetric such that C' invariance is respected. Then, as in
(E3) for the total cross—section, at the one-loop level initial-final state (IFS)
interference terms are vanishing, also for the cut cross—sections. Generally, the
IF'S interference derives from the box diagrams of Fig. 5.7 and the cross terms

//I //I
N\, >< N\,
Y anan

which are obtained in calculating the transition probability |T'|2. Under this
condition the cross—section factorizes into initial state and final state radiation
as in (.8). Still we have a problem, the FSR is not calculable from first prin-
ciples [45] [46]. Such pgn(s,s’) is model-dependent, however the soft photon
part is well modeled by sQED.

One other important point should be added here. A look at Fig. tells
us that there are two factors of e in the related matrix element, the absolute
square of which determines the hadronic cross—section. One from the initial
ete~y*—vertex the other from the hadronic vertex. The physical hadronic
cross—section is proportional to «a(s)?, because in the physical cross-section

101n radiative return measurements at low energy one looks at the 77~ invariant
mass distribution (g;’/) plus any photon. Once s’ is fixed the missing energy s — s’ is
fixed and an “automatic” unfolding is obtained. Using the pion form factor ansatz:

d d point d point
(&) =mer () HEOF (57) ,
ds sym—cut ds ini, sym—cut ds fin, sym—cut

we may directly resolve for the pion form factor as

e 1 do ) do point
|F7"(S)| - (dg)POiTW {(dSl B t_|F7"(S)| dS/ 4 Cent °
sym-—cu n, sym—cu

ds’ /ini, sym—cut

This is a remarkable equation since it tells us that the inclusive pion—pair invariant
mass spectrum allows us to get the pion form factor unfolded from photon radiation
directly as for fixed s and a given s’ the photon energy is determined. The point cross
sections are assumed to be given by theory and do /ds’ is the observed experimental
pion—pair spectral function.
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the full photon propagator including all radiative corrections contributes in
the measurement, as discussed in Sect.[371] In order to obtain the 1PI photon
self-energy, which is our building-block for systematic order by order (in «)
calculations, we have the undress the physical cross—section from multiple 1PI
insertions, which make up the dressed propagator. This requires to replace the
running a(s) by the classical a:

2
otot(eTe” — hadrons) — aégt) (eTe™ — hadrons) < ?)) (5.10)
als

and, using (3I37)) we obtain
KT o% (e*e~ — hadrons)
/ ds (5.11)

I (K?) — I, (0) = (s — k2 —ie)

T 4na

Note that using the physical cross section in the DR gives a nonsensical result,
since in order to get the photon propagator we have to subtract in any case
the external charge at the right scale. Thus while
o0
k2 / Ttot(eTe™ — hadrons)
4l (s — k2 —ie)
is double counting the VP effects, and therefore does not yield something
useful, the linearly o/« (s)-rescaled cross—section
KT *e~ — had
1 _
/ orot(eTe — fi rons) 7 (5.12)
472 a(s) (s — k2 —ig)
0

yields the hadronic shift in the full photon propagator. Only at least once
VP-subtracted physical cross—sections are useful in DRs!

5.1.3 R(s) in Perturbative QCD

Due to the property of asymptotic freedom, which infers that the effective
strong interaction constant a,(s) becomes weaker the higher the energy scale
E = /s, we may calculate the hadronic current correlators in perturbation
theory as a power series in ag/m. According to the general analysis presented
above, the object of interest is

p(s) = 71_ImHAY(s) ; IL(q) : ) (5.13)

The QCD perturbation expansion diagrammatically is given by
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Lines s show external photons, —s— propagating quarks/anti-
quarks and oo™ propagating gluons. See Fig. for the Feynman rules
of QCD. The vertices ® are marking renormalization counter term insertions.
They correspond to subtraction terms which render the divergent integrals
finite.

In QED (the above diagrams with gluons replaced by photons) the phe-
nomenon of vacuum polarization was discussed first by Dirac [47] and finalized
at the one-loop level by Schwinger [48] and Feynman [49]. Soon later Jost and
Luttinger [50] presented the first two—loop calculation.

In Oth order in the strong coupling as we have

oo

which is proportional to the the free quark—antiquark production cross—
section [0] in the so called Quark Parton Model describing quarks with the
strong interaction turned off, which gets true in the high energy limit of QCD.
As it is common practice, rather than considering the total hadronic produc-
tion cross—section oor(eTe™ — v* — hadrons) itself, we again use

Ttot(eTe™ — * — hadrons)

4o
3s

R(s) = = 127%p(s) , (5.14)

which for sufficiently large s can be calculated in QCD perturbation theory.
The result is given by [ 21]

er v
R(s)P™ =N 3 Q3 ) (3-F) Os —4m)
f
x {1+ aci(vf) +a’co +a’cs +--- } (5.15)
where a = a,(s)/m and, assuming 4m?c < s, i.e. in the massless approximation

61:1

3 3 33 23
cs = Cs(R) {—3202(3) ~ 600(3) SNy + 132 Nc}
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365 11
=" _ T Nj— ~ 1.9857 — 0.1153N
on ~ 19N~ BoC(3) ~ 1.9857 — 0.1153Ny
_ 2 2 2
cs = —6.6368 — 1.2002N; — 0.0052N7 — 1.2395 (Y~ Qf)?/(3>_Q7)
f f

in the MS scheme. Ny = Zf:4m§<s 1 is the number of active flavors. The
mass dependent threshold factor in front of the curly brackets is a function

4m>

1/2
of the velocity vy = (1 -7 ) and the exact mass dependence of the first

) ="~ 34v) (”2 - 1)

correction term

3v 6 4

is singular (Coulomb singularity due to soft gluon final state interaction) at
threshold. The singular terms exponentiate [51]:

14 2z 2T
T — ;X =
1—e 22’ 303
Qg as  2mas \ 4mag 1
1 ) 1 - .
(1+a@ "+ %< +aw@ - ) 30 1 exp{_tros)

Applying renormalization group improvement, the coupling s and the masses
mg have to be understood as running parameters

m2 m2 2
R( Of,as(80)> =R< f(#),as(u2)> s u=s .

So S

where /59 is a reference energy. Mass effects are important once one ap-
proaches a threshold from the perturbatively save region sufficiently far above
the thresholds where mass effects may be safely neglected. They have been
calculated up to three loops by Chetyrkin, Kiihn and collaborators [23] and
have been implemented in the FORTRAN routine RHAD by Harlander and
Steinhauser [24].

Where can we trust the perturbative result? Perturbative QCD is sup-
posed to work best in the deep Euclidean region away from the physical re-
gion characterized by the cut in the analyticity plane Fig. Fortunately,
the physical region to a large extent is accessible to pQCD as well pro-
vided the energy scale is sufficiently large and one looks for the appropriate
observable.

The imaginary part (total cross—section) corresponds to the jump of the
vacuum polarization function I7(g?) across the cut. On the cut we have the
thresholds of the physical states, with lowest lying channels: 7t7—, 707t 7,

- and resonances p, w, ¢, J/¢ -+, T -+ ---. QCD is confining the quarks (a
final proof of confinement is yet missing) in hadrons. In any case the quarks
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Fig. 5.9. Analyticity domain for the photon vacuum polarization function. In the
complex s—plane there is a cut along the positive real axis for s > sg = 4m? where
m is the mass of the lightest particles which can be pair—produced

hadronize (see Fig. [B10), a highly non-perturbative phenomenon which is
poorly understood in detail.

Neither the physical thresholds nor the resonances are obtained with per-
turbation theory! In particular, the perturbative quark—pair thresholds in
(BI5) do not nearly approximate the physical thresholds for the low energy
region below about 2 GeV, say. At higher energies pQCD works sufficiently
far away from thresholds and resonances, i.e. in regions where R(s) is a slowly
varying function. This may be learned from Fig. [5.6l where the eTe~—data are
shown together with the perturbative QCD prediction. Less problematic is
the space-like (Euclidean) region —¢? — oo, since it is away from thresh-
olds and resonances. The best monitor for a comparison between theory and
experiment has been proposed by Adler [52] long time ago: the so called Adler—
function, up to a normalization factor, the derivative of the vacuum polariza-
tion function in the space-like region, introduced in (BIER) (see Fig. BI3)).
In any case on has to ask the eTe —annihilation data and to proceed in a
semi-phenomenological way.

At higher energies highly energetic partons, quarks and/or gluons, are pro-
duced and due to asymptotic freedom perturbative QCD should somehow be
applicable. As we will see this in fact manifests itself, for example, in the
correct prediction of oyoi(ete™ — 4* — hadrons) in non-resonant regions at
high enough energies, in the sense of quark-hadron duality (55]). However,
the consequences of the validity of pQCD are more far-reaching. According
to perturbation theory the production of hadrons in ete™—annihilation pro-
ceeds via the primary creation of a quark—antiquark pair (see Figs. (.10 B.1T)
where the quarks hadronize. The elementary process tells us that in a high
energy collision of positrons and electrons (in the center of mass frame) ¢
and ¢ are produced with high momentum in opposite directions (back—to—
back).

The differential cross—section, up to a color factor the same as for ete™ —
wr T, reads

do

3 2
dQ(6+6_ —qq) = 40;5 ZQ? (1+ cos?0)
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Fig. 5.10. Hadron production in low energy e*e —annihilation: the primarily cre-
ated quarks must hadronize. The shaded zone indicates strong interactions via gluons
which confine the quarks inside hadrons

Fig. 5.11. Fermion pair production in e*e”—annihilation. The lowest order Feyn-

man diagram (left) and the same process in the c.m. frame (right). The arrows
represent the spacial momentum vectors and 6 is the production angle of the quark
relative to the electron in the c.m. frame

typical for an angular distribution of a spin 1/2 particle. Indeed, the quark
and the antiquark seemingly hadronize individually in that they form jets [53].
Jets are bunches of hadrons which concentrate in a relatively narrow angu-
lar cone. This in spite of the fact that the quarks have unphysical charge
and color, true physical states only can have integer charge and must be
color singlets. Apparently, while charge and color have enough time to recom-
bine into color singlets of integer charge, the momentum apparently has not
sufficient time to distribute isotropically. The extra quarks needed to form
physical states are virtual pairs created from the vacuum and carried along
by the primary quarks. As a rule pQCD is applicable to the extent that
“hard partons”, quarks or gluons, may be interpreted as jets. Fig. illus-
trates such ¢g (two—jet event) and ¢gg (three—jet event) jets. Three jet events
produced with the electron positron storage ring PETRA at DESY in 1979 re-
vealed the existence of the gluon. The higher the energy the narrower the jets,
quite opposite to expectations at pre QCD times when most people believed
events with increasing energy will be more and more isotropic multi-hadron
states.

5.1.4 Non—Perturbative Effects, Operator Product Expansion

The non—perturbative (NP) effects are parametrized as prescribed by the op-
erator product expansion of the electromagnetic current correlator [54]
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Fig. 5.12. Two and three jet event first seen by TASSO at DESY in 1979

1N (g2 — dra T @i, [1 (1 11 )<c;;GG>

— a
4
3 A 12 18 Q
a 11 3 (mqqq)

+ 2 (1+ 5+ ( 5~ 41q“> a2> 54 (5.16)

4 4 257 1 (myd'q)

" — — 1 2 q

* (27(’+ (?,C‘3 486 3 ‘“‘) ¢ )q,_;ds Q*

where a = a(p?)/m and lg, = In(Q?*/p?). (% GG) and (meqq) are the
scale—invariantly defined condensates. Sum rule estimates of the condensates
yield typically (large uncertainties) (% GG) ~ (0.389 GeV)*, (mqqq) ~
—(0.098 GeV)* for ¢ = u,d, and (myqq) ~ —(0.218 GeV)* for ¢ = s.
Note that the above expansion is just a parametrization of the high energy
tail of NP effects associated with the existence of non—vanishing condensates.
The dilemma with the OPE in our context is that it works for large enough Q2
only and in this form fails do describe NP physics at lower Q2. Once it starts
to be numerically relevant pQCD starts to fail because of the growth of the
strong coupling constant. In R(s) NP effects as parametrized by (510) have
been shown to be small in [25] B0, £5]. Note that the quark condensate, the
vacuum expectation value (VEV) (O,) of the dimension 3 operator O, = gg,
is a well defined non-vanishing order parameter in the chiral limit of QCD.
In pQCD it is vanishing to all orders. In contrast the VEV of the dimension 4
operator Og = % GG is non-vanishing in pQCD but ill-defined at first as it
diverges like A* in the UV cut—off. Og contributes to the trace of the energy
momentum tensol |56, 57, 58]

"Tn a QFT a symmetric energy momentum tensor O, () should exist such that
the generators of the Poincaré group are represented by (see (23] [Z0]))

P, = / d*z O, (z), My, = / d*z (x, Qo — x, O, () .
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@MN: 62(58) GG+ (1 +v(gs)) {mu uu + my Cid—l—-'-} (5.17)

where ((gs) and y(gs) are the RG coefficients (Z277)) and in the chiral limit

== {40t} (00)

represents the vacuum energy density which is not a bona fide observable in a
continuum QFT. In the Shifman-Vainshtein-Zakharov (SVZ) approach [54] it
is treated to represent the soft part with respect to the renormalization scale
1, while the corresponding OPE coefficient comprises the hard physics from
scales above pu.

Note that in the chiral limit my, — 0 the trace (GI7) does not van-
ish as expected on the classical level. Thus scale invariance (more gener-
ally conformal invariance) is broken in any QFT unless the f—function has
a zero. This is another renormalization anomaly, which is a quantum effect
not existing in a classical field theory. The renormalization group is another
form of encoding the broken dilatation Ward identity. It’s role for the de-
scription of the asymptotic behavior of the theory under dilatations (scale
transformations) has been discussed in Sect. 2.6.5] where it was shown that
under dilatations the effective coupling is driven into a zero of the f—function.
For an asymptotically free theory like QCD we reach the scaling limit in
the high energy limit. At finite energies we always have scaling violations,
as they are well known from deep inelastic electron nucleon scattering. In
ete~—annihilation the scaling violation are responsible for the energy depen-
dence (via the running coupling) of R(s) in regions where mass effects are
negligible.

As mentioned earlier the Adler—function is a good monitor to compare the
pQCD as well as the NP results with experimental data. Fig. shows that
pQCD in the Euclidean region works very well for \/Q22>2.5 GeV [55]. The
NP effects just start to be numerically significant where pQCD starts to fail.
Thus, no significant NP effects can be established from this plot.

This corresponds to Noether’s theorem for the Poincaré group (see (2I53)). In a
strictly renormalizable massless QFT which exhibits only dimensionless couplings
classically one would expect the theory to be conformally invariant. The energy
momentum tensor then would also implement infinitesimal dilatations and special
conformal transformations. That is, the currents

Du(z) =2"6,,; Ku =2a"x,0,,—2°6,,

ought to be conserved, which requires the trace of the energy momentum tensor to
vanish 6, = 0.
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Fig. 5.13. “Experimental” Adler—function versus theory (pQCD + NP) in the low
energy region (as discussed in [55]). Note that the error includes both statistical and
systematic ones, in contrast to Fig. where only statistical errors are shown

5.2 Leading Hadronic Contribution
to (g — 2) of the Muon

We now are going to evaluate the hadronic vacuum polarization effects coming
from the 5 “light” quarks ¢ = u,d, s, c,b in terms of the experimental eTe™
datd2. Quarks contribute to the electromagnetic current according to their
charge

2 1- 1 2 1- 2_

-phad = H = AH = A H H

]cm — ZL: (3UC’Y Ue — 3d67 dc - 3307 Sc+ 30(:7 Cec — 3(),,’)’ bl«—"_ 3t67 t,;) N
The hadronic electromagnetic current j%P2d is a color singlet and hence in-
cludes a sum over colors indexed by c. Its contribution to the electromagnetic
current, correlator (BI28) defines IT,"*(s), which enters the calculation of

the leading order hadronic contribution to azad, diagrammatically given by

Fig. BIl The representation as a dispersion integral has been developed in

2The heavy top quark of mass m; ~ 171.4(2.1) GeV we certainly may treat per-
turbatively, as at the scale m; the strong interaction coupling is weak (see Fig. B3).
Actually, the top quark t is irrelevant here since, as we know, heavy particles de-
couple in QED in the limit m; — oo and contribute like a VP 7—loop with an extra
factor N.Q7 = 4/3, thus

v 401 (mu\?
é agl) (vap, top) = 3 [45 ( ’:) + .-
m

Tt

(:)2 ~5.9x 107,
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Sect. on p. 197 (see also p. 189). Using (BI55) ai‘f‘d may be directly
evaluated in terms of R, (s) defined in (B.3). More precisely we may write

2
cut

a, = (a;l”)z (/ds Rgata(s;f((s) +/Oods RgQCD(j)K(S)) (5.18)

2
m E
=0 cut

with a cut E.y in the energy, separating the non—perturbative part to be
evaluated from the data and the perturbative high energy tail to be calculated
using pQCD. The kernel K (s) is represented by (3.140), discarding the factor
a/m. This integral can be performed analytically. Written in terms of the
variable

_1_5u

T = 3
1+ 8,

By = \/1 —4m?2 /s

the result readd"] [59]

2

K(s):m2 (2_x2)+(1+x;g1+x) <ln(1+m)—x+2)+(i+z) z*In(z) .

which is slowly varying only in the range of integration. It increases monoton-
ically from 0.63... at 7m threshold s = 4m?2 to 1 at co. The graph is shown in
Fig. .14

It should be noted that for small 2 the calculation of the function K (s), in
the form given above, is numerically instable and we instead use the asymp-
totic expansion (used typically for < 0.0006)

1 /17 (11 13 1+2 ,
K(s) = - In(z) .
(s) <3+<12+(30+( 1o+70$> x) m) m) Ty, v @)

Other representations of K(s), like the simpler—looking form

13The representation (E20) of K (s) is valid for the muon (or electron) where we
have s > 4mi in the domain of integration s > 4m?2, and z is real, and 0 < z < 1.
For the 7 (5.20) applies for s > 4m2. In the region 4m?2 < s < 4m?, where 0 < r =
s/m? < 4, we may use the form

K(s) = ; —r+ ;r (r—2) In(r) — <1 —2r+ ;TQ) p/w (5.19)

with w = \/4/r — 1 and ¢ = 2arctan(w).
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Fig. 5.14. Graph of weight function K (s) of the g — 2 dispersion integral

K(s) = ; —r+ ;r(r—Q) In(r) + <1 —2r + ;73) In(z)/B,

with r = s/ mi, are much less suitable for numerical evaluation because of

much more severe numerical cancellation.

Note the 1/s?-enhancement of contributions from low energies in a,,. Thus
the g — 2 kernel gives very high weight to the low energy range, in particular
to the lowest lying resonance, the p°. Thus, this 1/E* magnification of the
low energy region by the a, kernel-function together with the existence of
the pronounced p° resonance in the 77~ cross—section are responsible for
the fact that pion pair production ete™ — 777~ gives the by far largest

contribution to aj*? 4. The p is the lowest lying vector-meson resonance

14 As we need the VP-undressed hadronic cross-section in the DR, the physical
form factor Fj(s) which includes VP effects has to be corrected accordingly:

IEO () = [Fe(s)]” (a/a(s))” . (5.21)

Fig. shows Aa(s) =1 — a/a(s). In the time-like region. The resonances lead
to pronounced variations of the effective charge (shown in the p — w, ¢ and J/¥
region).

For an order by order in a procedure of including corrections in a systematic man-
ner, final state radiation should be subtracted as suggested in Sect. The ini-
tial state radiation must and can be subtracted in any case, the final state radiation
should be subtracted if possible. Note that measurements unavoidably include all
virtual plus the unobserved soft photons. However, the hard virtual part for hadronic
final states cannot be calculated in a model-independent manner, such that the sub-
traction seems not possible. It is therefore better to include as much as possible all
photons in an inclusive measurement. The LKN theorem (see Sect.[2.6.6)) infers that
the inclusive cross section of virtual, soft plus hard real photons is O(«a) without
any logarithmic enhancement. Which also means a moderate model-dependence of
the FSR correction, as a consequence of the absence of potentially large logs. We
thus include the FSR (including full photon phase space) as

EQ G = FO G (14+0()7) (5.22)
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and shows up in 7t7~ — p° at m, ~ 770 MeV (see Fig. 5.5). This domi-
nance of the low energy hadronic cross—section by a single simple two—body
channel is good luck for a precise determination of a,, although a very pre-
cise determination of the 77~ cross—section is a rather difficult task. Below
about 810 MeV ¢!%d(s) ~ 0,.(s) to a good approximation but at increas-
ing energies more and more channels open (see Fig. [0.3]) and “measurements
of R’ get more difficult. In the light sector of ¢ = wu,d, s quarks, besides
the p there is the w, which is mixing with the p, and the ¢ resonance, es-
sentially a §s bound system. In the charm region we have the pronounced
cc-resonances, the J/11g, 19, - - resonance series and in the bottom region
the bb-resonances Yis,Tas, - --. Many of the resonances are very narrow as
indicated in Fig.

For the evaluation of the basic integral (5.I8) we take R(s)-data up to
V8 = Eeyr = 5.2 GeV and for the 7 resonance-region between 9.46 and 13
GeV and apply perturbative QCD from 5.2 to 9.46 GeV and for the high
energy tail above 13 GeV. The result obtained is [6]

ah) = (692.10 £ 5.66) x 107 1° (5.23)

and is based on a direct integration of all available eTe~—data. The contri-
butions and errors from different energy regions is shown in Table Most
noticeable about this result are three features (see also Table B.T])

— the experimental errors of the data lead to a substantial theoretical uncer-
tainty, which is of the same size as the present experimental error of the
BNL g — 2 experiment;

— the low energy region is dominated by the mm—channel and the p-resonance
contributions is dramatically enhanced: ~ 78% of the contribution and
~ 42% of error of al* comes from region 2m, < /s < M.

— the “intermediate” energy region, between 1 and 2 GeV, still gives a sub-
stantial contribution of about 15%. Unfortunately, because of the low qual-
ity of the R—data in the region, it contributes 52% of the total error, and
therefore, together with the slightly more precisely known low energy con-
tribution, is now the main source of uncertainty in the theoretical deter-
mination of a, .

Here we also refer to the brief summary which has been given in Sect. B2l
after p.

Integration of various exclusive channels yields the results of Table B3]
which illustrates the relative weight of different channels in the region of ex-
clusive channel measurements. Inclusive measurements are available above

to order O(«), where n(s) (B3] is a known correction factor in sQED (Schwinger
1989) (see p. below). Here Ffro)(s) is obtained from the measured cross section
by subtracting photonic effects using the sQED with the applied experimental cuts
on the real hard photons.



5.2 Leading Hadronic Contribution to (g — 2) of the Muon 293
Table 5.2. Results for aﬁad x 100 from different energy ranges. Given are statistical,
systematic and the total error, the relative precision in % [rel] and the contribution
to the final error? in % [abs].

final state range (GeV) result (stat) (syst) [tot]  rel abs
P (0.28,0.99) 501.37 (1.89) (2.93) [3.49] 0.7% 37.9%
w (0.42,0.81)  36.96 (0.44) (1.00) [1.09] 3.0%  3.7%
& (1.00, 1.04) 3442 (0.48) (0.79) [0.93] 2.7%  2.7%
J/ 851 (0.40) (0.38) [0.55 6.5%  1.0%
T 0.10 (0.00) (0.01) [0.01] 6.7%  0.0%
had (099, 2.00) 67.89 (0.24) (3.99) [3.99] 5.9%  49.8%
had  (2.00,3.10) 2213 (0.15) (1.22) [1.23] 5.6%  4.7%
had  (3.10,3.60)  4.02 (0.08) (0.08) [0.11] 2.8%  0.0%
had  (3.60, 9.46) 13.87 (0.10) (0.14) [0.17] 1.3%  0.1%
had  (9.46,13.00)  1.30 (0.01) (0.08) [0.09] 6.6%  0.0%
pQCD  (13.0, o) 153 (0.00) (0.00) [0.00] 0.1%  0.0%
data  (0.28, 13.00) 690.57 (2.07) (5.27) [5.66] 0.8%  0.0%
total 692.10 (2.07) (5.27) [5.66] 0.8% 100.0%

1.2 GeV, however, recent progress in this problematic range comes from mea-
surements based on the radiative return mechanism by BABAR [20] for the
exclusive channels ete™ — 7t 7 7, 7tr—ntr—, KTKntn—, 2(KtK™),
3(rtr), 2(rtn—aY), K*K~=2(x*7n~) and pp. These data cover a much

Table 5.3. Contributions to a{‘j’d and Aagd(—so), v/s0 = 10 GeV, from the energy
region 0.318 GeV < E < 2 GeV. X* = X(— 7°7), iso=evaluated using isospin

relations
channel X

w07
atrn”
rtn
ny
atr2x°
o2t on~
atr3x°
ontor— 70
atr4x°
T [#]
onton—2x°
3rt3n~
ww%ﬂ
KK~
K2KY

0

503.43

ay %

3.32 0.52
78.15
7.22
0.07
3.29
2.39
0.20
0.34
0.03
0.04
0.59
0.13
0.13
3.42
2.05

46.54
0.47
21.20
15.41
1.29
2.19
0.20
0.26
3.80
0.84
0.82
22.05
13.19

AaX

0.26
34.34
4.63
0.06
5.97
4.54
0.42
0.73
0.10
0.07
1.86
0.43
0.17
3.16
1.74

%

0.42
55.25
7.45
0.10
9.60
7.30
0.68
1.17
0.16
0.11
3.00
0.70
0.28
5.08
2.80

channel X

wr T [¥]
KYK n°
(KK 7 )iso
KSK*7nF
[KgKiﬂ'$]iso
KTK ntn~
[K K77liso
KYK—2nt2n~
pp

nn

2K 2K~

w — missing
¢ — missing
sum

X
n

0.10
0.41
0.41
1.32
1.32
1.95
2.93
0.07
0.20
0.33
0.02
0.09
0.03

a

%

0.01
0.06
0.06
0.21
0.21
0.30
0.46
0.01
0.03
0.05
0.00
0.01
0.00

644.19 100.00

Ac® %
0.03 0.05
0.15 0.24
0.15 0.24
0.48 0.77
0.48 0.77
0.92 1.48
1.12 1.79
0.04 0.07
0.10 0.16
0.17 0.28
0.02 0.02
0.01 0.01
0.00 0.01

62.16 100.00

tot [sum in %] 692.10 [93.08] 73.65 [84.40]
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broader energy interval and extend to much higher energies than previous
experiments.

The sum of the exclusive channels from Table is 644.19 which together
with the sum of contributions from energies £ > 2 GeV 51.46 from Table
yields a slightly higher value 695.65 than the 692.10 we get by including also
the inclusive data below 2 GeV. Results are well within errors and this is a
good consistence test.

There have been many independent evaluations of azad in the pas [,
[7, 8, [l 10, [T, 76l [77) (78] [79] 80, [Tl [82], and some of the more recent ones
are shown in Table and Fig. For more detailed explanations of the
differences see the comments to Fig. [[11

A compilation of the eTe™—data in the most important low energy region
is shown in Fig. The relative importance of various regions is illustrated
in Fig. The update of the results [7], including the more recent data
from MD-1, BES-II, CMD-2, SND, KLOE and BABAR [14] [15] 16} [I7] 18]
9, 20,

The possibility of using hadronic 7—decay data was briefly discussed in
Sect. B2 on p. More details are given as an Addendum to this
section. Taking into account the 7—data increases the contribution to azad by
2 o (see Table B2l and Fig. 5.10). As the discrepancy between isospin rotated
7-data (see Fig. 5.17), corrected for isospin violations, and the direct eTe™—
data is not completely understood, at present only the e™e~—data can be used
for the evaluation of azad.

0.0 GeV, oo 0.0 GeV, oo
9.5 GeV 3.1 GeV
3.1 GeV 2.0 GeV

2.0 GeV

1.0 GeV

Fig. 5.15. The distribution of contributions (left) and errors (right) in % for a;*®

from different energy regions. The error of a contribution i shown is 67,/ > 620

in %. The total error combines statistical and systematic errors in quadrature

15The method how to calculate hadronic vacuum polarization effects in terms of
hadronic cross—sections was developed long time ago by Cabibbo and Gatto [62].
First estimations were performed in [63, [64], [65]. As cross—section measurements
made further progress much more precise estimates became possible in the mid
80’s |71l [72] [73], 74, [75]. A more detailed analysis based on a complete up-to—date
collection of data followed about 10 years later [7].
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Fig. 5.16. History of evaluations before 2000 (left) |7, [8] @} [10L 63, 64} [65], 66, 67

[68, 69] [70), [71), [72}, [73, [74}, [75, [83], and some more recent ones (right) [6] [76] [77, 78]
[79, 80, 81, 82]; (eTe™) = ete —data based, (eTe™,7) = in addition include data
from 7 spectral functions (see text)

5.2.1 Addendum I: The Hadronic Contribution to the Running
Fine Structure Constant

By the same procedure, we have evaluated a/;*?, the renormalized VP function
can be calculated. The latter is identical to the shift in the fine structure
constant, which encodes the charge screening:

Aa(s) = —Re [II(s) — I/, (0)] . (5.24)

For the evaluation of the hadronic contribution we apply the DR, (3.I35). The
integral to be evaluated is
y(ECQut /Rfiyata(sl) oo R’;;QCD (s))

A (5) _ _as ’
haa (5) 3T m2, ds s'(s' = s) + Egutds s'(s' = s)

) . (5.25)
Since, in this case the kernel behaves like 1/s (as compared to 1/s* for a,,)
data from higher energies are much more important here. The hadronic con-
tribution due to the 5 light quarks Aagd(s) supplemented by the leptonic
contribution is presented in Fig. 5.I8 A particularly important parameter for

T vy e et
w & y
d u d d
7S A 0 s /\\ mt
U U u U

Fig. 5.17. 7-decay vs. e"e —annihilation: the involved hadronic matrix—elements

(out w7~ |5,="(0)|0) and (out 71‘07T7|J\7M (0)]0) are related by isospin
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precision physics at the Z-resonance (LEP/SLD experiments) is the precise
value of the effective fine structure constant at the Z mass scale /s = My =
91.19 GeV a(M%). The hadronic contribution to the shift is

Ao

hadrons

which together with the leptonic contribution (BI17) and using (BI13) yields

(M%) = 0.027607 = 0.000225 (5.26)

a~H(M2) = 128.947+0.035 . (5.27)

With more theory input, based on the Adler—function method [6] 55 B3], we
obtain (see Fig. B.13)

Aol (MZ) = 0.027593 + 0.000169 (5.28)

a ' (M32) = 128.938 4+ 0.023 .

The effective fine structure constant shown in Fig. 5.I8]is very important also
for removing the VP effects from the physical cross—section in order to get
the undressed one which is needed in the DR (E.I8]).

5.2.2 Addendum II: 7 Spectral Functions
vs. ete~ Annihilation Data

In 1997 precise T—spectral functions became available [84] [86] [87] which, to the
extent that flavor SU(2)s in the light hadron sector is a good symmetry, allows

0.054 —&—  lepfons+quarks
leptons

0.044 r

0.034

Ao

.02+

0.014

0.004

-4.0 -2.0 0.0 2.0 4.0
E (GeV)

Fig. 5.18. Shift of the effective fine structure constant Aa as a function of the
energy scale in the time-like region s > 0 (E = /s) vs. the space-like region —s > 0
(E = —y/—s). The band indicates the uncertainties
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to obtain the iso-vector part of the ete™ cross—section [88]. The idea to use
the 7 spectral data to improve the evaluation of the hadronic contributions
azad was realized by Alemany, Davier and Hocker [10].

The iso-vector part of o(eTe™ — hadrons) may be calculated by an isospin
rotation, like 797~ — 777, from 7-decay spectra, to the extent that the so—
called conserved vector current (CVC) would be exactly conserved (which it is
not, see below). In the following we will explicitly consider the dominating 27
channel only. The relation we are looking for may be derived by comparing the
relevant lowest order diagrams Fig. 517, which for the eTe™ case translates
into

4’

o0 =gy(ete” —ntr) = . vo($) (5.29)

and for the 7 case into
1 dF( _ ) 67|Vua|?Sew B(T™ — vre™ )
TT o ) =
I ds m2 B(t— — vy~ x0)

X (1 - W;) <1 + j;) v_(s)  (5.30)

where |[Vi,q| = 0.9752 £ 0.0007 [33] denotes the CKM weak mixing matrix
element and Sgw = 1.0233 £ 0.0006 accounts for electroweak radiative cor-
rections [76] 89, [0, [OT] [02] [03]. The spectral functions are obtained from the
corresponding invariant mass distributions. The B(i)’s are branching ratios.
SU(2) symmetry (CVC) would imply

v_(s) = wvo(s) . (5.31)

The spectral functions v;(s) are related to the pion form factors F?(s) by

3(s) .
wie) =R ¢ =0.0) (5.52)
where ;(s) is the pion velocity. The difference in phase space of the pion pairs
gives rise to the relative factor ﬁi_ﬂo / 53—7#'
Before a precise comparison via (5.31]) is possible all kinds of isospin break-
ing effects have to be taken into account. As mentioned earlier, this has been
investigated in [93] for the most relevant 7m channel. The corrected version

of (531 (see [93] for details) may be written in the form

5 _ [Kal(s)] dlnnpy)  Rin(s)
KF(S) dS SEVV

G% |Vya|® m3 s \?2 s
- " (1- 142 ° )5 Ko(s) =",
38473 m2 + m2 )’ (s) 3s

and the isospin breaking correction

(5.33)
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1 73r*7r+ FV(S) ?

Rin(s) = Gem(s) B2_ o | f+(s)

(5.34)

includes the QED corrections to 7= — vy7~ 70 decay with virtual plus real
soft and hard (integrated over all phase space) photon radiation.

However, photon radiation by hadrons is poorly understood theoretically.
The commonly accepted recipe is to treat radiative corrections of the pions
by scalar QED, except for the short distance (SD) logarithm proportional the
In My /m, which is replaced by the quark parton model result and included
in Sgw by convention. This SD log is present only in the weak charged current
transition W** — 7770 (y), while in the charge neutral electromagnetic cur-
rent transition 4* — 777~ () this kind of leading log is absent. In any case
there is an uncertainty in the correction of the isospin violations by virtual
and real photon radiation which is hard to quantify.

Originating from ([5.32]), 53—7# / ﬁi_ﬂo is a phase space correction due to
the 7% — 7 mass difference. Fy/(s) = FY(s) is the NC vector current form
factor, which exhibits besides the I = 1 part an I = 0 contribution. The latter
p — w mixing term is due to the SU(2) breaking (mg4 — m,, mass difference).
Finally, f4(s) = F is the CC I = 1 vector form factor. One of the leading
isospin breaking effects is the p—w mixing correction included in |Fy (s)|?. The
form—factor corrections, in principle, also should include the electromagnetic
shifts in the masses and the widths of the p’E. Up to this last mentioned
effect, discussed in [77], which was considered to be small, all the corrections
were applied in [76] but were not able to eliminate the observed discrepancy
between v_(s) and vg(s). The deviation is starting at the peak of the p and
is increasing with energy to about 10-20%.

5.2.3 Digression: Exercises on the Low Energy Contribution

One important question we may ask here is to what extent are we able to
understand and model the low energy hadronic piece theoretically? This ex-
cursion is manly thought to shed light on what has a chance to work and what
not in modeling low—energy hadronic effects. It is a kind of preparation for
the discussion of the hadronic light-by—light scattering. As a starting point
for understanding strong interaction physics at the muon mass scale one could
attempt to use chiral perturbation theory, the low energy effective description
of QCD, where quarks and gluons are replaced by hadrons, primarily the pi-
ons, the quasi Goldstone bosons of spontaneous chiral symmetry breaking.
One would then calculate 7% loops as shown in Fig. (.19, and as discussed
earlier in Sect. 271

6Because of the strong resonance enhancement, especially in the p region, a
small isospin breaking shift in mass and width between p° and pj[7 typically Am, =
m,+ —myo ~ 2.5 MeV and A, = I')+ — I'jo ~ 1.5 MeV and similar for the higher
resonances p’, p”, -+ and the mixing of these states, causes a large effect in the tails
by the kinematical shift this implies.
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a) v b) <)

Fig. 5.19. Low energy effective graphs a) and b) and high energy graph c)

1
TPy u,d

The charged spin 0 pions 7% are assumed to couple to photons via minimal

coupling, assuming the pions to be point—like as a leading approximation (see
Sect. [Z7)). However, the result given in Table 54]is underestimating the effect
by about a factor 3. The main parameter for the size of the contribution is the
mass and the coefficient N,;Q?, for color and charge of a particle species i (see
@I74)). If we would treat the quarks like leptons, switching off strong interac-
tions and hence using the quark parton model (which is a good approximation
only at sufficiently high energies) we would get for the sum of u and d quarks
the result given in square brackets which is similar in size to the contribution
from an electron, about a factor 100 too large! The large difference between the
7* result and the (u, d) doublet result illustrates the dilemma with naive per-
turbative approaches. The huge contribution on the quark level was obtained
using the current quark masses m,, ~ 3MeV, my ~ 8MeV, which appear in
the QCD Lagrangian as chiral symmetry breaking parameters. Strong inter-
actions lead to dressed quarks with effective “constituent quark masses”, a
concept which is not very well-defined e.g. if we choose m, ~ mg4 ~ 300 MeV
(about 1/3 of the proton mass) one now gets a result which, this time, is
a factor of two too small. In any case it is much closer to reality. This il-
lustrates how sensitive these perturbative results are to the precise choice of
the values of the quark masses. The failure of these trials is that one main
non-perturbative effect is missing, namely, the p’-resonance: a neutral spin
1 vector-meson, produced in ete™ — p® — 777 ~. Spin 1 vector-mesons can
be incorporated in the framework of CHPT (see p. 238]) which leads to the
Resonance Lagrangian Approach [94] 05]. The result obtained by integrat-
ing the corresponding non-relativistic Breit-Wigner p° resonance in the range
(280,810) MeV gives a remarkably good result if we compare it with what we
get using experimental data (see the first entry in Table[5.4]). This also shows
that adding up the p—exchange and the 7*-loop as independent effects would
lead to a wrong answer. This is not so surprising since working with pions
and vector—-mesons as independent fields necessarily at some point produces

Table 5.4. Low energy effective estimates of the leading vacuum polarization effects

aifl)(vap). For comparison: 5.8420 x 1078 for p—loop, 5.9041 x 10~° for e-loop

data [280,810] MeV  p’-exchange mt-loop [u, d] loops
4.2666 x 1078 4.2099 x 1078  1.4154 x 107% 2.2511 x 1075[4.4925 x 1079]
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a double counting problem, because the p may be understood to some extent
as a w77~ resonance. A much more reasonable approach would be to apply
the low energy effective theory up to an energy scale A (L.D. part) and pQCD
above the same cut off A (S.D. part). For more educated estimations of aj,*® in
low energy effective theory see [96] (see also [97]). We have been discussing the
various possibilities in order to get some feeling about the reliability of such
estimates, because in higher orders in general we will not be able to resort to
experimental data to estimate the non—perturbative effect.

Fortunately, firm theoretical predictions are not only possible for the per-
turbative high energy tail. Also the low energy tail is strongly constrained, by
the low energy effective CHPT briefly introduced on p.[238in Sect. The
quantity of interest here is the vector form factor, defined by the hadronic
pion pair production matrix element

(out 7 (p1)w~ (p-)[V(0)[0) = ~i (ps — p-)yu Fi(s) | (5.35)

where V,,(z) is the isovector current and s = (p+ + p_)?. Fy(s) has been cal-
culated in CHPT in [98] [99] (one-loop), [100] (two—loop numerical) and [101]
(two—loop analytical). The last reference gives a compact analytical result

1 x x s
Fv(s)=1—|—6<r2>vs+cV82+fg<m2r> , (5.36)
and a fit to the space-like NA7 data [102] with the expression (530 leaving
(r*)7 and ¢, as free parameters, and including the theoretical error, leads to

(r*)7 = 0.431 £ 0.020 £ 0.016 fm”
¢, =32+05 +£0.9 GeV* 5.37
\4

where the first and second errors indicate the statistical and theoretical un-
certainties, respectively. The central value of cf; is rather close to the value
obtained by resonance saturation, cj, = 4.1 GeV~* [I00]. Since experimental
7w production data below 300 MeV are poor or inexistent and the key integral
(5I8) exhibits a 1/E* enhancement of the low energy tail, (5.36]) provides an
important and firm parametrization of the low energy region and allows for a
save evaluation of the contribution to ai‘f‘d as has been shown in [7].

The crucial point here is that the threshold behavior is severely constrained
by the chiral structure of QCD via the rather precise data for the pion form
factor in the space-like region. The space-like fit provides a good description
of the data in the time-like region. Pure chiral perturbation theory is able to
make predictions only for the low energy tail of the form factor.

The electromagnetic form factor of the pion Fy(s) usually is defined in an
idealized world of strong interactions with two quark flavors (u and d) only,
and electroweak interactions switched off. F(s) has an iso—vector part [ =1
as well as an iso—scalar part I = 0. The latter is due to isospin breaking by
the mass difference of the v and d quarks: m, — ms # 0, which leads to p — w
mixing:
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[p) = |po) = €lwo) , |w) = |wo) +€lpo) ,

where |wg) and |pg) are the pure isoscalar and isovector states, respectively,
and ¢ is the p — w mixing parameter. Then, in the energy region close to the
p(770)— and w(782)-meson masses, the form factor can be written as

F, F, F, F, 17!
Fr(s) = L—Mg +€s—M3} {—Mg +€—M3}
M} Fo.(M2 — M?)s
~ — 1 L .
s— M3 { TE M2 (s - M2) | (5.38)

where we only keep the terms linear in €. The quantities M, and M, are
complex and contain the corresponding widths.

The mixing is respounsible for the typical distortion of the p-resonance (see
Fig. B.35]), which originally would be a pure isospin I = 1 Breit-Wigner type
resonance. The pion form factor (B.38) is the basic ansatz for the Gounaris-
Sakurai formula [32] which is often used to represent experimental data by a
phenomenological fit (see e.g. [16]).

However, theory in this case can do much more by exploiting systemati-
cally analyticity, unitarity and the properties of the chiral limit. A key point
is that the phase of the pion form factor is determined by the mm—scattering
phase shifts [I03]. Known experimental mm—scattering data [104] together with
progress in theory (combining two—loop CHPT and dispersion theory) lead to
much more precise pion scattering lengths a) and a2 [105] [106]. As a conse-
quence, combining space-like data, mm—scattering phase shifts and time-like
data one obtains severe theoretical constraints on the pion form factor Fy(s)
for s < 2Mp [107, [10§]. A similar approach has been used previously in
(73, KT, [09].

To be more specific, the corresponding electromagnetic vector current form
factor Fi(s) has the following properties:

1) Fr(s) is an analytic function of s in the whole complex s—plane, except
for a cut on the positive real axis for 4m2 < s < oo. If we approach the
cut from above s — s+ig, € > 0, ¢ — 0 the form factor remains complex
and is characterized by two real functions, the modulus and the phase

Fr(s) = |Fx(s)| '), (5.39)

2) analyticity relates ReF(s) and Im F;(s) by a DR, which may be expressed
as arelation between modulus and phase §(s) = arctan(ImFx(s)/ReFx(s)),
known as the Omnes representation [103]

Fr(s) = G1(s) P(s) | Gl(s):exp{;Aw as ) 8)},(5.40)

m2 s (s —

where P(s) is a polynomial, which determines the behavior at infinity, or,
equivalently, the number and position of the zeros;
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3) charge conservation F(0) = 1, which fixes P(0) = 1;

4) Fy(s) is real below the 2 pion threshold (—oo < s < 4m2), which implies
that P(s) must be a polynomial with real coefficients;

5) the inelastic threshold is s;, = 16m2;

6) finally, we have to take into account the isospin breaking by another factor
which accounts for the I = 0 contribution:

P(s) — Gu(s) - Ga(s) , (5.41)

where Gy, (s) accounts for the w-pole contribution due to p — w-mixing
with mixing amplitude e:

Guls)=1+e * . s=(M Lirye. (5.42)

w— S 2
In order to get it real below the physical thresholds we use an energy
dependent width

o= Ertaexo S e, |
X & X 2

(5.43)

where Br(V — X) denotes the branching fraction for the channel X =
3w, 7y, 27 and Fx(s) is the phase space function for the corresponding
channel normalized such that Fx(s) — const for s — oo [I11].

The representation (.40) tells us that once we know the phase on the
cut and the location of the zeros of Ga(s) the form factor is calculable in the
entire s—plane. In the elastic region s < s;; Watson’s theore, exploiting
unitarity, relates the phase of the form factor to the P wave phase shift of the
w7 scattering amplitude with the same quantum numbers, I =1, J = 1:

'"The pion isovector form factor is defined by the matrix element (5:35). The
7T state in this matrix element, in order not to vanish, must beina I =1, J =1
(P wave) state, J the angular momentum. If we look at the charge density jo, time-
reversal (T') invariance tells us that

+

(out 7w |50(0)[0) = (in 7 7 |50(0)[0)* , (5.44)

as for fixed J only “in” and “out” get interchanged. The complex conjugation follows
from the fact that 7" must be implemented by an anti—unitary transformation. Now,
with S the unitary scattering operator, which transforms in and out scattering states
according to | X out) = ST|X in) (X the label of the state) we have (using (5.44]))

(out 777 |j0(0)|0) = (in 777 [S5o(0)|0) = e®*"™ (out w7 |50 (0)]0)*

which implies Fy (s) = e?97= [ (s). As two pions below the inelastic thresholds may
scatter elastically only, by unitarity the S—matrix must be a pure phase in this case.
The factor 2 is a convention, d.~(s) is the mr—scattering phase shift.
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0(s) = 61 (s)

m(s) =1 } for s < s, =16m2 , (5.45)
1 =

where 11 = |F;(s)] is the elasticity parameter. However, it is an experimental
fact that the inelasticity is negligible until the quasi two—body channels wm,
a7, are open, thus in practice one can take (5.4%]) as an excellent approx-
imation up to about 1 GeV (while \/sj, ~ 0.56 GeV). Actually, the phase
difference (5.45]) satisfies the bound

o.I:l

sin?(0(s) — 61(s)) < L[l —V1-12(s)] , ()= T (5.46)
2 Octe——mtm—
and 71 < (1 —r)/(1 4+ r), provided r < 1, which holds true below 1.13 GeV
(below 1 GeV r < 0.143 £ 0.024, or § — 0;<6°, strongly decreasing towards
lower energies).

The 7m scattering phase shift is due to elastic re—scattering of the pi-
ons in the final state (final state interaction) as illustrated by Fig. The
w7 scattering phase shift has been studied recently in the framework of the
Roy equations, also exploiting chiral symmetry [I05]. As a result it turns out
that §1(s) is constrained to a remarkable degree of accuracy up to about
Eo = 0.8 GeV (matching point). The behavior of §{(s) in the region below
the matching point is controlled by three parameters: two S—wave scattering
lengths a), aZ and by the boundary value ¢ = &1 (Ep). One may treat ¢ as a
free parameter and rely on the very accurate predictions for a3, a? from chiral
perturbation theory. This information may be used to improve the accuracy
of the pion form factor and thus to reduce the uncertainty of the hadronic
contribution to the muon g — 2.

The remaining function G(s) represents the smooth background that con-
tains the curvature generated by the remaining singularities. The 47 channel
opens at s = 16 m2 but phase space strongly suppresses the strength of the
corresponding branch point singularity of the form (1 — s;,/5)%/? — a signifi-
cant inelasticity only manifests itself for s > s;, = (M, +m)?. The conformal

mapping
L VSin = 81— V/sin = s
V8in — 81+ /8in — 8
maps the plane cut along s > s;, onto the unit disk in the z—plane. It contains

a free parameter s; - the value of s which gets maps into the origin. Ga(s)
may be approximated by a polynomial in z:

(5.47)

s s

e e
) )
m ANANE) e AW I
. .

N N

N N

Fig. 5.20. Final state interaction due to 7m — 77 scattering
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Ga(s) =1+ ¢ (2" —2), (5.48)
i=1

where zg is the image of s = 0. The shift of z by z — z — z¢ is required to pre-
serves the charge normalization condition G2(0) = 1. The form of the branch
point singularity (1 — si,/ 5)9/ 2 imposes four constraints on the polynomial; a
non-trivial contribution from Gs(s) thus requires a polynomial of fifth order
at least. An important issue is the need for a normalization point at the upper
end of the energy range under consideration (M, - - - 2M ). In fact, the present
dispersion in the rr—data (see Fig. [E.0]) makes it difficult to fully exploit this
approach as it seems not possible to get a convincing simultaneous fit to the
different data sets. Details have been worked out in [T07] [T08].

5.3 Higher Order Contributions

At order O(a?) there are several classes of hadronic contributions with typical
diagrams shown in Fig. E22Il They have been estimated first in [69]. Classes
(a) to (¢) involve leading hadronic VP insertions and may be treated using
DRs together with experimental ete~—annihilation data. Class (d) involves
leading QED corrections of the charged hadrons and related problems were
discussed at the end of Sect. on p. 2911 already. The last class (e) is a new
class of non—perturbative contributions, the hadronic light-by—light scattering
which is constrained by experimental data only for one exceptional line of
phase space. The evaluation of this contribution is particularly difficult and
it will be discussed in the next section.

The O(a?) hadronic contributions from classes (a), (b) and (¢) may be
evaluated without particular problems as described in the following.

a) 7 b) c)

Fig. 5.21. Hadronic higher order contributions: a)—c) involving LO vacuum
polarization, d) involving HO vacuum polarization and e) involving light-by-light
scattering
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At the three-loop level all diagrams of Fig. which involve closed
muon—loops are contributing to the hadronic corrections when at least one
muon—loop is replaced by a quark—loop dressed by strong interactions medi-
ated by virtual gluons.

Class (a) consists of a subset of 12 diagrams of Fig. diagrams 7) to 18)
plus 2 diagrams obtained from diagram 22) by replacing one muon-loop by a
hadronic “bubble”, and yields a contribution of the type

oo

6) had, a3 2 ds a
2O b )]:(ﬁ) 3/ * R(s) K@) (5/m?2) (5.49)

2
4m?2

where K [(“)](s/mi) is a QED function which was obtained analytically by
Barbieri and Remiddi [I12]. The kernel function is the contribution to a,
of the 14 two—loop diagrams obtained from diagrams 1) to 7) of Fig.
by replacing one of the two photons by a “heavy photon” of mass v/s. The
convolution (5:49)) then provides the insertion of a photon self-energy part into
the photon line represented by the “heavy photon” according to the method
outlined in Sect. B8 Explicitly, the kernel is given by

139 115 19 7 23 1
Kl@l(p) = — b . b? Inb
O) ==t 0 g6 T Ty oy ™

4 127, 115, N 23 13 Iny
3 36 72 144 Vb(b—4)
2

1 2 5 21..2
T b)<(2)+96b1nb
1 17 7 Iny

b v — b Inb
2" 21" T as ) Jhb—4)
1 2 1 2

— 1
24 T as? 06" 3b+b—4) ny
oy o T b3) Do(t)

6 12 Vb(b—4)

B 7, 1, 1, 4 D, (b)
367 4 6 b—4) /b(b—4)

701,
— by ) T(b) (5.50)

where

Vb —Vb—4
YT b+ Vb4
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and

Dy(b) = Lizg(y) +Iny In(1 —y

~—

Iy —C),
@),

+1In?y In(1 —y)

1
D, (b) = Lig(—y) + A In®y +

T(b) = —6 Liz(y) — 3 Lis(~y

= o =

+; (1112 y+6 C(Z)) In(1+y) + 2Iny (Lia(—y) + 2Li2(y)) -

Again Liz(y) = — [ 9" In(1—y) is the dilogarithm and Liz(y) = [ 9 Lis(t)

the trilogarithm defined earlier in (8:38]). Limiting cases are

197 1 3
[(a)] — _
K@) = 1+, ¢(2) - 3(2) n2+ ' ¢(3)
[(a)] b—:N)O - 1 23 - 223
K@) (p) y (g b +20(2) =20

For the subclass which corresponds to the leading hadronic VP graph Fig. 5.1l
decorated in all possible ways with an additional virtual photon the result

reads
5 o
b— 18 b ) Inb

1
9
19 4 15 Iny
+(—-,+ b+ b — b3)
(3 9 9 8 Vb(b—4)
1 1 2 1 1 1 1
1 _ 2 ) _ 2 12
+(+3b 6b b) C()+(2+6b 12b 3b) n“y

16 4, 4, 1.5\ Du(b)
+(3 RN +3b)\/b(b—4) (5.51)

Krause [113] has given an expansion up to fourth order which reads

AKI@) () = 32 + S b+ (g -
4

“ m? (223 23 s
K@l (s/m?) = ) { oy ~X@) - I mz} (5.52)
+m2 (8785 37 ( )_367ln s 19,8
s [1152 8 216 m2 144 m?2
+m4 (13072841 883 (2) - 10079, s N 141 w2 °
s2 | 432000 40 3600  m2 80  m2
m® [2034703 3903 6517, s 961, , s
- 2) — 1 1 :
53 [ 16000 ~ 40 °® 1500 M2 T ogo I m2”

Here m is the mass of the external lepton m = m,, in our case. The expanded

approximation is more practical for the evaluation of the dispersion integral,
because it is numerically more stable in general.
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Class (b) consists of 2 diagrams only, obtained from diagram 22) of Fig. [43]
and one may write this contribution in the form

(6) had[(b)] o « 3 2 dS [(b)] 2
o - (") / ° R(s) K (s/m) (5.53)
4m?2
with

1

]_ — f,C) Al e 1'2 mi

KL s/m dx 1—3:)8/m2 T 1z m?
0

where we have set [T = O‘H Using (Z174) with z = — *

1
2 p—
) = -2 [y -y m-sya-y) =5 - +(2— L)
0

withﬁ:\/ 4lE e

% m?2
Here the kernel function is the contribution to a, of the 2 two-loop di-
agrams obtained from diagrams 8) of Fig. by replacing one of the two
photons by a “heavy photon” of mass /s.
In diagram b) m%/m?* = (me/m,)* is very small and one may expand
B in terms of this small parameter. The z—integration afterwards may be

m2
performed analytically. Up to terms of order O( %) the result reads [113]

3
1 2 —I1 2 —x2
+x1—x2 [xl(ml—l)ln(l_xl) —$2($2—1)1H<1_$2>:|}
5 1 1 9 . 1 1, of —m
— 1- L —_1
2 Tl e {xl( xl)[ 2 (x1> 2 " (1—951)]

—a3(1 — ) {Lb <9£12) -y <1_—x;2>” ’

with 212 = 1(b+ v/b2 —4b) and b = s/m?. The expansion to fifth order is
given by

m? 1,1, m
KOs =70 0 mis T ol
7

1. m3 1
K[(b)](s) - (3 + In m£> X {2 — (331 —+ 332) (554)

+m2 _55 7r2+ In s +51nm2_112 s —|—1ln2m2
s 48 18 9 m? 36 m? 6 m? 6 m?
m? 11299 N 72 10 S 1 I m? Cw? f e m?
52 1800 3 3 m? 10 m? ? m?
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~om® (6419 14 5, 76, m® 14 ,m® 140 s 14 , s
s3 | 225 9 45 mi 3 m# 9 m: 3 m3

8 2 2
m 53350 20 5 592 m 5 m S 2 S
— 1 — 201 — 1 201
(441 37 T 63 Y m2 Ym2 T o3 nm§+ nm§>}

2 2 4 6 8
L™ {m _2mt om (—2111 s2+25)_m4 (—121n 52+97)
m s m 5

m2 | s 3 52 s3 6
m!e s 416
. (—56111 St )} . (5.55)

Class (c) includes the double hadronic VP insertion, which is given by

. 51 7 dsds’
o — (O)) [ RO R K (550

9 s s
4m?2
where
1 t(1-a)
KOs ¢ = /da: T .
[22 4+ (1 —2) s/mﬁ] [22 4+ (1 — ) s’/mi]

0

This integral may be performed analytically. Setting b = s/m? and ¢ = s'/m?
one obtains for b # ¢
2 (o 9 bt/ —(4-0) b
(2—0) v* In(b) b (2-4b+1%) ln(bf\/f(4fb)b)
2(b-¢ 2(b—c)y/—(4—0b)b
c+\/ (4—c)e
_(—2—|—c)621n(c)+ (2—4c—|—c)1n \/ (4— cc)
2 (b—c) ) v~ ( ’

1
Kl©(s, ") = 5 —b—c—

(5.57)

and for b= ¢

. —24+4c—c?
KOs, ¢y = ,—2c+ ; (=2+c—41n(c) +3cln(c) + e ( 2(_44—06) ”
c+\/(—4+c)c)
cf\/(74+c)c

2(—=4+c)\/(-4+c)c
Class (d) exhibits 3 diagrams (diagrams 19) to 21) of Fig. and corre-

sponds to the leading hadronic contribution with R(s) corrected for final state
radiation. We thus may write this correction by replacing

¢ (12—42¢c¢+22¢% —3¢3) In(

n (5.58)

R(s) — R(s)n(s) © (5.59)

™
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in the basic integral (5I8]). This correction is particularly important for the
dominating two pion channel for which n(s) may be calculated in scalar QED
(treating the pions as point-like particles) [I14] [115] and the result reads

1+62 1- 6 1_ﬁﬂ'
=g, {4L2( o) ()
1+ B, 1+ B
310g(1+6ﬂ> (1—577) — 2log(6x) 10g<1_ﬁﬂ)}

310g( ) 4log(Br)

1+ﬁﬂ)+31+6§ (5.60)

+ {(14—52) ]1og<1_5 9o g2

and provides a good measure for the dependence of the observables on the
pion mass. Neglecting the pion mass is obviously equivalent to taking the
high energy limit

(s — o00) =3.

In Fig. the correction 7)(s) is plotted as a function of the center of mass
energy. It can be realized that for energies below 1 GeV the pion mass leads
to a considerable enhancement of the FSR corrections. Regarding the desired
precision, ignoring the pion mass would therefore lead to wrong results. Close
to threshold for pion pair production (s =~ 4m?2) the Coulomb forces between
the two final state pions play an important role. In this limit the factor n(s)
becomes singular [n(s) — m%/23,] which means that the O(«) result for the
FS correction cannot be trusted anymore. Since these singularities are known
to all orders of perturbation theory one can resum these contributions, which
leads to an exponentiation [114]:

0.0 05 1.0 15 2.0
Vs [GeV]

Fig. 5.22. The FSR correction factor n(s) as a function of the center of mass
energy +/s
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Table 5.5. Higher order contributions from diagrams a)-c) (in units 10~*)

af?a) af?b) afc) azad@) Ref.
-199(4) 107(3) 2.3(0.6) -90(5) 2]
—211(5) 107(2) 2.7(0.1) -101(6) [113]
—209(4) 106(2) 2.7(1.0) —-100(5) [10]
-207.3(1.9) 106.0(0.9)  3.4(0.1) -98(1) [80]
—207.5(2.0)  104.2(0.9) 3.0(0.1) —100.3(2.2) [6]

R (s) = R(s) (1+77(s)i - 2”5:) Z X [1 —exp (J;‘)r (5.61)

Above a center of mass energy of 1/s = 0.3 GeV the exponentiated correc-
tion to the Born cross—section deviates from the non—exponentiated correction
less than 1 %. The corresponding O(«) sQED contribution to the anomalous
magnetic moment of the muon is

§ap* = (38.6+£1.0) x 107", (5.62)

where we added a guesstimated error which of course is not the true model
error, the latter remaining unknown™. In the inclusive region above typi-
cally 2 GeV, the FRS corrections are well represented by the inclusive photon
emission from quarks. However, since in inclusive measurements experiments
commonly do not subtract FSR, the latter is included already in the data and
no additional contribution has to be taken into account. In more recent anal-
yses this contribution is usually included in the leading hadronic contribution
(E23) as the 77~ channel (see Table E3)).

Results obtained by different groups, for so far unaccounted higher order
vacuum polarization effects, are collected in Table 5.5l We will adopt the
estimate

ah®® = (-100.3 +2.2) x 107" (5.63)

obtained with the compilation [6].

5.4 Hadronic Light—by-Light Scattering

In perturbation theory hadronic light—by-light scattering diagrams are like
leptonic ones with leptons replaced by quarks which, however, exhibit strong
interactions via gluons, which at low energies lead to a breakdown of pertur-
bation theory.

180ne could expect that due to v — p° mixing (VMD type models [116], see below)
the sQED contribution gets substantially reduced. However, due to the low scales
~ my, my involved, here, in relation to M, the photons essentially behave classically
in this case. Also, the bulk of the VP contribution at these low scales comes from
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Nevertheless, it is instructive to ask what quark-loop contributions would
look like, if strong interactions would be weak or turned off. Quark loops, of
course, play a role in estimating the S.D. effects above a certain energy scale.
In fact, we may check which energy scales contribute relevant to the LbL
integrals in case of a muon loop and cutting off high energy contributions by
a cut—off A. Typically, one obtains

A [GeV] 0.50.71.0 2.0
a, x 1010 24 26 38 45

which illustrates that even for the muon the LbL contributions are rather
sensitive to contributions from unexpectedly high scales. Only when the cut—
off exceeds about 2 GeV the correct result al (Ibl, 1) ~ 46.50 x 10710 is well
approximated. A constituent quark loop would yield the results summarized
in Table Bd. For the light quarks the numerical results are certainly more
trustable while for the heavier quarks, like the ¢, the asymptotic expansion
(@II) becomes more reliable (see [72]; results taken from TABLE I of [72])2].

Table 5.6. CQM estimates of a,(f)(lbl7 q) x 10!

0.3 GeV lepton  [ud] s ¢ [uds] [udsc] method
79.0 497 11 21 508 529  [72] numerical
81.0 51.0 1.2 22 521 544 (@ID

the neutral p°-exchange Fig. which does not directly produce FSR, the latter
thus being due to the dissociated charged m™ 7~ intermediate state as assumed in
sQED. In fact the main contribution comes from very low energies (Fig. [£.22)).

The constituent quark model (CQM) result quoted in [I17], including u,d, s
and ¢ quarks, reads aEF) (Ibl,u, d, s, c)cqm ~ 62(3) x 10711,

20In the free quark model (parton model) with current quark masses given in
(B30) one would get a (Ibl, u+d) = 8229.34x 10~ and a' (Ibl, s) = 17.22x 10~ !
by adapting color, charge and mass in (3] and (348), respectively. Apart from the



312 5 Hadronic Effects

Certainly, quark loops are far from accounting for the bulk of the hadronic
LbL—effects. Actually, it is the spontaneous breakdown of the nearby chi-
ral symmetry of QCD, an intrinsically non—perturbative phenomenon, which
shapes the leading hadronic effects to be evaluated. While the non—perturbative
effects which show up in the hadronic vacuum polarization may be reli-
ably evaluated in terms of measured hadronic cross—sections oioi(eTe™ —
~v* — hadrons), which allows us to obtain the full photon propagator
(0|T{AH(x1)A" (22)}|0), for the light-by-light scattering Green function
(O|T{A* (1) A" (12) AP (x3) A% (24)}|0) we have little direct experimental in-
formation when photons are off-shell. In the contribution to g — 2 we need
the light-by-light scattering amplitude with one photon real (k> = 0), or
more precisely, its first derivative 9/0k" evaluated at k* = 0, equivalent to
E, — 0. But, the other three momenta are off-shell and to be integrated over
the full phase space of the two remaining independent four—vectors. Unfor-
tunately, the object in question cannot be calculated from first principles at
present. Perturbation theory fails, chiral perturbation theory is limited to the
low energy tail only and for lattice QCD there is a long way to go until such
objects can be calculated with the required precision. One thus has to resort
to models which are inspired by known properties of QCD as well as known
phenomenological facts. One fact we already know from the hadronic VP dis-
cussion, the p meson is expected to play an important role in the game. It
looks natural to apply a vector—-meson dominance (VMD) like model. Electro-
magnetic interactions of pions treated as point—particles would be described
by scalar QED, as a first step in the sense of a low energy expansion. Note
that in photon—hadron interactions the photon mixes with hadronic vector—
mesons like the p°. The naive VMD model attempts to take into account this
hadronic dressing by replacing the photon propagator as

. . : q"q” . 2
igt” igh? i(g" — e ) gt my
q2 q2 .. =7, + e (5.64)

q* —mj ¢ mp—q

where the ellipses stand for the gauge terms. Of course real photons ¢? — 0 in
any case remain undressed and the dressing would go away for mz — o0. The
main effect is that it provides a damping at high energies with the p mass as
an effective cut—off (physical version of a Pauli-Villars cut—off). However, the
naive VMD model does not respect chiral symmetry properties.

A way to incorporate vector—mesons p, w, ¢, ... in accordance with the ba-
sic symmetries of QCD is the Resonance Lagrangian Approach (RLA) [94] [05],
an extended version of CHPT (see p.[238) which also implements VMD in a
consistent manner. Alternative versions of the RLA are the Hidden Local

fact that pQCD makes no sense here, one should note that results are very sensitive
to the precise definition of the quark masses. Also note that the chiral limit m, — 0
of (9) [with me — mgq (¢ = u,d, s)] is IR singular. This also demonstrates the IR
sensitivity of the LbL scattering contribution.
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Gauge Symmetry?] (HLS) [II8] or massive Yang-Mills [I19] models and the
Extended Nambu-Jona-Lasinio (ENJL) [120] model. They are basically equiv-
alent [95] [TT9] T21] in the context of our application.

A new quality of the problem encountered here is the fact that the inte-
grand depends on 3 invariants ¢7, g3, ¢3, where g3 = —(g1+¢2). In contrast the
hadronic VP correlator, or the VVA triangle with an external zero momentum
vertex, only depends on a single invariant ¢2. In the latter case, the invariant
amplitudes (form factors) may be separated into a low energy part ¢ < A2
(soft) where the low energy effective description applies and a high energy
part ¢ > A? (hard) where pQCD works. In multi-scale problems, however,
there are mixed soft—hard regions (see Fig.[5.23]), where no answer is available
in general, unless we have data to constrain the amplitudes in such regions. In
our case, only the soft region ¢?, ¢3, ¢3 < A% and the hard region ¢?, ¢35, g3 > A?
are under control of either the low energy EFT and of pQCD, respectively.
In the other domains operator product expansions and/or soft versus hard
factorization “theorems” & la Brodsky-Farrar [122] may be applied.

Another problem of the RLA is that the low energy effective theory is non—
renormalizable and thus has unphysical UV behavior, while QCD is renormal-
izable and has the correct UV behavior (but unphysical IR behavior). As a
consequence of the mismatch of the functional dependence on the cut—off, one
cannot match the two pieces in a satisfactory manner and one obtains a cut—
off dependent prediction. Unfortunately, the cut—off dependence of the sum is
not small even if one varies the cut—off only within “reasonable” boundaries
around about 1 or 2 GeV, say. Of course the resulting uncertainty just reflects
the model dependence and so to say parametrizes our ignorance. An estimate
of the real model dependence is difficult as long as we are not knowing the true
solution of the problem. In CHPT and its extensions, the low energy constants
parametrizing the effective Lagrangian are accounting for the appropriate S.D.
behavior, usually. Some groups however prefer an alternative approach based

2'Tn this approach the vector part SU(2)v of the global chiral group SU(2)r ®
SU(2)r, realized as a non-linear o model for the pions (see (L51)), is promoted to
a local symmetry and the p-mesons become the corresponding gauge vector bosons,
as they do in the massive YM approach. Together with the electromagnetic U(1)qg
local group one obtains the symmetry pattern: [SU(2)r ® SU(2)r/SU(2)v]global @
[SU(2)v]hidden ® U(1)q, where the local group is broken by the Higgs mechanism
t0 U(1)em, with Qem = @ + Tg‘idde"7 essentially as in the electroweak SM. Unlike
in the massive Yang-Mills (YM) ansatz the gauge bosons here are considered as
collective fields (V* = gy*q etc.) as in the ENJL model. The generalization to
SU(3) is obvious. Similar to the pseudoscalar field ¢(x) ([@5G), the SU(3) gauge
bosons conveniently may be written as a 3 x 3 matrix field
0
R
Vi@) =Y TVu=| o= 4 0 KT

*— * _ o wsg
K K 2 Vo) .
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Two scale problem: “open regions”

One scale problem: “no problem”

RLA | 'pQCD

Fig. 5.23. Multi-scale strong interaction problems. For two and more scales some
regions are neither modeled by low energy effective nor by perturbative QCD

on the fact that the weakly coupled large-N. QCD, i.e. SU(N,) for N, — oo
under the constraint s N.=constant, is theoretically better known than true
QCD with N, = 3. It is thus tempting to approximate QCD as an expansion
in 1/N, [123, 24 125

Of course, also applying a large—N. expansion one has to respect the
low energy properties of QCD as encoded by CHPT. In CHPT the effective
Lagrangian has an overall factor IN., while the U matrix, exhibiting the
pseudoscalar fields, is N, independent. Each additional meson field has a
1/F; < 1/y/N,. In the context of CHPT the 1/N, expansion thus is equiva-
lent to a semiclassical expansion. The chiral Lagrangian can be used at tree
level, and loop effects are suppressed by powers of 1/N,.

5.4.1 Calculating the Hadronic LbL Contribution

Let us start now with a setup of what one has to calculate actually. The
hadronic light—by—light scattering contribution to the electromagnetic vertex
is represented by the diagram Fig.[5.24] According to the diagram, a complete
discussion of the hadronic light—by—light contributions involves the full rank—
four hadronic vacuum polarization tensor

(a1, 92, 93) = /d4$1 Al Aty o (nm1 @202 F0aws)

X (O T{ju(z1)jv(x2)ix(23)Jp(0)}[0) . (5.65)

Momentum k of the external photon is incoming, while the ¢;’s of the virtual
photons are outgoing from the hadronic “blob”. Here j,(x) denotes the light
quark part of the electromagnetic current
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Fig. 5.24. Setup for the calculation of the hadronic contribution of the light—by—
light scattering to the muon electromagnetic vertex

Jula) = & (a)(@) — L (@d)@) — (7)) =7 Qruala) - (566)

It includes a summation over color of the color and flavor diagonal quark
bilinears. Since the electromagnetic current j,(x) is conserved, the tensor
I1,,0,(q1, g2, g3) satisfies the Ward-Takahashi identities

{5 a%; a3 kP Y (g1, g2, q3) = 0, (5.67)
with k = (¢1 + g2 + ¢3). This implies

Hywrp(q1, 62,k — g1 — q2) = —k7(9/Ok?) o (q1, 92,k — 1 — g2) ,  (5.68)

and thus tells us that the object of interest is linear in k£ when we go to the
static limit £* — 0 in which the anomalous magnetic moment is defined.

Up to one-loop the electromagnetic £¢y—vertex has been discussed in
Sect. B.6.3] its general structure in Sect. Here we adopt the notation
of Knecht and Nyffeler [126] (¢ — k, p1 — p and p2 — p’). From the diagram
we easily read off the contribution of IT,,x+(q1, g2, g3) to the electromagnetic
vertex which is given by

(b= (p")|(€)p(0) |1~ (p)) = (—ie) a(p”) Hp(p', p) ulp)
_ / dtqr d*qe (—i)? i i
Cm*em)* i3 (i +q—k)? (p' —q)?—m? (p—q — q2)? —m?
x (—ie)® a(p”) v (#'— dh + m) v (B— dh— da +m) 7 u(p)
x (1) g (a1, a2,k — 1 — g2) (5.69)

with k, = (p’ — p),. For the contribution to the form factors

Wp") (0", p) ulp) = (p") [ Fo(k) + 177" (k)| u(p),  (5.70)

(68) implies that I1,(p’,p) = kI, (p’, p) with
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a(pl) Hpa(]?l,p) U(p) = —166 X
/ d4q1 d4QQ 1 1 1
2m)*em)* i (@ +q—k)? (' —q)?—m? (p—q —q2)? —m?
x a(p )V (B'— s +m) v (B— dh— do +m) 7> u(p)

0
X o e (q1,92,k — a1 — q2) -

The WT-identity takes the form k?k7u(p’) o (p’, p)u(p) = 0, which im-
plies 8" Fi(0) = 0 and, in the terminology introduced at the end of Sect. [3.5]
we have V,(p) = II,(p",p)|lk=0 = 0 and T,s(p) = Hps(p’,p)|k=0. Thus, us-
ing the projection technique outlined in Sect. 35l the hadronic light-by-light
contribution to the muon anomalous magnetic moment is equal to

Fal0) = o T A+ mb a1+ miTpp)t . (67)
This is what we actually need to calculate. The integral to be performed is 8
dimensional. Thereof 3 integrations can be done analytically. In general, one
has to deal with a 5 dimensional non-trivial integration over 3 angles and 2
moduli.

As mentioned before, the hadronic tensor I7,,1+(q1, g2, k—¢1 —g2) we have

to deal with, is a problematic object, because it has an unexpectedly complex
structure as we will see, in no way comparable with the leptonic counter-
part. The general covariant decomposition involves 138 Lorentz structures of
which 32 can contribute to g — 2. Fortunately, this tensor is dominated by
the pseudoscalar exchanges 7°, 7,7/, ... (see Fig. [B.6)), described by the WZW
effective Lagrangian ([@.60). This fact rises hope that a half-way reliable es-
timate should be possible. Generally, the perturbative QCD expansion only
is useful to evaluate the short distance (S.D.) tail, while the dominant long
distance (L.D.) part must be evaluated using some low energy effective model
which includes the pseudoscalar Goldstone bosons as well as the vector mesons
as shown in Fig.
Note that, in spite of the fact that in pQCD our hadronic tensor IT,, )+ (q1, g2,
k — q1 — g2) only involves parity conserving vector interactions (y*—type), in
full QCD the parity violating axial-vector interactions (y#7y5—type) are ruling
the game. Thereby the existence of the ABJ anomaly related via PCAC to
the pseudoscalar states plays the key role. This connection may be illustrated
as in Fig.

5.4.2 Sketch on Hadronic Models

One way to “derive” the low energy structure of QCD starting from the
QCD Lagrangian is to integrate out the S.D. part of the gluonic degrees

2ZFormally, a 42 = 1 appears inserted at one of the vertices and one of the ~s’s
then anticommuted to one of the other vertices. The “quark-loop picture” is not
kind of resummed pQCD, which does not know pions, rather an ENJL type diagram.
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Fig. 5.25. Hadronic light-by-light scattering is dominated by 7°-exchange in the
odd parity channel, pion loops etc. at long distances (L.D.) and quark loops including
hard gluonic corrections at short distances (S.D.). The photons in the effective theory
couple to hadrons via v — p° mixing

of freedom, which implies effective four quark interactions and a model very
similar to the Nambu-Jona-Lasinio (NJL) model [127] (compare also the lin-
ear o—model [128]), however, with nucleons replaced by constituent quarks.
Practically, this is done via the regulator replacement,

1 1/A* 2
) —>/ dre 79, (5.72)
0

in the gluon propagator and an expansion in 1/42. In the leading 1/N, limit
this leads to the Lagrangian

LexoL = LGop +29s Z (ql}%qi) (q%qf{)

2%
—gv Y [(qiLqu) (qi%qi) + (L — R)] , (5.73)
9
defining the so called extended Nambu-Jona-Lasinio (ENJL) model (see [129]

for a comprehensive review). Summation over colors between brackets in [5.73]
is understood, i, j are flavor indices, qr.r = (1/2) (1 £+5) ¢ are the chiral

70 1% A AV
Yo 1%

Fig. 5.26. Hadronic degrees of freedom (effective theories) versus quark gluon pic-
ture (QCD); example 7° exchange
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are Fermi type coupling parameters. The couplings Gg(A) and Gy (A) are
dimensionless and O(1) in the 1/N, expansion and to leading order the con-
straint o

Gs =4Gy = "N, ie.a, = O(1/N,) (5.75)

should be satisfied at scales where pQCD applies. The ENJL model ex-
hibits the same symmetry pattern, the spontaneously broken chiral sym-
metry which is inferring the existence of non—vanishing quark condensates
((wwu), (dd), (3s) # 0) and of the Goldstone modes, the pions (7%, 7%), the
7 and the kaons in the SU(3) (u,d,s) quark sector. The Lagrangian EéCD
includes only low frequency (less than A) modes of quark and gluon fields.
In the ENJL model quarks get dressed constituent quarks in place of
the much lighter current quarks which appear in the QCD Lagrangian. The
constituent quark masses are obtained as a solution of the gap equation
Fig. 52 and typically take values (£39) for A ~ 1.16 GeV, depending
on the cut—off (phenomenological adjustment).
Constituent quark—antiquark pair correlators ((gI;q") (x) qqu >. via it-
erated four—fermion interactions as illustrated in Fig. (.28 form meson prop-
agators such that one obtains the Fig. type of ENJL diagrams which
implies a VMD like dressing between mesons, quarks and the virtual photons.
It should be clear that the ENJL model does not allow to make predictions
from first principles, since although it is “derived” from QCD by “integrating

2The quark propagator in the ENJL model to leading order in 1/N, is obtained
by Schwinger-Dyson resummation according to Fig. There is no wave function
renormalization to this order in 1/N. and the mass can be self—consistently deter-
mined from the Schwinger-Dyson equation. To leading order in N, this leads to the
condition

Mi =m; — gS qq i qq>z — <0| %qz |0>7
(qq)i = —4 N, M/ 4 _M2 . (5.76)

Here i denotes the quark flavor. The constituent quark mass M; is independent of
the momentum and only a function of G's, A and the current mass m;.

24The I'y’s denotes a 4 x 4 matrix in spinor space (see (Z21))) times a 2 x 2 matrix
in isospin space (Pauli matrices), which specifies the channel: spin, parity, isospin,
charge etc.
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Fig. 5.27. Schwinger-Dyson equation for the inverse quark propagator (see
Sect. [2I79)), which at zero momentum leads to the gap equation Free
lines without endpoints denote inverse propagators; thick line: dressed or constituent
quark; thin line: free current quark

resummed T p

Fig. 5.28. ENJL meson propagators

or

out the gluons” in the functional integral such a derivation is not possible on a
quantitative level, because the non—perturbative aspects are not under control
with presently available methods. What emerges is a particular structure of
an effective theory, sharing the correct low energy properties of QCD, with
effective couplings and masses of particles to be taken from phenomenology.

In fact, in order to work with the model one has to go one step further
and introduce the collective fields describing the hadrons, like the pseudo—
scalars and the vector—mesons and this leads back to the RLA or HLS type of
approaches where the meson fields are put in by hand from the very beginning,
just using the symmetries and the symmetry breaking patterns to constrain
the effective Lagrangian. However, this does not fix the Lagrangian completely.
For example, a special feature of the HLS Lagrangian [IT§] is the absence of
a ppmT 7w~ term, which is present in the extended chiral Lagrangian as well
as in the VMD ansatz.

The spectrum of states, which eventually should be taken into account,
together with the quantum numbers are given in the following Table B.7
Nonet symmetry would correspond to states

\}6 (utt + dd — 2s5)

1 _
/3 (uu + dd + ss) ,

where 17 is the ideal flavor singlet state. This symmetry is broken and the
physical states are mixed through a rotation

Yy =
Uy =

Fig. 5.29. ENJL model graphs: 7% exchange, pion-loop and quark-loop dressed by
p — v transitions
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Table 5.7. Low lying mesons (hadrons) in the quark model [I30]. States with a
question mark are not yet (fully) established experimentally

n?* e, gre o I=1 I= I=0 1=0 0
ud, du, ,(dd —ut) us,si,ds, sd f f [°]
1'S, o * ot w° KT K- ,K° K" g n'(958) —24.6
138 17~ p(770) K*(892) #(1020)  w(782)  36.0
13P 0FF a0(1450) K§(1430)  fo(1710)  f5(1370)
138, 1+ a1(1260) K777 f1(1420)  f1(1285) ?7752.0

f' = 1gcosf — 1)y sinb
f = gsinf + 11 cos

and the mixing angle has to be determined by experiment. For tan = 1//2 ~
35.3° the state f’ would be a pure s5 state. This is realized to good accuracy
for w — ¢ mixing where ¢ is almost pure ss.

At low energies, the interaction of a neutral pion with photons is de-
scribed by the Wess-Zumino-Witten Lagrangian ([@60]). Since this is a non—
renormalizable interaction, employing it in loop calculations generally results
in ultraviolet divergences.

A simple and commonly adopted option is to introduce a form factor into
the 7%y~ interaction vertex, which tames the contributions of highly virtual
photons. This results in the following 7%y interaction vertex:

aNN,

VI (q1,q2) = 37ch Frogenr(m2,63,63) 1€ q14 qop, (5.77)
iy

Oy
with Fro,,(m2,0,0) = 1 and where g1 denote the momenta of the two
outgoing photons.

The part of the RLA Lagrangian relevant for us here includes the terms
containing the neutral vector-meson p°(770), and the charged axial-vector
mesons ali(1260) and 7%, as well as the photon:

HLS _ —egpA“pg - igp,mpg (77 91 7)) —igyarAy (7t o 77)
— — g — —
+(1—a)e* AFA,mtn + QengA“pngrw - eF: A (Va";“w - VGWWJF)
L. (5.78)

where masses and couplings are related by
M} =ag F? , 9o = agvFy,
9pnm = %CLQV y Gymm = (1_3) €.
The parameter @ is not fixed by the symmetry itself. A good choice is a = 2

which conforms with the phenomenological facts i) universality of the p cou-
pling gorr = gv, ii) gyxrr = 0, which is the p meson dominance of the pion
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form factor, and iii) the KSRF relation [I31] M? = 2¢2 _ FZ2. The correspond-
ing Feynman rules Fig. B30 supplement the sSQED ones Fig. Also included
we have the WZW term (£60) and the vector-boson propagators read

_j gV
LAY (g, My) = ' { w1 } 5.79
14 (q V) (L]2 _ M‘Q/) g q2 ( )

where My, is the mass.

(1) Propagators and mixing transitions

AN

H v

o = = O :=A‘p‘ (%Mp)a
poo v ,
OO = Agl (anal) P
L T=r . ,
ANANNE = = = ::—legpg” s

(2) Pion—photon vertices

AR
2
- _0- = 47\_62F7r E“Vaﬁ klakgg N
0
AU
(3) Vector-meson—pion/photon vertices
¢ gt
’
’ . / u
Ko -« = igonr (@' —p)" ,
0 N
“ _
7T
Ar ot
4
4
‘LLL% = 2699‘"""’ g‘“/ ]
7N
0 /// \\ -
P
v
ay
— g
= Feg gt .
AR
\\ 7T:F

Fig. 5.30. Feynman rules for RLA; all momenta are incoming with v(k), 7" (p’)
and 7 (p). These rules supplement the sQED rules Fig. 2§
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Table 5.8. Orders with respect to 1/N. and chiral expansion of typical leading
contributions shown in Fig. B.31]

Diagram 1/N. expansion p expansion type

Fig. B3T(a) N. p° 7% n,n exchange

Fig. B31)(a) N, p® a1, p,w exchange

Fig. B31(b) 1 p* meson loops (7%, K¥)
Fig. B3Tl(c) N, p® quark loops

As mentioned at the beginning of this section already, for the models pre-
sented so far one is confronted with the problem that one has to complement
a non-renormalizable effective theory with renormalizable perturbative QCD
above a certain cut—off. This generally results in a substantial cut—off de-
pendence of the results. In order to avoid this matching problem, the most
recent estimations attempt to resort to quark—hadron duality for matching
L.D. and S.D. physics. This duality can be proven to hold in the large-N,
limit of QCD and this may be exploited in an 1/N, expansion approach to
QCD. However, once more the N, — oo limit, in which the hadrons turn out
to be an infinite series of vector resonances, is not under complete quanti-
tative control [123] [124]. Hence, a further approximation must be made by
replacing the infinite series of narrow resonances by a few low lying states
which are identified with existing hadronic states. As a result one obtains a
modeling of the hadronic amplitudes, the simplest one being the lowest me-
son dominance (LMD) or minimal hadronic ansatz (MHA) approximation to
large-N, QCD [132]. An examples of this type of ansatz has been discussed
on p. in Sect. For a detailed discussion the reader should consult
the articles [132] [133].

The various hadronic LbL contributions in the effective theory are shown
in Fig. 53T and the corresponding 1/N, and chiral O(p) counting is given in
Table 5.8

(a) [L.D] (b) [L.D] (¢) [S.D]

Fig. 5.31. Hadronic light-by-light scattering diagrams in a low energy effective
model description. Diagrams (a) and (b) represent the long distance [L.D.] contri-
butions at momenta p < A, diagram (c) involving a quark loop which yields the
leading short distance [S.D.] part at momenta p > A with A ~ 1 to 2 GeV an UV
cut—off. Internal photon lines are dressed by p — v mixing
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Based on effective hadronic models, major efforts in estimating aﬁbL were

made by Hayakawa, Kinoshita and Sanda (HKS 1995) [I17], Bijnens, Pallante
and Prades (BPP 1995) [134] and Hayakawa and Kinoshita (HK 1998) [135].
In 2001 Knecht and Nyffeler (KN 2001) [126] 136] discovered a sign mistake
in the 7%, 7, n" exchange contribution (see also [137] [138]), which changed the
central value by +167 x 10711 More recently Melnikov and Vainshtein (MV
2004) [139] found additional inconsistencies in previous calculations, this time
in the short distance constraints (QCD/OPE) used in matching the high en-
ergy behavior of the effective models used for the 7°, 7,7’ exchange contribu-
tion. Knecht and Nyffeler restrict their analysis to pion—pole approximation.
At least one vector state (V) has to be included in addition to the leading one
in order to be able to match the correct high energy behavior. The resulting
“LMD+V” parametrization has been worked out for the calculation of the
LbL 7% pole contribution in [126] and was used later in [139] with modified
parameter hs (see below) at the internal vertex and with a constant pion—
pole form factor at the external vertex. Explicit forms of form factors will be
considered later.

Before we are going to summarize and discuss the results, in the following,
we are presenting a discussion of the pion—pole term mainly, for the reader
interested in more details of such calculations. Needless to say that only the
original literature can provide full details of these difficult calculations.

5.4.3 Pion—pole Contribution

Here we discuss the dominating hadronic contributions which are due to neu-
tral pion—exchange diagrams Fig.

The key object here is the 7%y form factor Fro.«.-(m2,qi,¢3) which is
defined by the matrix element

i/d4“iq'z<0|T{ju(9c)ju(0)}|7f°(p)> =

Euvap qapﬁ fTrO'y*v* (m72-ra qQa (p - q)Q) . (580)

It is Bose symmetric Froxyqx (8,47, q3) = Froeyens (5,43, ;) of course, as the
two photons are indistinguishable. This holds for off-shell pions as well. An

Fig. 5.32. Leading hadronic light—by-light scattering diagrams. Internal photons
lines are dressed by p — v mixing
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important point we should notice is that in the Feynman integral correspond-
ing to one of the diagrams of Fig. the pion is not necessarily near the
pole, although pole—-dominance might be expected to give a reasonable ap-
proximation. For clarity we therefore define the form factor not by the matrix
element ([5.80), but by the vertex function

i / Az % (0T {j,(x) 5(0) B0 (p)}HO) =

i
Epvap qozpﬁ }-ﬂo*'y*v* (an q2a (p - Q)Q) X pg o m2 ’ (581)

™

with ¢(p) = [ d'y eP%¢(y) the Fourier transformed 7% field.

The 7%-exchange contributions to IT w41, g2, q3), according to Fig. [5.32]
takes the form

0
i 1) (@2, 0) =

Foponrys e (¢, 4i, d3) fﬂo*v*v*(q;’ a3, k)
a5
+ Frnosr s (%, 43, q%) F oy (a1, ai, k?)

2
q° —m2

a B o 't
2 EuvapB 41 92 Expor 4393
—mx

Eppaf3 q(llqlﬁ EvdoT ngg

+ F 0 ey (02> 47, 43) F e ey (2°, 43, k?)
'2

ﬁ ’
g2 — m72'r Eprap q?qB Evpor ng;

with ¢} = ¢; + k. To compute ab‘”“"o = FMm(0)|ppr.m0, we need

.0 0
Y ke H;(L:,\L(QIJI%/@ —q—q) =
Fﬂo*’y*’v* (q?Qn q%, q%) .7:,70*7*7((13, Q:)Q,a 0)
a3 —m3
+ fﬂ'o*'}’*')’* (q%7 q§7 q%) -7:770*7*7((]%; CI%, 0)
@ —m2
\ P ) Fov G 0

2 2
a3 —mz

Euvap q?qg Exopr 03
T a B
Euorp 41 Eviap 41 92

Euraf Q?Qég Evopr LI; + O(k)

Here, we may set k* = 0 such that g3 = —(¢1 + ¢2). Inserting this last ex-
pression into (B.71I]) and computing the corresponding Dirac traces, one ob-

tains [126]

LbL;70 6 d4(]1 d4Q2 1
ay, =€ 4 4,22 2 2 2 2 2
(2m)* 2m)* qig3 (@1 + q2)2[(p + @1)* — m?[(p — g2)? — m?]

% |:-7:71'0*'y*'y* (qga q%a qg) Fﬂo*'y*'y(q§7 q%v O)

) T1(q1,G2;p)

—m?2
q2 mz
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fﬂo*y*y* (qgv q%v qz) fWO*V*W(qg’ qg’ 0)

+ 2 —m2 Tx(q1,q42;p) |, (5.82)
with
T1(q1,g2:p) = 136 (p-q1)(p-a2)(q1-g2) — 136 (p- (I2)2 (If
- 2 (p-a)(a1-a2) a5 + 8(p-a2)ai a3 — 136(19-(12) (a1~ g2)°
+ 136 m?qi ¢ — 136 m? (g1 - ¢2)?,
15(q1, g23p) = 136 (p-q1)(p-a2)(q1-g2) — 136 (p- (I1)2 QS
+§(p-q1)(q1 “42) 45 + i(p-ql)q?qg
i - S ar - 0)?.

w

3

Two of the three diagrams give equal contributions and 75 has been sym-
metrized with respect to the exchange q; <« —g2. At this stage everything is
known besides the 7%y~ off-shell form factors.

5.4.4 The 7%y~ Transition Form Factor

Above we have formally reduced the problem of calculating the 7%—exchange
contribution diagrams Fig. to the problem of calculating the integral
(5382). The non-perturbative aspect is now confined in the form—factor func-
tion Fro-y«y« (8,51, 52), which is largely unknown. For the time being we have
to use one of the hadronic models introduced above together with pQCD as a
constraint on the high energy asymptotic behavior. Fortunately some experi-
mental data are also available. The constant Fyo.~(m2,0,0) is well determined
by the 7% — v decay rate. The invariant matrix element reads

M [ﬂ-o(q) - A/(pla )‘1) A/(p27 )‘2)} =
€2 " (D1, M) €7 (D2, A2) Epvap DYDY Fronens (a2, 03, 03) . (5.83)

The on—shell transition amplitude in the chiral limit follows from the WZW-
Lagrangian (£60) and is given by

2N,

« -1
19n2F. ~ . 0.025 GeV™ ",

Mo, = € Fro,,(0,0,0) =
and with F; ~ 92.4 MeV and quark color number N, = 3, rather accurately

predicts the experimental result

[ Mo, = \/647rF,Tow/m,3T = 0.025 £ 0.001 GeV " .

w0y
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Additional experimental information is available for Fy 0.+, (m2, —Q?%,0) com-
ing from experiments efe™ — eTe 70 (see Fig. £33) where the electron
(positron) gets tagged, i.e., selected according to appropriate kinematical cri-
teria, such that Q? = —(pp, — pi)? = 2EpE; (1 — cos©y) is large. py is the
beam electron (positron) four-momentum, p; the one of the tagged electron
(positron) and ©; is the angle between p; and py. The differential cross—section

do

dQ?
is then strongly peaked towards zero momentum transfer of the untagged
positron (electron) which allows experiments to extract the form factor.

Note that the production of an on-shell pion at large —¢7 = Q? is only
possible if the real photon is highly energetic, i.e. ¢J = |g2| large. This is
different from the g — 2 kinematical situation at the external photon vertex,
where the external photon has zero four-momentum. By four-momentum
conservation thus only Frowy« (—Q% —Q2,0) and not Fro. .« (m2,—Q?0)
can enter at the external vertex. However, for a “far off-shell pion” the
effective theory breaks down altogether. Indeed, Fro-y+, (—Q?, —Q?,0) is not
an observable quantity away from the pion—pole and in particular for large
Q* > m2.

For the internal vertex both photons are virtual, and luckily, experimental
data on Fro,«,(m2,—Q?,0) is available from CELLO [140] and CLEO [141].
This is one of the “question marks region” of Fig. which is actually
controlled by experimental data. Experiments fairly well confirm the Brodsky-
Lepage [142] evaluation of the large Q2 behavior

. 2F;
ngloo fﬂov*'y(m?rv _QQa 0) ~ Q2

(eTe” —ete n0),

(5.84)

In this approach the transition form factor is represented as a convolution of a
hard scattering amplitude (HSA) and the soft non—perturbative meson wave

Fig. 5.33. Measurement of the #x° form factor fﬂov*v(mi,—Qz,O) at high
space-like Q2
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function and the asymptotic behavior follows from a pQCD calculation of the
HSA. Together with the constraint from 70 decay

1
. 2 2 0y _
QI%IEO fﬂ'O’Y*’Y(mﬂ) -Q aO) - 4/]_(21_7‘7T (585)
an interpolating formula
1 1

Froyen (M2, —Q?,0) ~ (5.86)

Am?Fr 1+ (Q?/8n2F2)
was proposed, which in fact gives an acceptable fit to the data shown in
Fig. 534l Refinements of form factor calculations/models were discussed and
compared with the data in [I41] (see also [143] [144] 145]).

It is important to note here that the L.D. term Fro..(m2,0,0), which is
unambiguously determined by the anomaly, gets screened at large Q2, in spite
of the fact that in the chiral limit

1

e, (58D

fﬂ'g*’)’*v* (qga q%a q§)|mq:0 = fﬂ—O,YV(O, 0, 0)|mq:0 =

This behavior is in common with the one of the quark loops when m, # 0,
as we will discuss next. A seemingly plausible approximation which helps to

0970597-008

0.30 ‘ ———
| O cEeLLo |
. @ CLEO |
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Fig. 5.34. fﬂow*w(mi—QQ?O) data from CLEO and CELLO. Shown is the
Brodsky-Lepage prediction (580) (solid curve) and the phenomenological fit by
CLEO (dashed curve) Reprinted with permission from [141]. Copyright (2007) by
the American Physical Society
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simplify the calculation is to assume pion—pole dominance in the sense that one
takes the form factor on the pion mass shell and uses F 0.+~ everywhere. This
pole approximation apparently has been used by all authors (HKS,BPP,KN)
in the past, but has been criticized recently (MV). The point is that the form
factor sitting at the external photon vertex in the pole approximation [read
Froqen(mZ,—Q%,0)] for —Q* # m? violates four-momentum conservation
k# = 0. The latter requires ]:,,o*,y*,y(—Q2, —Q?,0) as discussed before. In
the chiral limit the only consistent choice for the form factor in the pole
approximation is Fro,-(0,0,0) which is a constant given by (5.85)); this model
is advocated by Melnikov and Vainshtein, and leads to a substantially larger
contribution, due to the lack of damping of the high energy modes. But, what
we really need is ]:,,o*,y*,y(—Q2, —Q?,0) and the question is how it behaves at
high energies. Definitely, no experimental information is available here.

After the presentation of the experimental constraints we turn to the the-
oretical models. Let us consider first the behavior of Fro«y«y« in the CQM,
where it is given by a quark triangular loop (see [2I43]) and ﬂm

cQM
o (@%,p1,p3) = 2m? Co(mg, mg, mg; ¢, 17, 13)
2m?
- /[da] ) , e L. (5:88)
My — e3Py — Q31 Py — piaq
where [da] = daidasdas §(1 — a1 — as — a3) and my is a quark mass
(¢ = u,d,s). For p? = p2 = ¢> = 0 we obtain Fﬁ?ﬁ{v*(o,o,()) = 1. Note

the symmetry of Cy under permutations of the arguments (p?, p3,¢?). Cp is
a known function in terms of logs and dilogs for arbitrary values of the ar-
guments. For our purpose it is sufficient to calculate it at one of the square
momenta set to zero. One finds

—mg 1 2\/47”3—?%_\/_17%
n

cQM
Fﬂo(’?»y*»y* (O,p%,pg) ) 2 - (p% - p%)
s \" st
For large p? at p3 ~ 0, ¢®> ~ 0 the asymptotic behavior is given by
2 2
cQM m 2 [ —P1
ﬂo(ng* (0,p?,0) ~ —pq% {ln <mg )} . (5.89)
For large p? ~ p3 at ¢> ~ 0 we have
cQM 2 2 mg -t
FﬂD*,Y*,Y* (ng]_;p]_) ~ 2 _p% {ln ( mg >} I (590)

25We actually first consider a current quark loop which is related via PCAC to the
triangle anomaly (see below). Non-perturbative strong interactions effects transmute
it to a constituent quark loop (me — M,, the latter being non-vanishing in the chiral
limit).
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and the same behavior follows for ¢? ~ p? at p3 ~ 0. Note that in all cases we
have the same power behavior ~ mg /p? modulo logarithms. It is important

mq—0

to note that in the chiral limit FSOQ};/IV <=7 0 if (¢%,p2,p3) # (0,0,0).
Thus our consideration seems to be not quite relevant, as it says that the
chiral corrections at high energies are damped by a 1/Q? behavior in all
the possible directions. The dominant terms come from the chiral limit, but,
surprisingly, the CQM calculation also sheds light on the leading contribution,
as we are going to discuss now. Actually, the singular behavior of FSOQ:/IW
under exchange of limits:
lim  FSM (¢, p2,p2) =0 for all (¢% p?,p3) # (0,0,0)

g0 O

lim FC?I\E « 2, 27 2 =1 forall m O’ 5.91
@ 00y Tw0ey (OP1P2) 7 (5.91)

implies that the chiral limit is either zero or unity,

cQM

lim lim Fﬂ-O*,Y*,Y* (42717%717%) =1 ’ (592)

mq=0 (¢2,p%,p3)—(0,0,0)
depending on whether (¢%,p%,p3) # (0,0,0) and (¢%,p?,p3) = (0,0,0), re-
spectively. This singular behavior is an alternative form of expressing the
ABJ anomaly and the non-renormalization theorem. For the pseudoscalar
vertex the latter just means that the last identity to all orders of perturbation
theory yields a constant, which always may be renormalized to unity by an
appropriate renormalization of the axial current. The divergence of the latter
being the interpolating field of the pseudoscalar Goldstone mode involved?d.
Amazingly, the pseudoscalar vertex (at one loop, in the real world of non—
vanishing quark masses) is UV finite and regularization independent; the two
vector currents are trivially conserved, because of the au,,agp‘f‘pg tensor struc-
ture in (5.83]), and we obtain the ABJ anomaly as a IR phenomenon and not
as a UV renormalization effect as it appears if one looks at the VVA matrix
element. Since the anomaly is exact to all orders and at all energy scales, it is
not surprising that it may be obtained from the IR region as well. Note that
with the exception of the WZW point form factor, all other models considered
(see e.g. (G.I09) or (GIII), below) share the property of the CQM that they
yield the anomaly at (0, 0, 0) while dropping for large p? like 1/p? if (p?, p3,
p3) # (0, 0, 0). But likely only the CQM may be a half-way reasonable model
for the configuration (—Q?, —Q?,0) needed at the external vertex.
An alternative way to look at the problem is to use the anomalous PCAC
relation (5.95) and to relate 70~ directly with the ABJ anomaly (Bell-Jackiw
approach). We therefore consider the VVA three—point function

Wi (q1,q2) = i/d“xld“xz el (aeit e 22) (0| T{V,,(21)V, (22)4,(0)} |0)
(5.93)

26The anomaly cancellation required by renormalizability of a gauge theory here
just would mean the absence of a non—smooth chiral limit.
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of the flavor and color diagonal fermion currents

Vu = ¢7u¢ , Au = 1/’%751#, (5'94)

where 9(x) is a quark field. The vector currents are strictly conserved
0,V#(x) = 0, while the axial vector current satisfies a PCAC relation plus
the anomaly (indexed by ( are bare parameters),

0 A" (%) = 2imodys(e) + | Eppe PPV EP7 (@) (5.95)

4
To leading order the correlator of interest is associated with the one—loop
triangle diagram plus its crossed (g1, < ¢2,v) partner. The covariant de-
composition of W,,,,(q1,g2) into invariant functions has four terms

1

Wmfp((h ' q2) = 8T

2 {wL (q%7 qgv qg) ((]1 + q2)p 5;1,1/(16 q(llqg
-+ 3 transversal } . (5.96)

The longitudinal part is entirely fixed by the anomaly,
2N,

, 5.97
@ (5.97)

wr (6,43.4%) = —

which is exact to all orders of perturbation theory, the famous Adler-Bardeen
non-renormalization theorem. In order to obtain the coupling to pseudoscalars
we have to take the derivative as required by the PCAC relation, and using

(597) we obtain

1
(ql + q2)pr,1/p(qlaq2) = 871'2 5;1,1/(16 q?qng (qfa qgv qg) CI?2,

N, o
== g2 Swva di 4. (5.98)

This holds to all orders and for arbitrary momenta. It should be stressed
that the pole in the amplitude wy, is just a kinematical singularity stemming
from the covariant decomposition of the tensor amplitude and by dimensional
counting. Thus, in general, the VVA correlator does not exhibit physical one
particle poles and in observables all kinematical singularities must cancel out
in any case.

A crucial question is the one about the correct high energy behavior of
Frosy+n=. It is particularly this far off-shell behavior which enters in a rel-
evant manner in the integral (582]). This high energy behavior has to be
fixed somehow in all the evaluations and was reconsidered by Knecht and
Nyffeler [132] 126] and later by Melnikov and Vainshtein [139]. The latter
authors criticized all previous evaluations in this respect and came up with
a new estimation of the correct asymptotic behavior. Key tool again is the
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OPE in order to investigate the short distance behavior of the four—current
correlator in (&G0, which may be written as [139)

(O] T{gu(wr)gv (w2)in(2s)} [v(K))

taking into account that the external photon is in a physical state. A look
at the first of the diagrams of Fig. .32 and taking into account the pole—
dominance picture, shows that with ¢; and ¢ as independent loop integration
momenta the most important region to investigate is ¢? ~ ¢2 > ¢3, which is
related to a short distance expansion of T'{j,(x1)j,(x2)} for 1 — z2. Thus
the OPE again is of the form (@64)), however, now for two electromagnetic
currents T{j,(z)j,(y) X} and with a “state” X the third electromagnetic
current jx(z) times the physical external photon state |y(k

WXA

Note that this time the first term of (£65]) is absent due to C—invariance
(Furry’s theorem). As usual the result of an OPE is a product of a perturba-
tive hard “short distance coefficient function” times a non—perturbative soft
“long distance matrix element”. Surprisingly, for the leading possible term
here, the non—perturbative factor is just given by the ABJ anomaly diagram,
which is known to by given by the perturbative one-loop result, exact to all
orders. This requires of course that the leading operator in the short distance
expansion must involve the divergence of the axial current, as the VVV trian-
gle is identically zero by Furry’s theorem. This is how the pseudoscalar pion

comes into the game in spite of the fact that LbL scattering externally involves
vector currents only. Indeed, in leading order one obtains

X y

(5.99)

i/d4x1/d4x2 ei(q111+Q212)T{ju(xl)ju($2)X} =
94
/d4zel(q1+qz)z e uaﬁq T{]5( )X} 4+ e (5'100)
q?

with j& = q@zfy“%q the relevant axial current and § = (¢1 — ¢2)/2 ~ ¢1 ~
—@2. The momentum flowing through the axial vertex is ¢; + g2 and in the
limit k#* — 0 of our interest ¢ + g2 — —¢qs3, which is assumed to be much
smaller than ¢ (¢? — ¢3 ~ —2¢3G ~ 0). The ellipses stand for terms suppressed
by powers of Agcp/g. It is convenient to decompose the axial current into

the different possible flavor channels and write it as a linear combination of

(3) _ (8) _

isospin js,; = qA3yu75¢, hypercharge j; ' = gAsy,y5¢ and the SU(3) singlet
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jéz) = GAoYu759, where A3 = diag(1,—1,0) and As = diag(1,1,—2) are the

diagonal Gell-Mann matrices of flavor SU(3) and A is the unit matrix. Then

TrAQ?] (o)
Trp2] o

a

Jou = (5.101)

a=3,8,0

After the perturbative large ¢;, g2 behavior has been factored out the remain-
ing soft matrix element to be calculated is

T3y =i / d'z e O[T{5Y) (2)jA(0)} (k) | (5.102)

which is precisely the VVA triangle correlator ([@45]) discussed earlier in
Sect. £.2.2]1 This matrix—element may be written as

plo) _ _1eNCTr Ma@?]
A 472

L () 3908 For + w2 (@3) (~ B Frs + asn§ Forp — 430§ fn) } - (5.103)

Both amplitudes, the longitudinal wy, as well as the transversal wr, are cal-
culable from the triangle fermion one-loop diagram. In the chiral limit they

are given by [146] 147, [148]
wi? (¢?) = 20l (¢?) = ~2/¢*. (5.104)

At this stage of the consideration it looks like a real mystery what all this has
to do with 7%—exchange, as everything looks perfectly controlled by pertur-
bation theor. The clue is that as a low energy object we may evaluate this
matrix element at the same time perfectly well in terms of hadronic spectral

2TIn the literature frequently the “pole” of (5.97) is misleadingly identified with
the pion—pole, and chiral symmetry breaking is said to transmute the “Goldstone
pole”

1/¢* = 1/(¢* = m7)

to the physical pion—pole. This argumentation is certainly wrong since this pole is
also present for the leptons where it is obvious that there is no physical pole. In
fact the “pole” is just a kinematical singularity, in any physical amplitude it gets
removed by a ¢® factor coming from the contraction of the tensor coefficients in
the covariant decomposition (.96]). In the PCAC relation (5.98), which relates the
divergence of the axial current to the pion, the kinematical pole is removed. This
happens both for quarks and for leptons. The emergence of pions has nothing to do
with the anomaly primarily. Pions are quasi Goldstone bosons of the spontaneous
breakdown of the chiral symmetry of strong interactions and as such a completely
non—perturbative phenomenon, with other words, whether the operator 1/_)751/1($) in
the PCAC relation (£.95)) is the interpolating field of a composite bound state, is a
matter of the non—perturbative nature of the strong interactions of the quarks.
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functions by saturating it by a sum over intermediate states, using B.120).
For the positive frequency part we have

O ORE) = [ 7% SLOUE i) i)l (b))

where for a = 3 the lowest state contributing is the 7°, thus

3
(01553 (2)ix (0) (k) = / (%;} () 01353 N7 N D) AO) 1 ()

+subleading terms .

Here, we have the matrix elements

(01387 (2)|7° (p)) = €P* 2iFpg
<7T0(p)|j)\(0)|"/(k)> = _4egﬂo'yvpafa>\ ) (5105)

with fM = kqaex — kréa, €q the external photon’s polarization vector and

N.Tr [A\3Q?]
901y = Lomp (5.106)
Omitting subleading terms, as a result we find
(3) [N [ d'p 0y s 2 2\ ipz o NeTrA3Q%] o -
O i OR() = [ 5.7, O 807 —m2) e 2iFep, ™ T
and finally for the time ordered correlation
3) (s _ [ d'p 1 i ipz o NeTr AsQ%] o 5
OGS @O = [ o b L e i

After this discussion which allows us to understand precisely how the 70—
exchange comes into play, we briefly present some typical 7%+ transition form
factor, which have been used in evaluations of the hadronic LbL contribution
recently. With v*~4* — 7% — ~4*~4* replacing the full amplitude, and in the
pion—pole approximation, Knecht and Nyffeler [126] [149] were able to reduce
the problem analytically to a 2—dimensional integral representation over the
moduli of the Euclidean momenta

apPlm = /0 Taa /0 T4 ; wi(Q1,Q2) fi(Q1,Q2) , (5.107)

which may be integrated numerically without problems. In the pole approx-
imation the weight functions w; are model independent (rational functions,
square roots and logarithms). The model dependence (form factors) resides
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in the f;’s. The representation allows a transparent investigation of the form
factor dependences. However, for the general 7°—exchange diagrams there re-
main three integrations to be performed numerically and the analysis gets
more involved (see [117, [134] [135]).

For simplicity, we focus here on the pion—pole approximation, i.e. g3 = m?2
in any case (the corresponding argument is suppressed in the following). In
order to get an idea about different possibilities we consider the following four

cases here: (see also [133] [150])

N

WZW 2 2
Fronee (@1,02) = 15 5 (5.108)
N, M3 M3
:F-VOMD q2,q2 _ c v v 7 5109
P B = yonap (g - ME) (a3 - M3) (5109
F. 22
Fioil o (di,a3) = v (5.110)

3 (g — MP)(q3 — M)’

D2 2y Froho — (gl + 63)° — hagiad — hs(ai + ) ~ aidi(ai + a3)

70 3 (af — M,)(af — M,)(g5 — M, )(a3 — M7,) 7
5.111
with | |
cy = Nc Mé ho = Nc MélM‘i
v 4m? F2 7 ’ dm? - FZ .

All satisfy the low energy constraint Fro.«,«(m2,qf,q3) = fWZVYY (m2,0,0).
The WZW form factor is a constant and if used at both vertices leads to a
divergent result. This is not so surprising as physics requires some kind of
VMD mechanism as we know. The VMD form factor as well as the HLS and
the ENJL model do not satisfy the large momentum asymptotics required by
QCD. Using these models thus leads to cut—off dependent results, where the
cut—off is to be varied between reasonable values which enlarges the model er-
ror of such estimates. Nevertheless it should be stressed that such approaches
are perfectly legitimate and the uncertainties just reflect the lack of precise un-
derstanding of this kind of physics. For the large-N, inspired form factors the
proper high energy behavior can only by implemented by introducing at least
two vector mesons: the p(770) and the p’(1465), which is denoted by LMD+V.
For a recent discussion of form factors beyond the pole-—approximation we refer
to [133].

In the most recent estimations the LMD+V form factor by Knecht and
Nyffeler is used for the internal vertex. The experimental constraints sub-
sumed in the form (IBE) fixes hg and requires hy = 0. Identifying the reso-
nances with M; = =769 MeV, My = M, = 1465 MeV, the phenomeno-
logical constraint also fixes hs = 6.93 GeV ho was allowed to vary in a
wide range in [I26] with he = 0 as a central value. As argued in [I39], an
other OPE argument allows to pin down the parameter hy with the result



5.4 Hadronic Light—by—Light Scattering 335

that ho = —10 GeV? is a more appropriate central value. Knecht and Nyffeler
apply the above LMD+V type form factor on both ends of the pion line: for
the first diagram of Fig. [£.32] thus

LMD+V LMD+V
fTr'y VJF ( 7T7q17q2) fTr'y VJF ( vaBvo)a

where, as explained above, in fact the second factor, with the given arguments,
is kinematically forbidden. In order to avoid this inconsistency Melnikov and
Vainshtein propose to use

LMD+V WZW
Foioi¥(m2, qf,q3) - FYAY (m2,0,0),
where the WZW form factor is exact in the chiral limit m2 — 0. However, the
pole—dominance assumed so far may not be a good approximation and taking
the diagram more literally, would require

fﬂ*’y*’y* (932,a q%v qs) ' fﬂ*’)’*’y(qgv Q§7 0) )

as the more appropriate amplitude. This, however, requires a cut—off on the
pion momentum and the complement has to be evaluated in pQCD. The
second factor here is expected to be qualitatively well described by the CQM
form factor, which includes the WZW term, but, beyond the chiral limit,
exhibits 1/¢? screening of the latter, similar to the Brodsky-Lepage formula.

We therefore advocate to use consistently dressed form factors as inferred
from the resonance Lagrangian approach. In view of the lack of any estab-
lished information on what concerns the coefficient of the 1/Q? damping in
the (—Q?, —Q?,0) channel, we assume that the Brodsky-Lepage behavior es-
sentially carries over to this channel, which corresponds to M, = 27 F, /\/N. ~
335 MeV in the CQM. This is a problem which has to be clarified in a future
investigation.

Analytic calculations of aj,"""*? based on simplified (non-RLA) Effec-
tive Field Theory also yielded instructive results: these studies are based on
the O(N,, p®) WZW-Lagrangian, the O(p°®) chiral Lagrangian and assum-
ing scalar QED for the interaction of the photon with the charged pseu-
doscalars. The leading diagrams are shown in Fig. Diagrams (a) and (b)
in this approach are divergent and renormalized by the effective counter term
Lagrangian £(®) = (a2 /472 Fy) §x ¥y, 7500"1° + - - - generating diagrams d)
and (e). Diagram (c) is finite. The overall divergence requires a lowest order
anomalous magnetic moment type diagram (f). The effective Lagrangian thus
must include a term of type BXZ8)), with a, — da, . Strictly speaking this
spoils the predictive power of the effective theory by an overall subtraction,
unless the divergence is removed by some other mechanism like the VMD
model again, for example. Including the pion and kaon loops of Fig. 5.3T], the
result may be cast into the form [136]

2
LbLihad _ O‘)B N, e Ne e ko In 1 5.112
u (7T { “\ 1672F2 3 " my o nmﬂ teo) (5:112)
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7 ¥ N ¥ N
" a) b) c)

LN
é al ™ é
e d) e) A b))

.0
Fig. 5.35. Diagrams contributing to aﬁbL’” in EFT. ® denotes a renormalization

counter term insertion. Counter terms Jx are needed to render the triangular sub-
graphs of a) and b) finite, da, is needed to remove the remaining overall two-loop
divergence

M m?2 mi
—l—f(m”i, Ki)—i—O( " x log s, chxlogs)}.
Ho

e

Since F, = O(v/N,), the leading term is O(N,) (see Table 5.8) and exhibits
a log” term with universal coefficient C = (N?m2)/(487%F2) ~ 0.025 for
N. = 3 [I36]. The scale g, originally represents the cut—off ug = A or,
in dimensional regularization, the MS scale or after imposing a subtraction
(=renormalization) condition it is the renormalization scale. Again the VMD
model (BI09) is the simplest possibility to introduce a physical cut—off g =
M,, such that

LbL;x° o3 )3 2 M, M
;D = (ﬂ) CXpo = (ﬂ_) C {ln mi +ciln mZ +col. (5.113)
In this case the diagrams Fig. exhibit three well separated scales:

mi—mi <<mi <<M5,

and based on this hierarchy an expansion in § = (m7 —m?.)/m;, and m? /M
is possible. The expansion in § is especially simple and reduces to the Taylor
expansion of the pion propagator. The expansion in mi /Mf? is a Large Mass
Ezpansion. The result obtained in [I37] is given by

Xﬂ0:L2+<1_ W)L_277

2 3 216

2 177 57 Gz 1lx?
+ 8 + 008,

V3T? T ray3 T 87T 6 324
m? [155L2 B <65 N 37r) 11915
M2 | 27 27 /3 1296

21w 47 117 1 34772

S Sy —
BV RV R T S 1944]
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2 2 1 57 117
+o|( - L— o+ 8~
KB 3\/3) 27 72377 183
1 2 5372 p
— S — ol n s 5.114
g2 oGt 648]+ <M4, ) (5.114)

where L = log(M,/m,), ¢ ~ 1.202057 and S = | \/BCIQ( ) =~ 0.260434.
The numerical evaluation in terms of the known physical parameters yields

alhhm = [136 — 112+ 30) x 10711 = +54 x 10711, (5.115)

and confirms the result [126]. Note that there are large cancellations between
leading and subleading terms, although the leading log is sizable In(M,/m,,) ~

1.98. Nyffeler obtained o' VthD = [123-103434] x 107" = 454 x 10~ [I51]
confirming this pattern, by a fit of (LI13) to the representation (5.I07) for
the VMD model. A similar result has been obtained in [138] by calculat-
ing ¢4 = —2/30x(uo) + 0.237 = —0.93f8:g§. The bare pion and kaon loops
(with undressed photons) as expected yield a subleading correction with

f (n;;'j , Aifj) = —0.038 or 5ab;k§éED(7ri,Ki — loops) ~ —48 x 10711,

We are now ready to summarize the results obtained by the different
groups. A comparison of the different results also sheds light on the diffi-
culties and the model dependencies in the theoretical estimations achieved

so far.

5.4.5 A Summary of Results

The results of the various evaluations may be summarized as follows:

a) According to Table[58]the diagram Fig.[5.31)(a) yields the most important
contribution but requires a model for its calculation. The results for this
dominating contribution are collected in Table

b) Next in Table[5.§ are pion— and kaon—loops Fig. 53TI(b) which only yields
a subleading contribution again being model dependent. Results are given
in Table

The evaluation of the bare pseudoscalar loops actually is possible in terms of
the large mass expansion in m, /Mp. The expansion in scalar QED, relevant
for the charged pion contribution, is given by [152]

a3
a,(Ibl; 75)sqrp = AéGI)b](mu/mﬂ) (w) , (5.116)
with
m2 (1 37
Ag o1 (my /M) = Ml; <4C3 — 96)

L Lo,y 67 _ 282819 67 o 7553
M4\ T 648077 1944000 ' 12960 ' 388800
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Table 5.9. Light-by-Light: 7°, 7,7’

Model for Fos s » au(7®) x 10t a, (7% n,n') x 101
ENJL[BPP] 59(11) 85(13)
HLS [HKS,HK] 57(4) 83(6)
LMD+V[KN] (hs = 0) 58(10) 83(12)
LMD+V[KN](1) (hs = —10 GeV?) 63(10) 88(12)
LMD+V[MV](2) (h2 = —10 GeV?)4new S.D.  77(5) 114(10)

+mu( C 767572853 . 1943 _, 51103 >
M6 216 36288 7112448000 ~ 725760 7620480
ms 3172827071 8957 ., 22434967
+M8 (160 432000 37507050000 ' 6048000 7620480000 >
my’ (17 139 999168445440307 128437
M1 (Z’)OOC3 * 1113757 14377502462400000 + 149688000
1033765301 m,’
+691558560000L> O <M12> ’ (5.117)
where L = 1n(M2/mi)7 M denoting the pseudoscalar meson mass m.,
mr, -+ and (o = ((2) = 72/6, (3 = ((3). The numerical evaluation of
the exact sQED contribution yielded A% (m,/m,) = —0.0383(20) [72],

more recently [I52] obtains A;61)b1(mu /my) = —0.0353 using the heavy mass
expansion approach. With our choice of parameters using ([GI17) we get
au(Ibl; 75)sqep = —45.3 x 10711

For the dressed case a,(LbL)sqep+vmMp an expansion in 6 = (m, —
mz)/mx and (m,/M,)? has been given for the HLS model in [I39]. For phys-
ical mr/M, ~ 0.2 this expansion is poorly convergent and therefore not of
big help, as the “cut—off” M, is too low.

¢) Third in Table Eg]is the quark loop Fig. B.3T)c) which only appears as a
S.D. complement of the ENJL and the HLS low energy effective models.
Corresponding values are included in the last column of Table

Table 5.10. Light-by-light: 7%, K* & quark loops

Model 7F 7~ y* (%) a,(7t) x 101 a,(mt, K*) x 101 a, (quarks) x 10

Point —45.3 —49.8 62(3)
VMD ~16 - -
ENJL[BPP] —18(13) —19(13) 21(3)
HLS [HKS,HK] —4(8) —4.5(8.1) 9.7(11.1)

guesstimate [MV] 0(10) 0(10) -
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In the large—N, resonance saturation approach (LMD) the S.D. behavior is in-
corporated as a boundary condition and no separate quark loops contributions
has to be accounted for.

However, other effects which were first considered in [I39] must be taken
into account:

1) the constraint on the twist four (1/¢*)-term in the OPE requires hy = —10
GeV? in the Knecht-Nyffeler from factor (5.I11)): da,, ~ 45+ 0

2) the contributions from the f; and f] isoscalar axial-vector mesons: da,, ~
+10 £ 4 (using dressed photons)

3) for the remaining effects: scalars (fy) + dressed 7%, K= loops + dressed
quark loops: da, ~ —5 %13

Note that the remaining terms have been evaluated in [I17] [I34] only. The
splitting into the different terms is model dependent and only the sum should
be considered: the results read —5+13 (BPP) and 5.2+ 13.7 (HKS) and hence
the contribution remains uncleai3.

Finally, including other small contributions the totals reported in the most
recent estimations are shown in Table 111

Note that as far as this application is concerned the ENJL and the HLS
models are equivalent and in fact the HLS may be “derived” from the ENJL
model by making a number of additional approximations [120]. The uncer-
tainties quoted include the changes due to the variation of the cut—off by
0.7-8 GeVfor the ENJL model and by 1 — 4 GeV for the HLS model. For
the LMD+V parametrization, the leading 7°-exchange contribution does not
involve an explicit cut-off dependence (large-N, duality approach).

Because of the increased accuracy of the experiments and the substantial
reduction of the error on the other hadronic contributions also a reconsider-
ation of the hadronic light-by-light contributions is needed. To what extent
this is possible remains to be seen, however, some progress should be possible

Table 5.11. Summary of most recent results. The last column is my estimate based
on the other results (see text)

10 a, BPP HKS KN MV FJ
7 85+ 13 827+ 6.4 83+ 12 1144+ 10 88+ 12
m, K loops —194+13 —4.5+8.1 0+10 —19+13
axial vector 2.5+ 1.0 1.7+ 0.0 224+ 5 10+ 4
scalar —6.84+ 2.0 - - - —7+3
quark loops 21+ 3 9.7+ 11.1 - - 21+ 3
+ + + + +
total 834+ 32 89.6+ 154 80+40 136+ 25 934+ 34

#We adopt the value estimated in [I33], because the sign of the scalar contribu-
tion, which dominates in the sum, has to be negative in any case (see [136]).
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by taking into account various points which have been brought up in the more
recent discussions.
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6

The g — 2 Experiments

6.1 Overview on the Principle of the Experiment

There are a number of excellent reviews on this subject and I am following
in parts the ones of Farley and Picasso [I] and of Vernon Hughes [2]. See also
the more recent overviews [3, [4]. Many details on the experimental setup of
the E821 experiment may be found in the dissertation written by Paley [5],
which was also very helpful for me.

The principle of the BNL muon g — 2 experiment involves the study of
the orbital and spin motion of highly polarized muons in a magnetic storage
ring. This method has been applied in the last CERN experiment [6] already.
The key improvements of the BLN experiment include the very high intensity
of the primary proton beam from the proton storage ring AGS (Alternating
Gradient Synchrotron), the injection of muons instead of pions into the storage
ring, and a super—ferric storage ring magnet [7].

The muon g—2 experiment at Brookhaven works as illustrated in Fig.[G.T1[8),
[9] T0]. Protons (mass about 1 GeV, energy 24 GeV) from the AGS hit a target
and produce pions (of mass about 140 MeV). The pions are unstable and decay
into muons plus a neutrino where the muons carry spin and thus a magnetic
moment which is directed along the direction of the flight axis. The longi-
tudinally polarized muons from pion decay are then injected into a uniform
magnetic field B where they travel in a circle. The ring is a doughnut-shaped
structure with a diameter of 14 meters. A picture of the BNL muon storage
ring is shown in Fig. In the horizontal plane of the orbit the muons exe-
cute relativistic cyclotron motion with angular frequency w.. By the motion
of the muon magnetic moment in the homogeneous magnetic field the spin
axis is changed in a particular way as described by the Larmor precession.
After each circle the muon’s spin axis changes by 12’ (arc seconds), while the
muon is traveling at the same momentum (see Fig. BI). The muon spin is
precessing with angular frequency ws, which is slightly bigger than w. by the
difference angular frequency w, = ws — we.

F. Jegerlehner: The g — 2 Experiments, STMP 226, 347-374] (2008)
DOI 10.1007/978-3-540-72634-0 6 © Springer-Verlag Berlin Heidelberg 2008
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Protons Pions Polarized Muons
from AGS p=3.1 GeV/c Inﬂector/Injection Point
# — ; ‘

D Tt =y,

Target

Injection Orbit
Storage Ring Orbit

In Pion Rest Frame

Storage

= m = spin

7 @ e momentum Ring

“Forward” Decay Muons
are highly polarized

Fig. 6.2. The Brookhaven National Laboratory muon storage ring. The ring has
a radius of 7.112 meters, the aperture of the beam pipe is 90 mm, the field is 1.45
Tesla and the momentum of the muon is p, = 3.094 GeV/c. Picture taken from
the Muon g — 2 Collaboration Web Page http://www.g-2.bnl.gov/ (Courtesy of
Brookhaven National Laboratory)



6.1 Overview on the Principle of the Experiment 349

eB
we =
mucy
B
wg = € + € a, B
myucy  myc
We = ‘ a, B, (6.1)
my,c

where a,, = (g, — 2)/2 is the muon anomaly and v = 1/4/1 —v2/c? is the
relativistic Lorentz factor, v the muon Velocityﬂ. In the experiment w, and B
are measured. The muon mass m,, is obtained from an independent experiment
on muonium, which is a (z*e™) bound system. Note that if the muon would
just have its Dirac magnetic moment g = 2 (tree level) the direction of the
spin of the muon would not change at all.

In order to retain the muons in the ring an electrostatic focusing system is
needed. In reality in addition to the magnetic field B an electric quadrupole
field E in the plane normal to the particle orbit is applied, which changes the
angular frequency according to

e 1 vX FE
N RN ) B

Interestingly, one has the possibility to choose v such that a,, —1/(y*—1) = 0,
in which case w, becomes independent of E. This is the so—called magic . The
muons are rather unstable and decay spontaneously after some time. When
running at the magic energy the muons are highly relativistic, they travel
almost at the speed of light with energies of about Emagic = ym,c? ~ 3.098
GeV. This rather high energy is dictated by the need of a large time dilatation
on the one hand and by the requirement to minimize the precession frequency
shift caused by the electric quadrupole superimposed upon the uniform mag-
netic field. The magic y-factor is about v = \/1 +1/a, = 29.3; the lifetime of
a muon at rest is 2.19711 us (micro seconds), while in the ring it is 64.435 us
(theory) [64.378 us (experiment)]. Thus, with their lifetime being much larger
than at rest, muons are circling in the ring many times before they decay into
a positron plus two neutrinos: p* — e + v, + v7,. Since parity is violated
maximally in this weak decay there is a strong correlation between the muon
spin direction and the direction of emission of the positrons. The differential
decay rate for the muon in the rest frame is given by (see also (240) and

(655) below)

dI"' = N(E.) (1 b2 o 9) | (6.3)

3 — 2x,

in which FE. is the positron energy, x. is E. in units of the maximum energy
my /2, N(E.) is a normalization factor and 6 the angle between the positron
momentum in the muon rest frame and the muon spin direction. The pu* decay

!Formulae like (GI)) presented in this first overview will be derived below.
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spectrum is peaked strongly for small 6 due to the non—vanishing coefficient

of cos @
1—2x,

3 -2z,
which is called asymmetry factor and reflects the parity violation.
The positron is emitted along the spin axis of the muon as illustrated
in Fig. The decay positrons are detected by 24 lead/scintillating fiber
calorimeters spread evenly around inside the muon storage ring. These coun-
ters measure the positron energy and provide the direction of the muon spin.
The number of decay positrons with energy greater than E emitted at time ¢
after muons are injected into the storage ring is

A(E,) = (6.4)

N(t) = No(E) exp < -t ) [14+ A(E) sin(wat + ¢(E))] , (6.5)

YT

where Ny(E) is a normalization factor, 7, the muon life time (in the muon
rest frame), and A(F) is the asymmetry factor for positrons of energy greater
than E. A typical example for the time structure from the BNL experiment
is shown in Fig. As we see the exponential decay law for the decaying
muons is modulated by the g — 2 angular frequency. In this way the angular
frequency w, is neatly determined from the time distribution of the decay
positrons observed with the electromagnetic calorimeters [I1] 12} 13| [14] [15].

The magnetic field is measured by Nuclear Magnetic Resonance (NMR)
using a standard probe of HoO [16]. This standard can be related to the
magnetic moment of a free proton by

‘Wave Form
Digitizer 50

0 10 20 30 40 50 60 70 80

Time (ns)

Fig. 6.3. Decay of ut and detection of the emitted e™ (PMT=Photomultiplier)
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Fig. 6.4. Distribution of counts versus time for the 3.6 billion decays in the 2001
negative muon data—taking period [Courtesy of the E821 collaboration. Reprinted
with permission from [7]. Copyright (2007) by the American Physical Society]

heop

B =
24

) (6:6)

where wj, is the Larmor spin precession angular velocity of a proton in water.
Using this, the frequency w, from ([@3)), and p, = (1 + a,) ef/(2m,c), one
obtains

(6.7)

where
R=wq/wp and X=p,/pp . (6.8)

The quantity A appears because the value of the muon mass m,, is needed,
and also because the B field measurement involves the proton mass m,,. Mea-
surements of the microwave spectrum of ground state muonium (p*e™) [17]
at LAMPF at Los Alamos, in combination with the theoretical prediction of
the Muonium hyperfine splitting Av [I8 [19] (and references therein), have
provided the precise value

’;“ = X\ = 3.18334539(10) (30 ppb) , (6.9)
P

which is used by the E821 experiment to determine a,, via ([6.7). More details
on the hyperfine structure of muonium will be given below in Sect.
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Fig. 6.5. Magnetic field profile. The contours are averaged over azimuth and inter-
polated using a multi—pole expansion. The circle indicates the storage aperture. The
contour lines are separated by 1 ppm deviations from the central average [Courtesy
of the E821 collaboration [7]]

Since the spin precession frequency can be measured very well, the preci-
sion at which g—2 can be measured is essentially determined by the possibility
to manufacture a constant homogeneous magnetic field B and to determine
its value very precisely. An example of a field map from the BNL experiment
is shown in Fig. Important but easier to achieve is the tuning to the
magic energy. Possible deviations may be corrected by adjusting the effective
magnetic field appropriately.

In the following we will discuss various aspects mentioned in this brief
overview in more detail: beam dynamics, spin precession dynamics, some the-
ory background about the properties of the muon. This should shed some more
light on the muon spin physics as it derives from the SM. A summary of the
main experimental results and two short addenda on the ground state hyper-
fine structure of muonium and on single electron dynamics and the electron
g — 2 will close this part on the experimental principles.

6.2 Particle Dynamics

The anomalous magnetic moment of both electrons and muons are measured
by observing the motion of charged particles in a type of Penning trap, which
consists of an electrical quadrupole field superimposed upon a uniform mag-
netic field. The configurations used in these experiments have axial symmetry.
The orbital motion of charged particles in the storage ring may be discussed
separately from the spin motion because the forces associated with the anoma-
lous magnetic moment are very weak (a, ~ 1.16 x 1073) in comparison to the
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forces of the charge of the particle determining the orbital motion. The force
F on a particle of charge e of velocity v in fields F and B is given by the
Lorentz force

dp
dt
In a uniform magnetic field B of magnitude By the particle with relativistic
energy Fy moves on a circle of radius

Ey
ecBy

F = =e(E4+vxB). (6.10)

Ty = , Eg=~ymc*. (6.11)
Since we are interested in the dynamics of the muon beam in a ring, we
consider a cylindrically symmetric situation. The cylindrical coordinates: r =
\/ 2 + 2, 0, z are the radial, azimuthal and vertical coordinates of the particle
position as shown in Fig.

The relativistic equation of motion for the muon in the static cylindrical
fields B(r, z) and E(r, z) takes the form

d

gt (m#*) = mrf* — erdB, + eE, (6.12)
d .

& (mr?0) =0, (6.13)
d .

a (m2z) =erB, + ¢E, . (6.14)

The general form of the electrostatic potential applied is

v
V(r,z):dg 7’2—27"81117:3—7’%—%2

where g is the radius of the circle on which 9V/dr = 0. This potential is
singular along the symmetry axis except in the case ro = 0. In the latter case

Bo Yy

<~/ o

Fig. 6.6. Coordinates for the beam dynamics. View at the beam end (left) x = r—ro
radial, z vertical, with B field in —z direction; (z, z) = (0, 0) is the beam position, the
negative muon beam points into the plane. View from top (right): y is the direction
along the beam
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V(r,z) = Vo

P2 (r* —22%) , (6.15)

which is the potential used in an electron trap. Here (rg,0) and (0, zo) are the
coordinates of the plates and d* = rZ +222 (for a symmetric trap ro = V220).

In the muon g — 2 experiment 7 — x = r — rg with |z| < 7o (see Fig. [6.6])
and weak focusing is implemented by a configuration of charged plates as
shown in Fig.

In order to get a pure quadrupole field one has to use hyperbolic plates
with end—caps 2% = 2% + 2%/2 and 22 = | (22 — 23) on the ring. While the
CERN experiment was using hyperbolic plates, the BLN one uses flat plates
which produce 12— and 20—pole harmonics. The length of the electrodes is
adjusted to suppress the 12-pole mode leaving a 2% 20—pole admixture. The
electric field produces a restoring force in the vertical direction and a repulsive
force in the radial direction:

E = (E,, Ey, E,) = (kx,0, —K2) (6.16)

where x = r—1rg and & a positive constant. In order to keep the beam focused,
the restoring force of the vertical magnetic field must be stronger than the
repulsive force of the electrical field in the radial direction:

eVy  e?B?
. A7
0< P2 < Sme (6.17)
The radial force is
2
F. = ymee_ eUBz + eE, (6.18)
r c

and since on the equilibrium orbit » = rg and F, = 0 we have

2

W:” - 21;32. (6.19)
0
z 1—V
. +V
+V
-V |

Fig. 6.7. Electric quadrupole field E. The vertical direction is z, the radial = (zo =
V220); V = Vo/2 at the plates
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As rg is large relative to the beam spread, we may expand r about rq:

1_ 1 1 1 x
r ro+x 1o ro )

Therefore, using (6.19) we may write

2

F, =F,=—efB,(1—n) :; = ymi=—(1—n) W;%U x (6.20)
where 8 = v/c and n is the field index
n= ;;‘; , Bo=B. . (6.21)
For the vertical motion we have
F,=—exkz = ymZ= —exrz (6.22)

and with wyg = v/rg, using ([6.19) and (6.21]), the equations of motion take the
form

i+ (1-n)wiz=0
Z4+enz=0 (6.23)

with the oscillatory solutions

r=Acos(vV1—nwot),
2z = B cos(v/nwot) . (6.24)

We have used ex = nw? following from (G2I)). The amplitudes depend on the
initial condition of the particle trajectory. This motion is called betatron os-
cillation. The betatron frequencies are wypo = v/nw, and w0 = V1—nuw,.
where w. = wy = v/rg is the cyclotron frequency. In the experiment a lattice
of quadrupoles is distributed along the ring. For the BNL experiment the lat-
tice has a four—fold symmetry and the quadrupoles are covering 43% of the
ring. The corresponding dynamics has to be calculated taking into account
the geometry of the configuration, but follows the same principle.

The dynamics of an electron in a Penning trap and the principle of electron
g — 2 experiments will be considered briefly in Sect. [6.7at the end of this part
of the book.

6.3 Magnetic Precession for Moving Particles
The precession of spinning particles in magnetic fields is a classic subject

investigated long time ago [20]. Our exposition follows closely Bell’s lecture.
In a magnetic field B the polarization P of a particle changes according to
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dP e
= P x B
a ~ Jom ’
the component of P parallel to B remains constant, while the part of P

perpendicular to B rotates about B with angular frequency

e

o B (6.25)

w=g
the non-relativistic cyclotron frequency. This holds in the rest frame O of
the particle. For moving and even fast—moving particles we may get the mo-
tion in the laboratory system O’ by a Lorentz transformation. In a pure
L-transformation ' = L* z¥ [#" = (ct,x)] L has the form]

(2 1 ae )

where n = v/v and v = 1//1 — v2/c2. For accelerated particles, the velocity
is changing and in the next moment the velocity is v’ = v+ dv. In the labora-
tory frame we thus have 2 = L* (v)z* and z*" = L* (v')z” and expanding
to linear order in dJv one obtains the motion as seen in the laboratory frame
as

t" =t —6u -2

' =2 460" x ' — du't’ (6.26)
with
ou' =~ <1+ 71)_21'0'0-> dv
v—1
36" = .2 (0v xv) , (6.27)

which tells us that from the two pure boosts we got an infinitesimal transfor-
mation which includes both a boost (pure if 8’ = 0) and a rotation (pure if
du’ = 0). The transformation (G.26) is the infinitesimal law for transforming
vectors in O’ to vectors in O”.

The precession equation for accelerated moving particles is then obtained
as follows: Let O’ be the observer for whom the particle is momentarily at
rest. If the particle has no electric dipole moment, what we assume (see end
of Sect. B3]), an electric field does not contribute to the precession and only
serves to accelerate the particle

e
ou' =  E'ot, (6.28)
m
2L is a matrix operator acting on four-vectors. The - operation at the of the

spacial submatrix means forming a scalar product with the spatial part of the vector
on which L acts.
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while the magnetic field provides the precession

SP = —g ;B’ x P' 5t . (6.29)

2

In the laboratory frame O’ the observed polarization is P'4+§ P’ where P’ = P
is the polarization of the particle in its rest frame O. The observer O” by a
boost from O sees a polarization P + §P” which differs by a rotation §6’
from the previous one: (note that momentarily P” = P’ = P)

SP" =P +60' x P (6.30)

or

SP" = _g;n B x Pt + (71}_2 b (v xv) x P. (6.31)

The precession equation in the laboratory frame may be obtained by applying
the L-transformations of coordinates and fields to the lab frame:

. 2
5t =~ (5t—v ,fw> =4t <1—v2) = 15t
c c o

E 1-—
B/:'Y(B—vx2 >+( 27),0,3,0
c v
(1—7)
E =~ (E+vxB)+ .2 v-Ev (6.32)
and one obtains AP
dt =wsx P (6.33)
with
v—1dv e vxE 1—x
ws=" 0 g XV 99 (B— 2 +*yv2 v-Buo| . (6.34)

The first term, which explicitly depends on the acceleration, is called Thomas
precession. The acceleration in the laboratory frame may be obtained in the

same way from (G.28)) together with ([G27) and (632

d
V- ¢ (E+wvxB) - ©

dt = m e v-Ev, (6.35)

which is just another form of the usual equation of motion] (Lorentz force)
d d
dIt) = at (ymv) =e (E+v x B) .

3Note that dvy = v* v - dv/c? and the equation of motion implies

as v - (v X B) = 0. This has been used in obtaining ([G.33]).
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If one uses ([633]) to eliminate the explicit acceleration term from (G.34])
together with (v x B) x v = Bv? — v - Bv and v x v = 0, one obtains

e (1—7) 1 E xv
wS:—’Ym{(l—i—'ya)B—l— )2 av.Bv+’y<a+7+1> 2 ,
(6.36)

where a = g/2 — 1 is the anomaly term.

6.3.1 g — 2 Experiment and Magic Momentum

In the g — 2 experiment one works with purely transversal fields: v - E
v- B = 0. Then using (v x E) x v = v? E (when v - E = 0) and v?/c?
(72 — 1)/+? the equation of motion can be written

dv e v Exwv
= w, . We=— B . 6.37
ag ~ Wer v @ ym < +72—1 c? > (6:37)

The velocity v thus rotates, without change of magnitude, with the relativistic
cyclotron frequency w.. The precession of the polarization P, which is to be
identified with the muon spin S, for purely transversal fields is then

e 1 Exv
a = Ws — We = — B - : '
Wy =W, —w m{a + (a 72_1) 2 } (6.38)

This establishes the key formula for measuring a,, which we have used and
discussed earlier. It was found by Bargmann, Michel and Telegdi in 1959 [20].
Actually, the magnetic transversality condition v - B = 0 due to electrostatic
focusing is not accurately satisfied (pitch correction) such that the more gen-
eral formula

wa:—e{aB—a< 7 ) ”'B”+<a— ! ) EX”}, (6.39)
m v+1 2 72 -1 2
has to be used.

Since the anomalous magnetic moment for leptons is a very small quantity
a ~ 1.166 x 1073, electrons and muons in a pure magnetic field and initially
polarized in the direction of motion (P  v) only very slowly develop a com-
ponent of polarization transverse to the direction of motion. The observation
of this development provides a sensitive measure of the small but theoretically
very interesting anomalous magnetic moment.

In the original muon g — 2 experiments only a B field was applied and
in order to give some stability to the beam the B was not quite unifornﬂ
and the particles oscillate about an equilibrium orbit. As a result one of the

*Magnetic focusing using an inhomogencous field B, = By (ro/r)", which by
Maxwell’s equation V x B = 0 implies B, ~ —n/ro Boz for r ~ ro, leads to
identical betatron oscillation equations ([6.23) as electrostatic focusing.
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main limitations of the precision of those experiments was the difficulty to
determine the effective average B to be used in calculating a, from the ob-
served oscillation frequencies. To avoid this, in the latest CERN experiment,
as later in the BNL experiment, the field B is chosen as uniform as possible
and focusing is provided by transverse electric quadrupole fields. To minimize
the effect of the electric fields on the precession of P, muons with a special
“magic” velocity are used so that the coefficient of the second term in (637])
is small:

corresponding to a muon energy of about 3.1 GeV. This elegant method for
measuring a, was proposed by Bailey, Farley, Jostlein, Picasso and Wickens
and realized as the last CERN muon g — 2 experiment and later adopted by
the experiment at BNL. The motion of the muons is characterized by the
frequencies listed in Table

Two small, but important, corrections come from the effect of the electric
focusing field E on the spin precession wy,.

The first is the Radial Electric Field Correction, the change in w, when
the momentum p deviates from the magic value p # p,,, and hence p = fym =
Pm + Ap. In fact, the beam is not monoenergetic and the momentum tune
has a small uncertainty of about +0.5%. This effect can be corrected by a
change in the effective magnetic field [6] used in extracting a,. In cylindrical
coordinates Fig. using (v x E), = —v,E, = —vE,, as By, = 0, we find
aB, + (a—1/(3*y*))v E,./c? or, with By = —B, > 0,

E. 1 -
BOCH - BO |:1 - ﬁBQ (1 - CLM52"/2>:| = CE BO . (640)
This directly translates into
Aw, BE, (Ap
=Cp~ -2 . 6.41
Wa, " BO <pm ) ( )

One may apply furthermore the relation Ap/p,, = (1 —n) (z./ro), where z. is
the equilibrium position of the particle relative to the center of the aperture

Table 6.1. Frequencies and time periods in the muon g — 2 experiment E821. The
field index used is n = 0.137. It is optimized to avoid unwanted resonances in the
muon storage ring

Type v; = w;/2m Expression Frequency Period
Anomalous precession Va e;r“,f 0.23 MHz 4.37 us
Cyclotron Ve 2:7«0 6.71 MHz 149 ns

Horizontal betatron Vg V1—nv. 6.23 MHz 160 ns
Vertical betatron v, Vnuve 2.48 MHz 402 ns
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of the ring. For the BNL experiment typically
Cg ~ 0.5 ppm . (6.42)
The second effect is the Vertical Pitch Correction arising from vertical

betatron oscillations [Il 21]. The focusing force due to E changes v, at the
betatron oscillation frequency w, = szo% such that

WY(t) = 1o sinwpt . (6.43)

The muon will follow a spiral path with pitch angle v (see Fig. [£8)) given by
1: = sint) ~ ¢ (6.44)

and w, is changed. Now v- B # 0, which persists as an effect from the focusing

field also if running at the magic . The corresponding correction follows from
(639), at v = 4. The motion vertical to the main plane implies

€ v 2
az — B 1-

z
z I
Wa
- B i
Wy x
v 9
(7
At
Z y -
« WEDM
&) 3

Y

Fig. 6.8. Left: frame for pitch correction. p lies always in the yz-plane. The pitch
angle ¢ between p and the y-axis (beam direction) oscillates. The spin S then rotates
about the z-axis through an angle f1), where for electric focusing f = 14+3?va—~"1;
f =1 at magic 7. Right: frame for EDM correction. As |E| < |E*| = ¢|8 x Bj,
wEeDpM points along the z-axis while the unperturbed w, points in z-direction. § =

nB ~ n
arctan 20 = 24

5The pitch frequency here should not to be confused with the proton precession
frequency w, appearing in (6.8).
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where w,, is the ideal (unperturbed) precession frequency. Similarly,

em ()
b )] (5

v , v
f=siny~y, Y =cosp~1.
v v

Way

where we used

The component of w, parallel to the tilted plane changes sign and in the time
average has no effect. The perpendicular component is

Wl =Wq =w;COSY — wysiny ~w, — wy) (6.47)
and hence
1/)2
W =w, (1-Cp)=w, (1— 2) ) (6.48)

In the time average by (643) »?2 = ;w% and thus Cp = h/}%. This holds
provided w, < w, otherwise the correction reads [21]

2
a_wp

Lo oo S
= 1-— A
CP 4¢0 5 ( (aﬁ'y) (UJQ ) ’ (6 9)
with (a37y)? = 1/(3v)? at magic v. For the BNL experiment the pitch correc-
tions is of the order

Cp ~ 0.3 ppm . (6.50)

A third possible correction could be due to an EDM of the muon. If a large
enough electric dipole momen

ne

d. = ZmCS (6.51)
(see (LA, p. 32 f. in Sect. and the discussion at the end of Sect. B3)
would exist the applied electric field E (which is vanishing at the equilibrium
beam position) and the motional electric field induced in the muon rest frame
E* = ~v3 x B would add an extra precession of the spin with a component
along E and one about an axis perpendicular to B:

e (E
W =W, +WEDM = Wq — g ( +5XB) (652)
2m, \ c
5Remembering the normalization: the magnetic and electric dipole moments are
given by p = § 2?:6 and d = ] 2f’;nhc7 respectively.
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or
Awg = —2d, (Bx B)—2d, E
which, for 3 ~ 1 and d, E ~ 0, yields

=y ) s ear

where 7 is the dimensionless constant, equivalent of magnetic moment g-
factors. The result is that the plane of precession in no longer horizontal
but tilted at an angle

§ = arctan ~"PM — arctan Zﬂ ~ (6.53)

Wa a 2a

and the precession frequency is increased by a factor
W, =we V1462, (6.54)

The tilt gives rise to an oscillating vertical component of the muon polariza-
tion, and may be detected by recording separately the electrons which strike
the counters above and below the mid—plane of the ring. This measurement
has been performed in the last CERN experiment on g — 2, and a correspond-
ing analysis is in progress at BNL.

6.4 Theory: Production and Decay of Muons

For the (g — 2),, experiments one needs polarized muons. Basic symmetries of
the weak interaction of the muons make it relatively easy to produce polarized
muons. What helps is the maximal parity violation of the charged current
weak interactions, mediated by the charged W* gauge bosons, which in its
most pronounced form manifests itself in the “non—existence” of right—handed
neutrinos vr. What it means more precisely is that right handed neutrinos
are “sterile” in the sense that they do not interact with any kinds of the
gauge bosons, which we know are responsible for electromagnetic (photon),
weak (W- and Z-bosons) and strong (gluons) interactions of matter. It means
that their production rate in ordinary weak reactions is practically zero which
amounts to lepton number conservation for all practical purposes in laboratory
experimentd.

Pion production may be done by shooting protons (accumulated in a pro-
ton storage ring) on a target material where pions are the most abundant sec-
ondary particles. The most effective pion production mechanism proceeds via

"Only the recently established phenomenon of neutrino oscillations proves that
lepton number in fact is not a perfect quantum number. This requires that neutrinos
must have tiny masses and this requires that right—handed neutrinos (vgr’s) must
exist. In fact, the smallness of the neutrino masses explains the strong suppression
of lepton number violating effects.
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decays of resonances. For pions it is dominated by the Ass isobar (Ass — N)
[basic processes p+p —p+n+aTandp+n —p+p+ 7]

p+(N,Z) > A"+ X 5" (N+1,Z+1F1) +77F

where the ratio o(71)/o(7~) — 1 at high Z8.
We now look more closely to the decay chain

S Vi e 7

L, e+ ve+tuy,

producing the polarized muons which decay into electrons which carry along
in their direction of propagation the knowledge of the muon’s polarization (for
a detailed discussion see e.g. [22]).

1) Pion decay:
The 7~ is a pseudoscalar bound state 7= = (uysd) of a d quark and a u
antiquark @. The main decay channel is via the diagram:

In this two—body decay of the charged spin zero pseudoscalar mesons the
lepton energy is fixed (monochromatic) and given by

2 2 2 2

ms +m mis —m

Eg:\/m2+p2: m Copp="" ¢
¢ ¢ om, 2m,

Here the relevant part of the Fermi type effective Lagrangian reads

G , _
Eefﬁint = _\/; Vud (N’\/a (1 - 75) VM) (’U’Pya (]- - 75) d) +h.c.
where G, denotes the Fermi constant and V4 the first entry in the CKM
matrix. For our purpose V4 ~ 1. The transition matrix—element reads

T = ou< 0, DT~ >in

= —13; Vaud Fr (0,7% (1 = 75) 0,) Pa
8 At Brookhaven the 24 GeV proton beam extracted from the AGS with 60 x 10*2
protons per AGS cycle of 2.5 s impinges on a Nickel target of one interaction length
and produces amongst other debris—particles a large number of low energy pions.
The pions are momentum selected and then decay in a straight section where about
one third of the pions decay into muons. The latter are momentum selected once
more before they are injected into the g — 2 storage ring.
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Fig. 6.9. Pion decay is a parity violating weak decay where leptons of definite
handedness are produced depending on the given charge. CP is conserved while
P and C are violated maximally (unique handedness). =~ [u'] is produced with
positive [negative] helicity h = S - p/|p|. The existing u~ and p" decays are related
by a CP transformation. The decays obtained by C or P alone are inexistent in
nature

5

where we used the hadronic matrix—element

(0] dyuvs u |m(p)) = iFrpy

which defines the pion decay constant F. As we know the pion is a pseu-
doscalar such that only the axial part of the weak charged V — A current
couples to the pion. By angular momentum conservation, as the 7+ has spin
0 and the emitted neutrino is left—-handed ((1 — ~v5)/2 projector) the u™ must
be left-handed as well. Going to the 7~ not only particles have to be replaced
by antiparticles (C) but also the helicities have to be reversed (P), since a
left-handed antineutrino (essentially) does not exist. Note that the decay is
possible only due to the non—zero muon mass, which allows for the necessary
helicity flip of the muon. The handedness is opposite for the opposite charge.
This is illustrated in Fig.

The pion decay rate is given by

2
G? m2
Do o= L VaualPEZmem? [1— ") x (14 dqep) ,
TR e T g e T m2
with CKM matrix—element V4 ~ 1 and dqep the electromagnetic correction.

2) Muon decay:
Muon decay p~ — e~ v, is a three body decay
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Fig. 6.10. In = [p"] decay the produced e~ [e*] has negative [positive] helicity,
respectively

The matrix element can be easily calculated. The relevant part of the effective
Lagrangian reads

G
Lef int = — \/’; (e (1= 95) ve) (7uYa (1 —75) 1) + hec.

and thus
T = out< €, Ul |t~ >in

- 3; (@ey™ (1= 75) vu) (T, Yo (1= 5) )

which proves that the ;= and the e™ have both the same left-handed helicity
[the corresponding anti-particles are right—handed] in the massless approxi-
mation. This implies the decay scheme Fig. for the muon.

The electrons are thus emitted in the direction of the muon spin, i.e.
measuring the direction of the electron momentum provides the direction of
the muon spin.

After integrating out the two unobservable neutrinos, the differential decay
probability to find an e* with reduced energy between x and x + da emitted
at an angle between 6 and 6 + df reads (see also (2:46)))

2+ G?mb

dxddCOSG = 19“%5 2 (3—2x+ P, cosf (22 — 1)) (6.55)

and typically is strongly peaked at small angles and may be written in the

form (@3). The reduced e* energy is = E, /Wye with W, = max E, =

(mi +m2)/2m,,, the e* emission angle 6 is the angle between the e momen-

tum p. and the muon polarization vector P,. The result above holds in the
approximation zg = me /W, ~ 9.67 x 1073 ~ 0.

6.5 Muon g — 2 Results

First a historical note: before the E821 experiment at Brookhaven the last of
a series of measurement of the anomalous g-factor a, = (g, — 2)/2 at CERN
was published about 30 years ago. At that time a, had been measured for
muons of both charges in the Muon Storage Ring at CERN. The two results,

a,- = 1165937(12) x 1077
a,+ = 1165911(11) x 1077, (6.56)
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are in good agreement with each other, and combine to give a mean
a, = 1165924.0(8.5)10~? [7ppm)] , (6.57)

which was very close to the theoretical prediction 1165921.0(8.3)10~? at that
time. The measurements thus confirmed the remarkable QED calculation plus
hadronic contribution, and served as a precise verification of the CPT theorem
for muons.

Measured in the experiments is the ratio of the muon precession frequency
we = ws — we and the proton precession frequency w,: R = wq/w, which
together with the ratio of the magnetic moment of the muon to the one of the
proton X = 1,/ 1, determines the anomalous magnetic moment as

R
A-R’

The CERN determination of a,, utilized the value A = 3.1833437(23).

The BNL muon g — 2 experiment has been able to improve and perfect
the method of the last CERN experiments in several respects and was able to
achieve an impressive 14—fold improvement in precision. The measurements
are R,- = 0.0037072083(26) and R,+ = 0.0037072048(25) the difference
being AR = (3.5 & 3.4) x 107?. Together with A\ = 3.18334539(10) [23] one
obtains the new values

ap

(6.58)

a,- = 11659214(8)(3) x 107 '°
a,+ = 11659204(7)(5) x 10717 (6.59)

Assuming CPT symmetry, as valid in any QFT, and taking into account
correlations between systematic errors between the various data sets the new
average R = 0.0037072063(20) is obtained. From this result one obtains the
new average value

Table 6.2. Summary of CERN and E821 Results

Experiment  Year  Polarity ay X 10%° Precision [ppm] Reference
CERN I 1961 wt 11450000(220000) 4300 [24]
CERN II  1962-1968 u* 11661 600(3100) 270 [25]
CERN III  1974-1976  p© 11659 100(110) 10 [6]
CERN IIT 1975-1976 p~  11659360(120) 10 [6]
BNL 1997 wt 11659 251(150) 13 1]
BNL 1998 pt 11659191(59) 5 [12]
BNL 1999 pt 11659202(15) 1.3 [13]
BNL 2000 pt 11659204(9) 0.73 [14)
BNL 2001 u~ 11659 214(9) 0.72 [15]
Average 11 659 208.0(6.3) 0.54 [15]
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Fig. 6.11. Results for the individual E821 measurements, together with the new
world average and the theoretical prediction. The CERN result is shown together
with the theoretical prediction by Kinoshita et al. 1985, at about the time when
the E821 project was proposed.The dotted vertical bars indicate the theory values
quoted by the experiments

a, = 11659208.0(5.4)(3.3) x 1077 (6.60)

with a relative uncertainty of 0.54 ppm [7]. Where two uncertainties are given
the first is statistical and the second systematic, otherwise the total error is
given where statistical and systematic errors have been added in quadrature.
In Table all results from CERN and E821 are collected. The new average
is completely dominated by the BNL results. The individual measurements
are shown also in Fig. The comparison with the theoretical result is
devoted to the next section. The achieved improvement and a comparison of
the sensitivity to various kinds of physics effects has been shown earlier in
Fig. at the end of Sect. B.2.1]

The following two sections are addenda, one on the determination of A in
(658)) and the other a sketch of the electron g — 2 measurement technique.

6.6 Ground State Hyperfine Structure of Muonium

The hyperfine and Zeeman levels of 25 1 ground state Muonium are shown in
Fig. [6.12]1 The energy levels are described by the Hamiltonian

H=hAvI, -J—pgg, I, -B+ugg;J B (6.61)
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Fig. 6.12. Muonium ground state hyperfine structure Zeeman splitting (Breit-Rabi
energy level diagram). At high fields the transitions 112 and v34 are essentially muon
spin flip transitions

where I, is the muon spin operator, J is the electron total angular momen-
tum operator and B is the external static magnetic field. The total angular
momentum is F' = J + 1 ,,.

Microwave transitions v12 and 134 are measured in a strong magnetic field
B of 1.6 Tesla. Also this experiment uses the parity violating correlation of
the direction of the muon spin and the positron emission of y—decay.

The hyperfine splitting (HFS) and the muon magnetic moment are deter-
mined from v and v3y.

A
vig = —uu, B+ 21/ [1+x—\/1+x2]
A
vy = 4B+ ) [L-a+v1+a2? (6.62)

where x = (gsu% + g,p5) B/(hAv) is proportional to the magnetic field
strength BY. The latest experiment at LAMPF at Los Alamos has measured
these level splittings very accurately. The Larmor relation, 24,5 = hvp, and
NMR is used to determine B in terms of the free proton precession frequency
v, and the proton magnetic moment p,. Using (6.62)) and the measured tran-
sition frequencies v12 and v34 both Av and g, /1p can be determined.

9The gyromagnetic ratios of the bound electron and muon differ from the free
ones by the binding corrections [26]

B 1 a2+a2me+a3 ;o 1 a2+o¢2me
9gJ = ge 3 A y 9 = Gu 3 .

me‘ Qm/’,‘
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Note that the sum of (6:62]) equals to the zero field splitting Av = Avyps
independent of the field B, while for high fields the difference measures the
magnetic moment ,,:

Av =via+v3q

Av
ppB = v3q —vio — Av (\/1+9C2—9C) R V34 — Vi —

1).
2x’(x>>)

The magnetic moment was measured to be
Hu/ pp = 3.183 345 24(37) (120 ppb) ,

which translates into a muon—electron mass ratio

(9 (e (HB) _
My me = ( ! ) (Nu) (up> — 206.768 276(24) (120 ppb) ,

when using g, = 2 (1 +a,) with a, = 11659208.0(6.3) x 10710 and p,/uf =
1.521032206(15) x 10~2 [27]. The measured value of the zero field HFS is

Av®P = 4463 302 765(53) Hz (12 ppb)

in good agreement with the theoretical prediction [28 [I8] 29, [30, 19| 27]

-3
Apthe — 16 ¢ Roo o Me (1 + me) (1 + 5.7:(04, me/mu))

3 My My
= 4463 302905(272) Hz (61 ppb) ,

where the error is mainly due to the uncertainty in m,/m.. The correction
0F(a,me/my,) depends weakly on o and m./my,,

Roo = 10973 731.568 525(37) m™*

is the Rydberg constant a?m.c/2h [27]. A combined result was used to deter-
mine ([6.9) used in the determination of a, (see also [31]).

6.7 Single Electron Dynamics and the Electron g — 2

The basic principle of a muon g— 2 experiment is in many respects very similar
to the one of electron g — 2 experiments, although the scale of the experiment
is very different and the electron g — 2 experiment uses atomic spectroscopy
type methods to determine the frequencies. The particle dynamics considered
in Sect. applies to the single electron or single ion Penning trap shown
in Fig. Electron motion in a hyperboloid Penning trap in the azial
(vertical) direction is a harmonic oscillation

z(t) = Acos(w,t)
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(b) Penning trap device (in units

(a) Penning trap: an electrical
of the size of a 1 € coin)

quadrupole field superimposed
on a homogeneous magnetic field
(U=W)

cyclotron motion
magnetron motion

(c) Typical electron trajectory

Fig. 6.13. Electron motion in a hyperbolic Penning trap [Courtesy of G. Werth,

Mainz [36]]

with
w. = 2v/eVy/md?
(see ([GI3)). In the radial direction it is an epicycloid motion with

2(t) = +pm cos(wmt) + pecos(wit)
y(t) = —pm sin(wmt) — pesin(wit) .

Here 1
W =wy = 2(wc+\/wg—2w§) ~ W,

is the perturbed cyclotron frequency and
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W =w_ = ;(wc— Vw? —2w2) = w, —wl,
the magnetron frequency. The frequencies are related by w? = w3 + w? + w?.
Typical values for a positron in a magnetic field B = 3T, U = 10V and
d = 3.3mm are v, = 48 GHz, v, = 64 MHz, v,,, = 12kHz depending on the
field strengths determined by B, U and d.

The observation of the splitting of the spin states requires a coupling of
the cyclotron and spin motion of the trapped electron to the axial oscillation,
which is realized by an extremely weak magnetic bottle modifying the uniform
magnetic field by an inhomogeneous component (Dehmelt et al. 1973) (see
Fig. [614). The latter is imposed by a ferromagnetic ring electrode, such that

B=By+Byz*+--- (6.63)
which imposes a force
F=msg.upgrad B=mgsg. up B2 2z,

on the magnetic moment. Because of the cylindric symmetry the force is linear

in first order and the motion remains harmonic. The force adds or subtracts a

component depending on my = +1/2 and thus changes the axial frequency by
By

Aw, = ge uB (6.64)

MeW,

as shown in Fig. [6.14
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Fig. 6.14. Left: schematic of the geonium apparatus (Dehmelt et al. [32]). Hyper-
bolic endcaps and ring electrodes trap the electron axially while coupling the driven
harmonic motion to an external LC circuit tuned to drive the axial frequency. Radial
trapping of the electron is produced by the strong magnetic field from a supercon-
ducting solenoid. Right: frequency shift in the axial resonance signal at ~ 60 MHz.
The signal-to—noise ratio of this ~ 8 Hz wide line corresponds to a frequency res-
olution of 10 ppb. Reprinted with permission from [32]. Copyright (2007) by the
American Physical Society
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For a trap working at a temperature of 7' = 4° K the thermic energy is
E = kT = 3.45x 10~*eV. The trapped electron occupies low quantum states,
the cyclotron (n =0,1,2,---) and spin (ms = £1/2) energy levels,

2
E(n,m) = (n+1> hw;+ge hwcms—th <n+ 1+m5) , (6.65)
2 2 2 2
for v, = 84 GHz thus hw. = 3.47 x 10~*eV which implies n. = 0,1 such
that QM is at work (the axial motion corresponds to n, ~ 1000 and hence is
classical). In fact this is not quite true: Gabrielse has shown that in Dehmelt’s
experiment at 4° K, because of the spread in the thermic spectrum, still many
higher states are populated and, in a field of a few Tesla, only at about 1" =
0.1° K one reaches the ground state [33]. The third term in (6.63)) is the leading
relativistic correction of size /v, = hv./(mc?) ~ 1079 [34], too small to be
important at the present level of accuracy of the experiments. The radiation
damping is

" (6.66)

and with ahe = €2 /(4meg) = 1.44MeVfm one has 4. = 1.75s71. The sponta-
neous damping by radiation is then 4, ~ 4./10% ~ 0.15 per day. The g — 2
follows from the spin level splitting Fig. [6.15]

AE = gojup B = 92@ hwe = huws (6.67)

such that 5
ge - Wg — We Wq
= = . 6.68
2 We We ( )

ae =

From the spin Larmor precession frequency hws = me. g. up B (up the Bohr

magneton) and the calibration of the magnetic field by the cyclotron frequency
of a single ion in the Penning trap hw. = Gion/Mion B one obtains

Ws Gion Mle

=2 6.69

Je We € Mion ( )

or if g, is assumed to be known one may determine the electron mass very

precisely. The most precise determination was obtained from g-factor exper-

iments on 12C5* and C7* [35] with a cylindrical cryogenic double Penning

trap in a magnetic field of 3.8 T [working at frequencies v. = 25 MHz, v, =

1MHz, v, = 16kHz].

+
ol

+
[T

|
N el

Fig. 6.15. Lowest electron quantum states in a Penning trap
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The Harvard electron g — 2 experiment performs spectroscopy of a single
electron in the lowest cyclotron and spin levels in a cylindrical Penning trap.
The problem of a harmonic Penning trap is that it is a cavity and hence al-
lows only certain electromagnetic frequencies. The damping by spontaneous
emission affects the cyclotron frequency in a way which is not fully under
control. The cylindrical trap which exhibits plenty of higher harmonics solves
this problem as it can be operated at well selected frequencies. Working fre-
quencies are vg &~ v, ~ 149 GHz, v, ~ 200 MHz, v,, ~ 134kHz. For the first
time it was possible to work with the lowest quantum states of (6.65]) (see
Fig. [6.19) in the determination of g. — 2. The result has been discussed in
Sect.
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7

Comparison Between Theory and Experiment
and Future Perspectives

7.1 Experimental Results Confront Standard Theory

The anomalous magnetic moment of the muon provides one of the most pre-
cise tests of quantum field theory as a basic framework of elementary particle
theory and of QED and the electroweak SM in particular. With what has
been reached by the BNL muon g — 2 experiment (see Table [[[T]), namely the
reduction of the experimental uncertainty by a factor 14 to ~ 63 x 10711, a
new quality in “diving into the sea of quantum corrections” has been achieved:
the 8th order QED [~ 381 x 10~ !!] known thanks to the heroic efforts of Ki-
noshita and Nio, the weak correction up to 2nd order [~ 154 x 10~!1] and the
hadronic light-by-light scattering] [~ 100 x 10~11] are now in the focus. The
hadronic vacuum polarization effects which played a significant role already
for the last CERN experiment now is a huge effect of more than 11 SD’s.
As a non—perturbative effect it still has to be evaluated largely in terms of
experimental data with unavoidable experimental uncertainties which yield
the biggest contribution to the uncertainty of theoretical predictions. How-
ever, due to substantial progress in the measurement of total hadronic ete™—
annihilation cross—sections, the uncertainty from this source has reduced to
a remarkable ~ 56 x 10~!! only. This source of error now is only slightly
larger than the uncertainty in the theoretical estimates of the hadronic light—
by-light scattering contribution [~ 40 x 10~!1]. Nevertheless, we have a solid
prediction with a total uncertainty of ~ 68 x 10~!!, which is essentially equal
to the experimental error of the muon g — 2 measurement. A graphical rep-
resentation for the sensitivity and the weight of the various contributions is
presented in Fig. (see also Table and Fig. below).

We now have at the same time a new very sensitive test of our current
theoretical understanding of the fundamental forces and the particle spectrum
and a stringent bound on physics beyond the SM entering at scales below
about 1 TeV. But, may be more important is the actual deviation between

'Tn this Chapter we adopt a rounded value (100 4 40) x 10~'* for the hadronic
LbL contribution, in place of (93 4 34) x 10™'! estimated in Sect. 5.4.5

F. Jegerlehner: Comparison Between Theory and Experiment and Future Perspectives,
STMP 226, 375-H14] (2008)
DOI 10.1007/978-3-540-72634-0 7 (© Springer-Verlag Berlin Heidelberg 2008
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Table 7.1. Progress from CERN 1979 to BNL 2006 [*= CPT assumed]

CERN 1979 [1] BNL 2006 2]

a,+ 1165911(11) x 1077 11659204(7)(5) x 107*°

a,- 1165937(12) x 107 11659214(8)(3) x 10~ '°

a, * 1165924(8.5)1077  11659208(4)(3) x 1071

(ap+ —a,-)/an  —(2.2+£2.8)x107° —(8.6 £18.2) x 1077
d, (EDM) *  (3.7434) x107®e-cm <27 x107¢-cm
ae 1165921(8.3)107° 11659179.3(6.8)10~1°

alf® — af® (=3.0£11.9) x 1077 (—28.7£9.1) x 107
(alf® —af®) /a5  —(2.6+10.2) x 107  —(2.54+0.8) x 10°°

theory and experiment at the 3 o level which is a clear indication of something
missing. We have to remember that such high precision physics is extremely
challenging for both experiment and for theory and it is not excluded that
some small effect has been overlooked or underestimated at some place. To
our present knowledge, it is hard to imagine that a 3 ¢ shift could be explained
by known physics. Thus New Physics seems a likely interpretation, if it is not
an experimental fluctuation (0.27% chance).

It should be noted that among all the solid precision tests, to my knowl-
edge, the muon g — 2 shows the largest established deviation between theory
and experiment. Actually, the latter has been persisting since the first pre-
cise measurement was released at BNL in February 2001 [II], and a press
release announced “We are now 99 percent sure that the present Standard
Model calculations cannot describe our data”. A 2.6 o deviation was found
at that time for a selected choice of the hadronic vacuum polarization and
with the wrong sign hadronic LbL scattering contribution?. In the meantime

Table 7.2. Standard model theory and experiment comparison

Contribution Value x10'° Error x10'° Reference
QED incl. 4-loops+LO 5-loops 11658471.81 0.02 3]
Hadronic vacuum polarization 692.1 5.6

Hadronic light-by-light 10.0 4.0 [5, 6], 7] 8]
Hadronic, other 2nd order —-10.0 0.2 [
Weak 2-loops 15.4 0.22 [9, [10]
Theory 11659179.3 6.8 -
Experiment 11 659 208.0 6.4 2]
The. - Exp. 3.2 standard deviations —28.7 9.1 -

2With the correct sign of the hadronic LbL term the deviation would have been
1.5 o based on the smallest available hadronic vacuum polarization. With larger
values of the latter the difference would have been smaller.
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errors went further down experimentally as well as in theoryﬁ, especially the
improvement of the experimental ete™—data, indispensable as an input for
the “prediction” of the hadronic vacuum polarization, and the remedy of the
wrong sign of the 7 exchange LbL term has brought us forward a big step.
The theoretical status, the main theme of this book, has been summarized in
Sect. B:2.3] (see Table and Fig. B.8)) the experimental one in Sect. (see
Table and Fig.[61T)). The jump in the precision is best reminded by a look
at Table [Tl which compares the results from the 1979 CERN final report [I]
with the one’s of the 2006 BNL final report [2].

The CPT test has improved by an order of magnitude. Relativistic QFT in
any case guarantees CPT symmetry to hold and we assume CPT throughout
in taking averages or estimating new physics effects etc. The world average
experimental muon magnetic anomaly, dominated by the very precise BNL
result, now is [2]

as™® = 1.16592080(54)(33) x 1072, (7.1)
with relative uncertainty 5.4 x 10~7, which confronts the SM prediction
aif® =1.16591793(68) x 1072 , (7.2)

and agrees up to the small but non-negligible deviation

Sa, = a®P —a' =287+ 91 x 107, (7.3)

I3 woo
which is a 3.2 ¢ effect. Errors have been added in quadrature. Some other

recent evaluations are collected in Table [7.3] Differences in errors come about

Table 7.3. Some recent evaluations of a}fd(l)

a, x 10" — 11659000 ap™™ x 10'°  data label  Ref.
181.3[16.] 696.7[12.] ete” EJ95 2
180.9[8.0] 696.3[7.2]  ete” DEHZ03 [13)]
195.6[6.8] 711.05.8]  efe” +7 DEHZ03 [I3]
179.4[9.3) 694.8[8.6] ete” GJo3 [14])
169.2[6.4] 684.6[6.4] efe” TH  SNO3 [15]
183.5[6.7] 692.4[6.4] ete” HMNTO03 [16]
180.6[5.9] 693.5[5.9] ete” TY04 [17)
188.9[5.9] 701.8[5.8] efe +7  TY04 [I7]
180.5[5.6] 690.8[4.3]  ete " DEHZ06 [18]
180.4[5.1] 689.4[4.6] efe™™  HMNTO06 [19]
179.3[6.8] 692.1[5.6]  ete ™ FJ06 2]

3To mention the sign error and the issue of the high energy behavior in the LbL
contribution or errors in the applied radiative corrections of e*e”—~data or taking
into account or not the isospin rotated T7—data.
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mainly by utilizing more “theory—driven” conceptﬂ: use of selected data sets
only if data are not in satisfactory agreement, extended use of perturbative
QCD in place of data [assuming more local duality], sum rule methods, or
low energy effective methods [2I]. Only the last three (**) results include at
least partially the most recent data from KLOE, SND, CMD—QH, and BaBai.

4The terminology “theory—driven” means that we are not dealing with a solid
theory prediction. As in some regions only old data sets are available, some authors
prefer to use pQCD in place of the data also in regions where pQCD is not sup-
posed to work reliably. The argument is that even under these circumstances pQCD
may be better than the available data. This may be true, but one has to speci-
fied what “better” means. In this approach non—perturbative effects are accounted
for by referring to local quark—hadron duality in relatively narrow energy intervals.
What is problematic is a reliable error estimate. Usually only the pQCD errors are
accounted for (essentially only the uncertainty in as is taken into account). It is
assumed that no other uncertainties from non—perturbative effects exist; this is why
errors in this approach are systematically lower than in more conservative data ori-
ented approaches. Note that applying pQCD in any case assumes quark—hadron
duality to hold in large enough intervals, ideally from threshold to oo (global dual-
ity). My “conservative” evaluation of aj;*! estimates an error of 0.8%, which for the
given quality of the data is as progressive as it can be, according to my standards
concerning reliability. In spite of big progress in hadronic cross—section measure-
ments the agreement between different measurements is not as satisfactory as one
would wish. Also more recent measurements often do not agree within the errors
quoted by the experiments. Thus, one may seriously ask the question how such small
uncertainties come about. The main point is that results in different energy ranges,
as listed in Table[5.2]in Sect.[5.2] are treated as independent and all errors including
the systematic ones are added in quadrature. By choosing a finer subdivision, like
in the clustering procedure of [I6], for example, one may easily end up with smaller
errors (down to 0.6% ). The subdivision I use was chosen originally in [I2] and were
more or less naturally associated with the ranges of the different experiments. The
problem is that combining systematic errors is not possible on a commonly accepted
basis if one goes beyond the plausible procedures advocated by the Particle Data
Group.

5In the common KLOE energy range (591.6,969.5) MeV individual contributions
based on the latest [2004/2006] data are:

KLOE CMD-2 SND
ah® 391.90(0.52)(5.10) 392.64(1.87)(3.14) 390.47(1.34)(5.08)

in good agreement.

5The analysis [I9] does not include exclusive data in a range from 1.43 to 2 GeV;
therefore also the new BaBar data are not included in that range. It also should
be noted that CMD-2 and SND are not fully independent measurements; data are
taken at the same machine and with the same radiative correction program. The
radiative corrections play a crucial role at the present level of accuracy, and common
errors have to be added linearly. In [I3] [I8] pQCD is used in the extended ranges
1.8-3.7 GeV and above 5.0 GeV; furthermore [18] excludes the KLOE data.
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The last entry [4] is based on the evaluation of all data and pQCD is used
only where it can be applied safely according to [22] 23] and as discussed in
Sect.

Note that the experimental uncertainty is still statistics dominated]. Thus
just running the BNL experiment longer could have substantially improved
the result. Originally the E821 goal was da;;P ~ 40 x 10~ Fig. [Tl illus-
trates the improvement achieved by the BNL experiment. The theoretical
predictions mainly differ by the L.O. hadronic effects, which also dominates
the theoretical error. Results from different analyses are given in Table [T3]
see also Figs. 5151 in Sect.

CERN (79)
KNO (85) Theory beevoeiel
E821 (00) ;i :
E821 (01) p* I 1
E821 (02) p* i
E821 (04) u~ t—o—i
Average e |208.0£6.3
E969 goal , 1" 4,%10'-11659000
100 200 300
EJ 95 (ete) —e—i| | 181.34+16. [1.6 0]
(efem) i 180.9+8.0  [2.7 0]
DEHZ03 (1 b | 1956468 [1.3 0]
GJ03 (efe) i 179.4+9.3  [2.5 0]
SNO3 (e¢te” TH) - 160.2+£64 [4.3 0]
HMNTO03 (e*e™ incl.) el 183.5+6.7  [2.7 0]
(e*e) b 180.6+59 [3.2 0]
TYo4 (+7) Fe 1889+59 [2.2 0]
DEHZ06 (c*¢”) ot 1805456 [3.3 0]
HMNTO6 (¢*e-) ot 1804451  [34 0]
LbLpppakan e 1776+ 6.4 [3.3 0]
FJO06 (¢*¢”) | LbLpy - 1793468  [3.2 0]
LbLay bor 1829+6.1  [2.9 0]

Fig. 7.1. Comparison between theory and experiment. Results differ by different
L.O. hadronic vacuum polarizations and variants of the LbL contribution. Some
estimates include isospin rotated 7—data (+7). The last entry FJ06 also illustrates
the effect of using different LbL estimations: 1) Bijnens, Pallante, Prades (BPP) [5],
Hayakawa, Kinoshita (HK) [6] and Knecht, Nyffeler (KN) [7]; 2) my estimation
based on the other evaluations; 3) the Melnikov, Vainshtein (MV) [§] estimate of
the LbL contribution. EJ95 vs. FJ06 illustrates the improvement of the eTe™—data
between 1995 and 2006 (see also Table [[.3] and Fig. [E.1T]). E969 is a possible follow—
up experiment of E821 proposed recently [20]

"The small spread in the central values does not reflect this fact, however.
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As discussed earlier in Sect. [5.2.2] in principle, the I = 1 iso—vector part of
eTe~ — hadrons can be obtained in an alternative way by using the precise
vector spectral functions from hadronic 7—decays via an isospin rotation. The
unexpectedly large discrepancy, of order 10 to 20% starting just above the p
peak and increasing with energy, between the appropriately isospin—violations
corrected 7—based and the eTe™ cross—sections makes it difficult to combine
the two types of data [I3] (see also [24] and references therein for a recent sta-
tus report). Including the 7—data shifts upwards the evaluation of a,, by about
2 ¢ and would lead to a better agreement between theory and experiment, as
seen in Fig. [[.I] and Table

Possible explanations for the observed difference are so far unaccounted
isospin breaking [I4] or experimental problems with the data. Because the
eTe —data are more directly related to what is needed in the dispersion in-
tegral representation of a?*? and since the dominant ete™ — 7F7~ channel
measured by CMD-2, SND and KLOE (the agreement of the latter is only
at the £ 3-4% level in the distribution, but agrees when integrated) agree
much better among each other than with the 7—data (with good agreement
between ALEPH and CLEO data, while OPAL data show clear deviations
(see e.g. [14])) presently one refrains from taking into account the T—data as

World Average 1
Theory (eTe™) 0 320
Theory (+7) I 130
e
—400 —200 0 200 400 600

QED - 11659000

QED 8th
EW 1-loop
EW 2-loop
LO had
HO had
LbL 2000
LbL 1995 in units 10~
had 7-ete~

a,x 10°-11659000

Fig. 7.2. All kinds of physics meet. Shown are the various contributions which
add up to the theory prediction relative to the experimental result. The 8th order
QED included in the QED part is shown separately. For comparison also the old
LbL contribution of wrong sign and the extra contribution obtained by including
the isospin rotated hadronic 7—decay data are shown.The black heads on the bars
represent the uncertainties
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Table 7.4. Progress in a, measurements. Theory values as quoted in References
(WSR= Muon Storage Ring)

Laboratory year Ref.  result (error)x10®  precision theory x 10°
Columbia 1960 [25] 1.22 (8) 1.16

CERN cyclotron 1961 [26] o+ 1.145 (22) 1.165

CERN cyclotron 1962 [27] 't 1.162(05) 1.165

CERN 1st uSR 1966 [28] u~ 1.165(03) 1.165

CERN 1st SR 1968 [29] p* 1.16616 (31) 1.1656

CERN 2nd uSR 1977 [30] p* 1.1659240 (85) 7ppm  1.1659210(83)
BNL, 1997 data 1999 [3I] " 1.165925 (15) 13 ppm  1.1659163 (8)
BNL, 1998 data 2000 [32] ™t 1.1659191 (59) 5ppm  1.165916 3 (8)
BNL, 1999 data 2001 [II] 4t 1.1659202(15) 1.3 ppm  1.1659160(7)
BNL, 2000 data 2002 [33] ' 1.1659204(9)  0.73 ppm  1.1659177(7)
BNL, 2001 data 2004 [34] 4~ 1.1659214(9)  0.72 ppm  1.1659181(8)
World average 2004 [B4] pF1.16592080 (63) 0.54 ppm  1.16591793 (68)

long as the reason for the discrepancy is not really understood. Figure
illustrates how different physics contributions add up to the final answer. We
note that the theory error is somewhat larger than the experimental one. It is
fully dominated by the uncertainty of the hadronic low energy cross—section
data, which determine the hadronic vacuum polarization and, partially, by
the uncertainty of the hadronic light—by-light scattering contribution. The
history of muon g — 2 measurements together with the theory values with
which results were compared are listed once more in Table [7.4]

7.2 New Physics in g — 2

The question about what is the physics behind the SM was and is the main
issue of theoretical particle physics since the emergence of the SM as the
theory of “fundamental” particle interactions which we know today. Besides
the SM’s main shortcoming, which is that it lacks to include gravity, it rises
many other questions about is structure, and the answers always are attempts
of embedding the SM into an extended theory. While the SM is very well
established and is able to explain a plenitude of experimental data so well
that experimenting starts to be a kind of frustrating, it is well known and
as well established that the SM is not able to explain a number of facts,
like the existence of non-baryonic cold dark matter (at most 10% is normal
baryonic matter), the matter—antimatter asymmetry in the universe, which
requires baryon—number B and lepton—number L violation, the problem of the
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cosmological constant and so on. So, new physics is there but where precisely?
What can g — 2 tell us about new physicsd?

New physics contributions, which, if they exist, are an integral part of the
measured numbers, typically are expected to be due to states or interactions
which have not been seen by other experiments, either by a lack of sensitivity
or, at the high energy frontier, because experimental facilities like accelerators
are below the threshold of energy needed for producing the new heavy states
or because the signal was still buried in the background. At the high energy
frontier LEP and the Tevatron have set limits on many species of possible new
particles predicted in a plenitude of models beyond the SM. A partial list of
existing bounds is collected in Table The simplest possibility is to add a
4th fermion family called sequential fermions, where the neutrino has to have
a large mass (> 45 GeV) as additional light (nearly massless) neutrinos have
been excluded by LEP.

Another possibility for extending the SM is the Higgs sector where one
could add scalar singlets, an additional doublet, a Higgs triplet and so on.
Two Higgs doublet models (THDM or 2HDM) are interesting as they predict 4

Table 7.5. Present lower bounds on new physics states. Bounds are 95% C.L. limits
from LEP (ALEPH, DELPHI, L3, OPAL) and Tevatron (CDF, DO0)

Object mass bound comment
Heavy neutrino m2 > 39 GeV Majorana-v [v = 7]
Heavy neutrino mb > 45 GeV Dirac-v [v #
Heavy lepton mr > 100 GeV
4th family quark b’ my > 199 GeV pp NC decays
Wim My, > 800 GeV SM couplings
Wr My, > 715 GeV right-handed weak current
 Zsu My > 825 GeV SM couplings
Zrr (9r = g1) Mz, ,> 630 GeV of GLr = SU(2)r ® SU(2)L ® U(1)

Zy (gx =€/ cosOw) Mz, > 595 GeV of SO(10) — SU(5) @ U(1)y
Zy (gy =€/ cosOw) Mz, > 590 GeV of Eg — SO(10) @ U(1)y
Zy (gn =e/cosOw) Mz, > 620 GeV of Eg — GLr® U(1),

H Higgs mpyg >114.4 GeV SM

h° = HY Higgs myo > 89.8 GeV SUSY (mpo < myy)
A° pseudoscalar Higgs ma > 90.4 GeV THDM, MSSM

H? charged Higgs my+ > 79.3 GeV THDM, MSSM

8The variety of speculations about new physics is mind-blowing and the number
of articles on Physics beyond the SM almost uncountable. This short essay tries to
reproduce a few of the main ideas for illustration, since a shift in one number can
have many reasons and only in conjunction with other experiments it is possible to
find out what is the true cause. My citations may be not very concise and I apologize
for the certainly numerous omissions.
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additional physical spin 0 bosons one neutral scalar H°, a neutral pseudoscalar
A, as well as the two charged bosons H*. Many new real and virtual processes,
like W+ HTF~ transitions, are the consequence. Any SUSY extension of the
SM requires two Higgs doublets. Similarly, there could exist additional gauge
bosons, like from an extra U(1)’. This would imply an additional Z boson, a
sequential Z’ which would mix with the SM Z and the photon. More attractive
are extensions which solve some real or thought shortcomings of the SM.
This includes Grand Unified Theories (GUT) [35] which attempt to unify the
strong, electromagnetic and weak forces, which correspond to three different
factors of the local gauge group of the SM, in one big simple local gauge group

Geur DSU3).®@SU(2), @ U(1)y = Gsm
which is assumed to be spontaneously broken in at least two steps
Gaur = SUB3).@SU2) @ U(1)y = SUB)c®@U(1)em -

Coupling unification is governed by the renormalization group evolution
of ai(p), as(p) and as(p), corresponding to the SM group factors U(1)y,
SU(2);, and SU(3)., with the experimentally given low energy values, typ-
ically at the Z mass scale, as starting values evolved to very high energies,
the GUT scale Mgyt where couplings should meet. Within the SM the three
couplings do not unify, thus unification requires new physics as predicted by a
GUT extension. Also extensions like the left-right (LR) symmetric model are
of interest. The simplest possible unifying group is SU(5) which, however, is
ruled out by the fact that it predicts protons to decay faster than allowed by
observation. GUT models like SO(10) or the exceptional group Eg not only
unify the gauge group, thereby predicting many additional gauge bosons, they
also unify quarks and leptons in GUT matter multiplets. Now quarks and lep-
tons directly interact via the leptoquark gauge bosons X and Y which carry
color, fractional charge (Qx = —4/3, Qy = —1/3) as well as baryon and lep-
ton number. Thus GUTs are violating B as well as L, yet with B — L still con-
served. The proton may now decay via p — et 7% or many other possible chan-
nels. The experimental proton lifetime 7roton > 2 X 1029 years at 90% C.L.
requires the extra gauge bosons to exhibit masses of about Mgyt > 106 GeV
and excludes SU(5) as it predicts unification at too low scales. Mgy is the
GUT scale which is only a factor 1000 below the Planck scald]. In general
GUTs also have additional normal gauge bosons, extra W's and Z’s which
mix with the SM gauge bosons.

9GUT extensions of the SM are not very attractive for the following reasons: the
extra symmetry breaking requires an additional heavier Higgs sector which makes
the models rather clumsy in general. Also, unlike in the SM, the known matter—
fields are nmot in the fundamental representations, while an explanation is missing
why the existing lower dimensional representations remain unoccupied. In addition,
the three SM couplings (as determined from experiments) allow for unification only
with at least one additional symmetry breaking step Gour — @' — Ggm. In non-
SUSY GUTs the only possible groups are Ggur = Es or SO(10) and G’ = Grr =
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In deriving bounds on New Physics it is important to respect constraints
not only from a, and the direct bounds of Table [Z5] but also from other pre-
cision observables which are sensitive to new physics via radiative corrections.
Important examples are the electroweak precision observables [38] [39]:

My, = 80.392(29) GeV, (7.4)
sin? ©%; = 0.23153(16), po = 1.000275-9507 | (7.5)

which are both precisely measured and precisely predicted by the SM or in
extensions of it. The SM predictions use the very precisely known independent
input parameters o, G, and Mz, but also the less precisely known top mass

my =171.44 2.1 GeV, (7.6)

(the dependence on other fermion masses is usually weak, the one on the
unknown Higgs is only logarithmic and already fairly well constrained by ex-
perimental data). The effective weak mixing parameter essentially determines
mpy = 114735 GeV 68% C.L. (not taking into account Myy). The parame-
ter po is the tree level (SM radiative corrections subtracted) ratio of the low
energy effective weak neutral to charged current couplings: p = Gne/Gec
where Goc = G,. This parameter is rather sensitive to new physics. Equally
important are constraints by the B-physics branching fractions [40]

BR(b — s7) = (3.55 £ 0.2470% 4+ 0.03) x 107*,
BR(Bs — utp™) <1.0x1077 (95% C.L.) . (7.7)

Another important object is the electric dipole moment which is a mea-
sure of CP—violation and was briefly discussed at the end of Sect. Since
extensions of the SM in general exhibit additional sources of CP violation,
EDMs are very promising probes of new physics. An anomalously large EDM
of the muon d,, would influence on the a, extraction from the muon preces-
sion data as discussed at the end of Sect. We may ask whether d,, could
be responsible for the observed deviation in a,. In fact ([G54) tells us that a
non-negligible d,, would increase the observed a,, and we may estimate

SU(3)e ® SU(2)r @ SU(2), @ U(1) or Gps = SU(2)r ® SU(2)r ® SU(4) [36].
Grr is the left-right symmetric extension of the SM and Gpg is the Pati-Salam
model, where SU(3). @ U(1)y of the SM is contained in the SU(4) factor. Coupling
unification requires the extra intermediate breaking scale to lie very high M’ ~
10'° GeV for Grr and M’ ~ 10'* GeV for Gpg. These are the scales of new physics
in these extensions, completely beyond of being phenomenologically accessible. The
advantage of SUSY GUTs is that they allow for unification of the couplings with
the new physics scale being as low as Mz to 1 TeV [37], and the supersymmetrized
Ggaut = SU(5) extension of the SM escapes to be excluded.
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|d,| = Le \/(a,fj‘p)Q — (a$M)? = (2.42+£0.41) x 107 ¢ cm . (7.8)
2my

This also may be interpreted as an upper limit as given in Table [[.Il Recent
advances in experimental techniques will allow to perform much more sensitive
experiments for electrons, neutrons and neutral atoms [41]. For new efforts to
determine d,, at much higher precision see [42] [43]. In the following we will
assume that d,, is in fact negligible, and that the observed deviation has other
reasons.
As mentioned many times, the general form of contributions from states of
mass Mnp > m,, takes the form

2
m
ap’ =C Mé‘P (7.9)

where naturally C = O(a/), like for the weak contributions (£33]), but now
from interactions and states not included in the SM. New fermion loops may
contribute similarly to a 7-lepton as

¥
1 /my\2 o\2
afl) (vap, F) = > | Q-Ner [E () *} (5)
F
moy 5o

which means C = O((a/7)?). Note that the 7 contribution to a,, is 4.2 x 10719
only, while the 3 o effect we are looking for is 28.7 x 10710, As the direct lower
limit for a sequential fermion is about 100 GeV (see Table [T.3]) such effects
cannot account for the observed deviation. A 100 GeV heavy lepton only
yields the tiny contribution 1.34 x 10~13.

197t should be noted that heavy sequential fermions are constrained severely be
the p-parameter (NC/CC effective coupling ratio), if doublet members are not
nearly mass degenerate. However, a doublet (vp,L) with m,, = 45 GeV and
mr = 100 GeV only contributes Ap ~ 0.0008 which is within the limit from LEP
electroweak fits ([Z3). Not yet included is a similar type contribution from the 4th
family (¢',b") doublet mass—splitting, which also would add a positive term

V2G,,
1672

In this context it should be mentioned that the so called custodial symmetry of the
SM which predicts po = 1 at the tree level (independent of any parameter of the
theory, which implies that it is not subject to subtractions due to parameter renor-
malization) is one of the severe constraints to extensions of the SM. The virtual top
effect contributing to the radiative corrections of p allowed a determination of the top

mass prior to the discovery of the top by direct production at Fermilab in 1995. The
V2G

167r2u
from precision measurements of Z resonance parameters yields m; = 172.3J_r%%2 GeV
in excellent agreement with the direct determination m; = 171.4(2.1) GeV at the

Ap = 3|my —mi |+

LEP precision determination of Ap = 3|mi —mi| (up to subleading terms)
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Table 7.6. Typical New Physics scales required to satisfy Aaﬁp = da, [T3J)
C 1 afm (a/m)?
Myp 20194 Tev 100%7} GeV 571 GeV

A rough estimate of the scale Mxp required to account for the observed de-
viation is given in Table[Z.6l An effective tree level contribution would extend
the sensibility to the very interesting 2 TeV range, however, no compelling
scenario I know of exists for this case.

For a different point of view see [45]. The argument is that the same
interactions and heavy states which could contribute to a¥ according to
Fig. would contribute to the muon self energy according to Fig. [[4l By
imposing chiral symmetry to the SM, i.e. setting the SM Yukawa couplings to
zero, lepton masses could be radiatively induced by flavor changing f @Z’M/’ rS+
h.c. and f@/;u iv59p P+ h.c. interactions (F' a heavy fermion, S a scalar and P
a pseudoscalar) in a hierarchy m,, < Mp < Mg, Mp. Then with m,, < f>*Mp
and a,, oc f>m, Mg /MZ p one obtains a, = Cm? /Mg p with C = O(1), and
the interaction strength f has dropped from the ratio. The problem is that a
convincing approach of generating the lepton/fermion spectrum by radiative
effects is not easy to accommodate. Of course it is a very attractive idea to
replace the Yukawa term, put in by hand in the SM, by a mechanism which
allows us to understand or even calculate the known fermion mass-spectrum,
exhibiting a tremendous hierarchy of about 13 orders of magnitude of vastly
different couplings/masses [from m,_ to m;]. The radiatively induced values
must reproduce this pattern and one has to explain why the same effects which
make up the muon mass do not contribute to the electron mass. Again the
needed hierarchy of fermion masses is only obtained by putting it in by hand
in some way. In the scenario of radiatively induced lepton masses one has to
require the family hierarchy like f2Mp. / fﬁM F, =~ me/my, fp = fs in order
to get a finite cut—off independent answer, and My — Mg # Mp, such that

_ ffLMFu M.%

my, = gn2 In Iy which is positive provided Mg > Mp .

}23 ......

Common to many of the extensions of the SM are predictions of new states:
scalars S, pseudoscalars P, vectors V or axialvectors A, neutral or charged.
They contribute via one-loop lowest order type diagrams shown in Fig.
Here, we explicitly assume all fermions to be Dirac fermions. Besides the SM

fermions, p in particular, new heavy fermions F' of mass M may be involved,

Tevatron. In extensions of the SM in which p depends on physical parameters on
the classical level, like in GUT models or models with Higgs triplets etc. one largely
looses this prediction and thus one has a fine tuning problem [44]. But, also “exten-
sions” which respect custodial symmetry like simply adding a 4th family of fermions
should not give a substantial contribution to Ap, otherwise also this would spoil the
indirect top mass prediction.
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but fermion number is assumed to be conserved, like in ALg = fi),¢pS+h.c.,
which will be different in SUSY extensions discussed below, where fermion
number violating Majorana fermions necessarily must be there.

We explicitly discuss contributions from diagram a) and c), the others give
similar results. Exotic neutral bosons of mass My coupling to muons (m = m,,)
with coupling strength f would contribute [46]

1

2

NP _ f u _ Q(z)

Aa, 472 M2L L= /dx 1—xz)(1=X2z)+ (eN)? =z (7.10)
0

where Q(z) is a polynom in x which is depending on the type of coupling:

Scalar Qs = 22 (1+e—x)
Pseudoscalar : Qp = 22 (1 — € — 1)
Vector Qu=2r(l—-z)(x—2(1—¢) +22(1+e—x) A2 (1 —¢)?
Pseudovector : Qa =2z (1 —2) (z —2 (1 +¢€)) + 2% (1 —e—2) A2 (1 +¢)?

with € = M/m and A\ = m/My. As an illustration we only consider one
regime explicitly, since the others yields qualitatively similar results. For a
heavy boson of mass My and m, M < M, one gets

Ls = M-+ "=" mil -]
M M, 1 M=m M, 11
Lp = —, (In 37 — )+ —In 0+ (7.11)
M 2 M=m ’
In=—il =] e

where it is more realistic to assume a flavor conserving neutral current M =
m = m, as used in the second form(L]. Typical contributions are shown in

b) c) d)
m X0 Mo[V,A] X0

Fig. 7.3. Possible New Physics contributions: neutral boson exchange a) scalar
or pseudoscalar and b) scalars or pseudoscalars, ¢) vector or axialvector, flavor
changing or not, new charged bosons d) vector or axialvector

m# Mo[S,P]

1 As we will see later, in SUSY extensions the leading contributions actually come
from the regime m < M, Mo, M ~ My, which is of enhanced FCNC type, and thus
differs from the case just presented in (Z.I1]). For the combinations of fixed chirality
up to terms of order O(m/M) one gets

1 1
6 (1—x)* [

1
Ls+Lp =+ 2+ 3¢ — 62° 4+ 2° +6zlnz| = FC ()



388 7 Comparison Between Theory and Experiment and Future Perspectives

My[S,P] H* Mo[V,A] X+
PRl S e" "o
o - 4 A
m ! m h Y SJML( SPIV\’LQ
M f X0 M X0

Fig. 7.4. Lepton self-energy contributions induced by the new interactions appear-
ing in Fig. may generate m, as a radiative correction effect

Fig. Taking the coupling small enough such that a perturbative expansion
in f makes sense, we take f/(27) = 0.1, only the scalar exchange could account
for the observed deviation with a scalar mass 480 GeV < My < 690 GeV.
Pseudoscalar and pseudovector yield the wrong sign. The vector exchange is
too small.

However, after neutrino oscillations and herewith right—handed singlet
neutrinos and neutrino masses have been established, also lepton number vi-
olating transitions like u* — e~ Fig. are in the focus of further searches.
The corresponding contributions here read

Hooo 1 e ~ Mu Mo _ 3
LS - 6 LS O (lnm# 4)
no 1 e ~ _ My Mo _ 3
O A e A LR
o2 . m

LV_ 3 ) L%_ m:

Ho 2 e ~ _Mu

L2 | Li~ -,

The latter flavor changing transitions are strongly constrained, first by direct
rare decay search experiments which were performed at the Paul Scherrer
Institute (PSI) and second, with the advent of the much more precise mea-
surement of a..

For example, for a scalar exchange mediating e — pu — e with f2/(47?) ~
0.01, My ~ 100 GeV we obtain

AalP ~33 x 1071

which is ruled out by a®P —ath® ~ 1 x 10711 (see p. [6Hin Sect. BZZ). Either
My must be heavier or the coupling smaller: f2/(472) < 0.0003. The present

M 1 2 M o
Ls—Lp = — —4 21 = F:
s—Lp om (1 - 2)? [3 -4z + 2" 4+ 2Inz] am 2 (x)
Lv+La=—> ! [8 — 38z + 392% — 142” + 52" — 182° Inz] .y 0
VoA 6 (1—x)4 13°°
M1 5 M e
Ly —La= +2m (1— a)3 [4—3z—2" 4 6xlnz] = . Fy (z) (7.12)

where & = (M/Mpy)? = O(1) and the functions FC normalized to FC (1) = 1. The
possible huge enhancement factors M/m,,, in some combination of the amplitudes,
typical for flavor changing transitions, may be compensated due to radiative con-
tributions to the muon mass (as discussed above) or by a corresponding Yukawa
coupling f « yu, = my/v, as it happens in SUSY extensions of the SM (see below).
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40 3
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40+ H -40- . L
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(a) Case: m, = M < My (b) Case: my, <« My =M

Fig. 7.5. Single particle one-loop induced NP effects for f2/(47%) = 0.01 (note, a
typical EW SM coupling would be e?/(47? cos? Ow) = 0.003). S, P, V, A denote
scalar, pseudoscalar, vector and axialvector exchange. Panel (a) shows (TII) for
M = m = m,, panel (b) the chiral combinations ([(I2]) for m = m, and M = Mo,
with the large combinations Ls — Lp and Ly — L4 rescaled by the muon Yukawa
coupling m, /v in order to compensate for the huge prefactor M/m,, (see text)

My[S,P] |~ My[V,A]
Pt

H* X+
-
* ’JJ‘-F/ R ~ ;'\I\FZ ;rIV\,{
my ! > me ! %
X°

fu M Se X0 M

Fig. 7.6. ;1 — ey transitions by new interactions (overall flavor changing version of

Fig. [L3)

limit for the branching fraction Br(u — ey) is 1.2 x 107!, which will be
improved to 10712 at PSI by a new experiment [47]. Note that

e fif?

F(M - epy) = 167T2

mp, ([P 17 + [ (7.13)
where Fﬁ’R are the left— and right-handed zero—-momentum transfer magnetic
ey form factors. In the SM

o (Am2)2,

, (7.14)
Gi My

Br(p — ey) «
is extremely tiny. Ony new physics can give rates in experimentally interest-
ing ranges. In the quark sector CKM flavor mixing via the charged current is
comparably huge and the b — s transitions is an established effect. This pro-
cess also acquires enhanced SUSY contributions which makes it an excellent
monitor for new physics [48], as we will see below.

Another simple illustration of the one-loop sensitivity to new physics are
heavier gauge bosons with SM couplings. From direct searches we know that
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they must be at least as heavy as 800 GeV. Contributions then follow from
the weak one-loop contributions by rescaling with (M /MWs'M)2 ~ 0.01 and
hence 1% of 19.5 x 10719 only, an effect much too small to be of relevance.

At O((a/m)?) new physics may enter via vacuum polarization and we may
write corresponding contributions as a dispersion integral (B.I4T]):

oo

NP ds 1 NP
Aa,, —ﬂ/ s 7TImAH,Y (s) K(s) .
0

Since, we are looking for contributions from heavy yet unknown states of mass
M > my,, and Im Aﬂyp(s) # 0 for s > 4M? only, we may safely approximate

1m?

K(s):3 S“ for s>>mi

such that

la rm,\2
NP — ( u)
@ 3mn\M

where due to the optical theorem ! Im AIINT(s) = 0‘7(78) RNP(s) above thres-
hold is positive (see Sect. BCTl)

oo

L o ds
= / RNF(s) .
M?  3r ) s
0
An explicit example was given above for the case of a heavy lepton. A heavy
narrow vector meson resonance of mass My and electronic width I'(V —

ete™) (which is O(a?)) contributes Ry (s) = 77 My I'(V — ete™) §(s — M)

such that L = BF(‘(/I;E;E_) and hence
m2 I'(V — ete~ 402 ~2 m?
AP = (V= eten) _ dasyym, (7.15)

M - 3ME

Here we applied the Van Royen-Weisskopf formula [49], which for a J7¢ =
17~ vector state predicts

02 4
IV —ete) = 1671'@2@3 W‘J/W(‘%)' = 377@27‘2,Mv
where 1y (0) is the meson wave function at the origin (dim 3) and ~y is the
dimensionless effective photon vector—meson coupling defined by j4 (z) =
yv ME V#(x) with V#(z) the interpolating vector-meson field. vy character-
izes the strong interaction properties of the v — V' coupling and typically has
values 0.2 for the p to 0.02 for the 7. For vy = 0.1 and My = 200 GeV we get
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Aay, ~ 2 x 10713, The hadronic contribution of a 4th family quark doublet
assuming my = my = 200GeV would yield Aa, ~ 5.6 x 107'* only. Un-
less there exists a new type of strong interactions like Technicolo 0], new
strong interaction resonances are not expected, because new heavy sequential
quarks would be too shortlived to be able to form resonances. As we know,
due to the large mass and the large mass difference m; > my, the top quark
is the first quark which decays, via t — Wb, as a bare quark before it has
time to form hadronic resonances. This is not so surprising as the top Yukawa
coupling responsible for the weak decay is stronger than the strong interaction
constant.

New physics effects here may be easily buried in the uncertainties of the
hadronic vacuum polarization. In any case, we expect O((a/7)?) terms from
heavy states not yet seen to be too small to play a role here.

In general the effects related to single diagrams, discussed in this para-
graph, are larger than what one expects in a viable extension of the SM,
usually required to be a renormalizable QF and to exhibit gauge interac-
tions which typically cause large cancellations between different contributions.
But even if one ignores possible cancellations, all the examples considered so
far show how difficult it actually is to reconcile the observed deviation with
NP effects not ruled out already by LEP or Tevatron new physics searches.

12Searches for Technicolor states like color—octet techni—p were negative up to 260
to 480 GeV depending on the decay mode.

130f course, there are more non-renormalizable extensions of the SM than renor-
malizable ones. For the construction of the electroweak SM itself renormalizability
was the key guiding principle which required the existence of neutral currents, of the
weak gauge bosons, the quark-lepton family structure and last but not least the exis-
tence of the Higgs, which we are still hunting for. However, considered as a low energy
effective theory one expects all kinds of higher dimension transition operators com-
ing into play at higher energies. Specific scenarios are anomalous gauge couplings, a
Higgsless SM, little Higgs models, models with extra space-dimensions a la Kaluza-
Klein, or infrared free extensions of the SM like the ones proposed in [5I]. In view
of the fact that non-renormalizable interactions primarily change the high energy
behavior of the theory, we expect corresponding effects to show up primarily at the
high energy frontier. The example of anomalous W W ~v couplings, considered in
the following subsection, confirms such an expectation. Also in non-renormalizable
scenarios effects are of the generic form ([Z9]) possibly with Mxp replaced by a cut-
off Axp. On a fundamental level we expect the Planck scale to provide the cut—off,
which would imply that effective interactions of non-renormalizable character show
up at the 1 ppm level at about 10'® GeV . It is conceivable that at the Planck scale
a sort of cut-off theory which is modelling an “ether” is more fundamental than its
long distance tail showing up as a renormalizable QFT. Physics-wise such an effec-
tive theory, which we usually interpret to tell us the fundamental laws of nature,
is different in character from what we know from QCD where chiral perturbation
theory or the resonance Lagrangian type models are non-renormalizable low energy
tails of a known renormalizable theory, as is Fermi’s non-renormalizable low energy
effective current—current type tail within the SM.
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Apparently a more sophisticated extension of the SM is needed which is able
to produce substantial radiative corrections in the low energy observable a,
while the new particles have escaped detection at accelerator facilities so far
and only produce small higher order effects in other electroweak precision
observables. In fact supersymmetric extensions of the SM precisely allow for
such a scenario, as we will discuss below.

7.2.1 Anomalous Couplings

Besides new states with new interactions also possible anomalous couplings of
SM particles are very interesting. In particular the non—Abelian gauge boson
self-interactions have to be checked for possible deviations. In the SM these
couplings are dictated by the local gauge principle of Yang-Mills, once the
interaction between the gauge bosons and the matter—fields ([@30) is given.
For g—2 in particular the anomalous W—boson couplings are of interest, which
occur in the 1st of the weak one-loop diagrams in Fig. Possible is an
anomalous magnetic dipole moment (see [52] and references therein)

Ly = (I+Kr+N) (7.16)

2mW

and an anomalous electric quadrupole moment

e
=— —A). 7.17
Qw Sy (k—A) (7.17)
In the SM local gauge symmetry, which is mandatory for renormalizability of
the SM, requires k = 1 and A = 0. The contribution to a, due to the deviation
from the SM may be calculated and as a result one finds [53]

G,m? A2 1
au(k,\) =~ 4&27;; (k—1)In 2, A (7.18)

Actually, the modification spoils renormalizability and one has to work with
a cut—off A in order to get a finite answer and the result has to be understood
as a low energy effective answer. For A ~ 1 TeV the BNL constraint (73]
would yield

k—1=024+008, A=-358+1.17 (BNL 04), (7.19)

on the axes of the (Ax, A\)-plane. Of course from one experimental number

one cannot fix two or more parameters. In fact arbitrary large deviations from
2

the SM are still possible described by the band Fig.[[.t A = 31n n/:? Ak—ay,
w

\éi’ifa“ ~ 3.58+1.17, as an interval on the A\—axis and a slope
of about 15. This possibility again is already ruled out by ete™ — WTW~—
data from LEP [54] 55] x —1 = —0.0274+0.045, A = —0.028 £0.021. Applying

the LEP bounds we can get not more than a,(k,0) ~ (=3.3 £ 5.3) x 10719,

1~ 12
with a,, =



7.2 New Physics in g — 2 393
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Fig. 7.7. Bounds on triple gauge couplings in WWr~

a,(1,2) ~ (0.2+1.6) x 10719 and thus the observed deviation cannot be due
to anomalous W W+ couplings. The constraint on those couplings from g — 2
is at least an order of magnitude weaker than the one from LEP. Much more
promising is the next example, the supersymmetrized SM.

7.2.2 Supersymmetry

The most promising theoretical scenarios are supersymmetric (SUSY) exten-
sions of the SM, in particular the Minimal Supersymmetric Standard Model
(MSSM). Supersymmetry implements a symmetry mapping

boson « fermion

between bosons and fermions, by changing the spin by +1/2 units [56]. The
SUSY algebra [graded Lie algebra]

{QQ;QQ} =-2 (’Yu)aﬁ PM; P# = (va)

P, the generators of space-time translations, @), four component Majorana
(neutral) spinors and Q,, = (Q4°)  the Pauli adjoint, is the only possible
non—trivial unification of internal and space-time symmetry in a quantum
field theory. The Dirac matrices in the Majorana representation play the role
of the structure constants. The SUSY extension of the SM associates with
each SM state X a supersymmetric “sstate” X where sfermions are bosons
and sbosons are fermions as shown in Table [7.7]

SUSY is a global symmetry imposed on the SM particle spectrum, the SM
gauge group remains untouched and there are no new gauge bosons. Also the
matter fields remain the same. SUSY and gauge invariance are compatible only
if a second Higgs doublet field is introduced where H; induces the masses of
all down—type fermions and Hsy the masses of all up—type fermions. A second
complex Higgs doublet is also required for the anomaly cancellation of the
fermionic sboson sector. This means 4 additional scalars (H°, A°, H*) and
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Table 7.7. The particle spectrum of a MSSM

SM particles (R, = +1) SUSY partners (R, = —1)

(Vf) ,(Vi) ,(V:) (ljf) ,(gf) ,(lf:) sneutrinos, sleptons
¢ /L KL T JL \¢ Jyp k)L T )L

Vers €r> Vurs MRy V1ry TR Vers €Rrs Vurs KR, V1ry TR

(5, () (), (5, -(0), (), s ctam

UR, dr, CR, SR, tRr, bR iR, dr, Cr, 3R, iR, br
W, H* W* HY — >~<1i,2 charginos
~, Z, h°, H°, A° 5, Z, h°, H°, A° — )2(1),273,4 neuralinos
9, G g, G gluino, gravitino

their SUSY partners. The lighter neutral scalar denoted by h°® corresponds
to the SM Higgs H. Both Higgs fields exhibit a neutral scalar which acquire
vacuum expectation values v; and vy. The parameter tan 3 = v /v; is one of
the very important basic parameters as we will see. As m; o« v2 and my o vy
in such a scenario the large mass splitting my/my ~ 40 could be “explained”
by a large ratio vy /vy, which means a large tan 3, i.e., values tan 8 ~ 40 GeV
look natural.

Digression on Supergravity and SUSY Breaking

A very interesting question is what happens if one attempts to promote global
SUSY to local SUSY. As SUSY entangles internal with space—time symme-
tries of special relativity local SUSY implies supergravity (SUGRA) as one
has to go from global Poincaré transformations to local ones, which means
general coordinate invariance which in turn implies gravity (general relativ-
ity). SUGRA must include the spin 2 graviton and its superpartner, the spin
3/2 gravitino. Such a QFT is necessarily non—renormalizable [57]. Neverthe-
less is is attractive to consider the MSSM as a low energy effective theory of a
non-renormalizable SUGRA scenario with Mpianck — oo [B8]. SUSY is sponta-
neously broken in the hidden sector by fields with no SU(3).®SU(2),@U(1)y
quantum numbers and which couple to the observable sector only gravitation-
ally. Mgyusy denotes the SUSY breaking scale and the gravitino acquires a
mass

2
MSUSY

ms2 ~
/ MPlanck

with Mpianck the inherent scale of gravity. SUSY is not realized as a perfect
symmetry in nature. SUSY partners of the known SM particles have not
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yet been observed because sparticles in general are heavier than the known
particles. Like the SM Ggy symmetry is broken by the Higgs mechanism,
SUGRA is broken at some higher scale Mgysy by a super—Higgs mechanism.
The Lagrangian takes the form

MSSM __ pSUSY SUSY
L - Eglobal + Ebreaking

with

Lo = L39SV (SU(3). @ SU((2), @ U(1)y; W)

with W the following gauge invariant and B and L conserving Superpotentia

W =Wy — pHiHy; Wy = > (huQrU§ Hy + hpQrD§ Hy + hy LES Hy)
F

(Y=Yukawa; F=families) wherd™ QL and L denote the SU(2);, doublets
(Up,Dy), (Np,Epr) and UL, D%, EC are the scalar partners of the right—
handed quarks and leptons, written as left-handed fields of the antiparticle
(°=charge conjugation). SU(2), and SU(3). indices are summed over. hy, hp
and hy, are the Yukawa couplings, the complex 3 x 3 matrices in family space
of the SM. In the minimal SUGRA (mSUGRA) scheme, also called “Con-
strained MSSM” (CMSSM), one assumes universality of all soft parameters.
In this case the SUSY breaking term has the form

SUSY
‘Cbrcakmg

—m

JP =MD Xada + (Am Wy — BmpH Hy +hee.) .

The essential new parameters are

— u the supersymmetric higgsino mass

— m is the universal mass term for all scalars ¢,

— M is the universal mass term to all gauginos A\,

— A, B are the breaking terms in the superpotential W.

Thus in addition to the SM parameters we have 5 new parameters

w,m, M, A and B.

The SUSY breaking lifts the degeneracy between particles and sparticle and
essentially makes all sparticles to be heavier than all particles, as illustrated
in the figure.

4 0One could add other gauge invariant couplings like
(ULDLDL), (QrLDL), m(LHs), (LLEY)
which violate either B or L, however. In the minimal model they are absent.

5We label U = (u, ¢, t), D = (d,s,b), N = (ve,vy,vr) and E = (e, u, 7).
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masses
mirror wall

This scenario leads to universal masses for all SUSY partners:

—  s-matter: mg = m;=mpg = Mmy/o ~ M3/2
— gauginos: M3 = My = My = mqg ~ m3/3

where M3, My and M; are the mass scales of the spartners of the gauge
bosons in SU(3)., SU(2)r and U(1)y, respectively. The non-observation of
any sparticles so far requires a mass bound of about m3,5 ~ 100 <1000 GeV,
which is of the order of the weak scale 246 GeV.

In general one expects different masses for the different types of gauginos:

~ M’ the U(1)y gaugino mass
— M the SU(2)1, gaugino mass
mg the SU(3). gluino mass.

However, the grand unification assumption

5 «

5
M =" tan’Ow M =
3 an-Bw 3 cos? Ow o

mg .

leads back to the mSUGRA scenario. A very attractive feature of this scenario
is the fact that the known SM Yukawa couplings now may be understood by
evolving couplings from the GUT scale down to low energy by the correspond-
ing RG equations. This also implies the form of the muon Yukawa coupling
Yu < tan 3, as

my my g2

V1 - VoMy, cos 3 (7.20)

Yu =

where go = ¢/sin@y and 1/cosf ~ tan B. This enhanced coupling is cen-
tral for the discussion of the SUSY contributions to a,. In spite of the fact
that SUSY and GUT extensions of the SM have completely different moti-
vations and in a way are complementary, supersymmetrizing a GUT is very
popular as it allows coupling constant unification together with a low GUT
breaking scale which promises nearby new physics. Actually, supersymmetric
SU(5) circumvents the problems of the normal SU(5) GUT and provides a
viable phenomenological framework. The extra GUT symmetry requirement
is attractive also because it reduces the number of independent parameters.
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End of the Digression

While supersymmetrizing the SM fixes all gauge and Yukawa couplings of the
sparticles (see Fig. [Lg]), there are a lot of free parameters to fix the SUSY
breaking and masses, such that mixing of the sparticles remain quite arbitrary:
the mass eigenstates of the gaugino—Higgsino sector are obtained by unitary
transformations which mix states with the same conserved quantum numbers
(in particular the charge)

Xi = Vil xi = Uiy s xi = Nijty (7.21)

where ¢§ denote the spin 1 /2 sparticles of the SM gauge bosons and the
two Higgs doublets. In fact, a SUSY extension of the SM in general exhibits
more than 100 parameters, while the SM has 28 (including neutrino masses
and mixings). Also, in general SUSY extensions of the SM lead to Flavor
Changing Neutral Currents (FCNC) and unsuppressed C' P-violation, which
are absent or small, respectively, in the SM and known to be suppressed in
nature. Actually, just a SUSY extension of the SM, while solving the natural-
ness problem of the SM Higgs sector, creates its own naturalness problem as
it leads to proton decay and the evaporation of baryonic matter in general.
An elegant way to get rid of the latter problem is to impose the so called
R-parity, which assigns R, = +1 to all normal particles and R, = —1 to all
sparticles. If R—parity is conserved sparticles can only be produced in pairs
and there must exist a stable Lightest Supersymmetric Particle (LSP), the
lightest neutralino. Thus all sparticles at the end decay into the LSP plus
normal matter. The LSP is a Cold Dark Matter (CDM) candidate [59] if it is
neutral and colorless. From the precision mapping of the anisotropies in the
cosmic microwave background, the Wilkinson Microwave Anisotropy Probe
(WMAP) collaboration has determined the relict density of cold dark matter

to [60]
Qcpmh? = 0.1126 £ 0.0081 . (7.22)

This sets severe constraints on the SUSY parameter space [61] [62]. Note that
SUSY is providing a new source for C'P—violation which could help in under-
standing the matter-antimatter asymmetry ng = (ny — ng)/ny ~ 6 x 107
present in our cosmos.

However, what should cause R—parity to be conserved is another question.
It just means that certain couplings one usually would assume to be there

1% f v o, f % f
ANNK M
AN 9~ f 9 f

Fig. 7.8. Yukawa coupling=gauge coupling in the MSSM
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are excluded. If R is not conserved sparticles may be produced singly and the
LSP is not stable and would not provide a possible explanation of CDM.

The main theoretical motivation for a supersymmetric extension of the SM
is the hierarchy or naturalness problen% of the latter: chiral symmetry
requires fermions to be massless, local gauge symmetries require the gauge
bosons to be massless, so the only SM particle which is not required to be
massless before the spontaneous symmetry breaking by the Higgs mechanism
is the scalar Higgs boson, together with the mass—degenerate later Higgs—
ghosts (all fields in the Higgs doublet). As a consequence one would expect
the Higgs boson to be much heavier than all other SM particles which acquire
a mass proportional to the Higgs vacuum expectation value v = 1/(v/2G ) =
246.221(1) GeV. Indirect Higgs mass bounds from LEP require the Higgs to
be relatively light my < 200 GeV, i.e. not heavier than the other SM particles,
including the heaviest ones. Therefore we think a symmetry should protect
the Higgs from being much heavier than other SM stated"]. The only known
symmetry which requires scalar particles to be massless in the symmetry limit
is supersymmetry. Simply because a scalar is now always a supersymmetric
partner of a fermion which is required to be massless be chiral symmetry.
Thus only in a supersymmetric theory it is natural to have a “light” Higgs, in
fact in a SUSY extension of the SM the lightest scalar A", which corresponds
to the SM Higgs, is bounded to have mass mpo < My at tree level. This
bound receives large radiative corrections from the t/# sector, which changes
the upper bound to [63]

SStating that a small parameter (like a small mass) is unnatural unless the
symmetry is increased by setting it to zero.

'"Within the electroweak SM the Higgs mass is a free input parameter fixed by a
renormalization condition to whatever input value will be determined by experiment.
True, in the unbroken phase the Higgs doublet mass counter term represents the only
quadratic divergence in the SM, which carries over to the broken phase. Since in
a renormalized QFT counter terms are never observable there is nothing wrong
with a counter—term getting very large and this should not be confused with the
hierarchy problem. Renormalization is always a fine tuning. A completely different
situation we have if the SM is considered as a low energy effective theory, what
likely everybody does. Then the cut—off has a physical meaning as a new physics
scale which very likely is the Planck scale Mpianck ~ 10*° GeV, where all other
particle forces are expected to unify with gravity. Then the relation between the
bare cut—off theory and the renormalized low energy effective theory is physics and
in principle it becomes observable. So far nobody has measured a counter term,
however. This is in contrast to condensed matter systems, where microscopic and
macroscopic properties are obviously related and both are experimentally accessible,
although, in most cases not under quantitative control of theory. In the SM the Higgs
mass term is the only dimension 2 operator and scales like m%; (E) ~ (A/E)*m3;(A)
for E < A. We thus would expect mg to be extremely large at a low scale E, unless
for some reason (symmetry) it is extremely small at the high scale A.
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Table 7.8. Present lower bounds (95% C.L.) on SUSY states. Bounds from LEP
(ALEPH, DELPHI, L3, OPAL) and Tevatron (CDF, DO0)

Object mass bound comment
sleptons mep,7>73,94,82 GeV mpz — mgo > 10,15 GeV
sbottom, stop  mg; > 89,96 GeV  for mj ; —mgo = 8,10 GeV
squarks# ,b  mg; > 250 GeV
chargino M > 104 GeV for my > 300 GeV
gluino mg > 195[300] GeV  any mg[mgz = mg]
V2G mg, mg
mpo < |1+ bo3min( LR ) 4+ | My 7.23
4 < 272 sin? 3 ¢ m? ( )

which in any case is well below 200 GeV. For an improved bound obtained by
including the 2-loop corrections I refer to [64]. In Table some important
direct search bounds on sparticle masses are listed.

It is worthwhile to mention that in an exactly supersymmetric theory
the anomalous magnetic moment must vanish, as observed by Ferrara and

Remiddi in 1974 [65]:

tot __ _SM SUSY __
a,” =a, +a, =0.

SM

Thus, since a;,

have

> 0, in the SUSY limit, in the unbroken theory, we must

aSUSY <.
However, we know that SUSY must be drastically broken, not a single super-
symmetric partner has been observed so far. All super—partners of existing
particles seem to be too heavy to be produced up to now. If SUSY is broken
a,, may have either sign. In fact, the 3 standard deviation (g, —2)-discrepancy
requires a;;"%Y > 0, of the same sign as the SM contribution and of at least

the size of the weak contribution [~ 200 x 10~!] (see Fig. B.5]).

Fig. 7.9. Physics beyond the SM: leading SUSY contributions to g — 2 in super-
symmetric extension of the SM. Diagrams a) and b) correspond to diagrams a) and
b) of Fig. [[3] respectively
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The leading SUSY contributions, like the weak SM contributions, are due
to one-loop diagrams. Most interesting are the ones which get enhanced for
large tan 3. Such supersymmetric contributions to a, stem from sneutrino—
chargino and smuon-neutralino loops Fig. and yield [66] [67 [68]:

SUSY (1) _ x* x°
all« - ap, + CL# (724)
with
+ m m mxi
‘ 4 L2 R 2\ C L Ry C
o= e ] {mm*g#ﬂck\ + el 1*) Fy <wk>+3m§# Re [c} i/ ] Fy <wk>}
0 m m mXQ
X = " K L2 R 2 N . K2 L R N .
Y T gm2 . {_12m§m (5”4 [N |5) Fi (@im) + sm2 Re [n},niy,] Fs (rm)}

and £ = 1,3 and ¢ = 1,...,4 denote the chargino and neutralino indices,
m = 1,2 is the smuon index, and the couplings are given by

ik =—92Vi1

R _

Cr = yu Uk2 9

1 . o
nh, = /2 (g1Ni1 + g2 Nio) UL " — y Nis UL ™

R _ i Iz
Nim = \/2 gleL'l Um2 + y;LNiS Uml .
The kinematical variables are the mass ratios z; = mii /M2, Tim =
: .

mig /mZ, , and the one-loop vertex functions read
i m

FE(x) = (1—295)4 [2 + 3z — 62% + 2% + 62 Ina]
Ff(x)zZ(lia:)?’ [-3+ 42 —2® —2Ina],
FN(z) = a —233)4 [1 — 62 + 322 + 22 — 62% Ina] ,
FN(x) = (1 —395)3 [1—2%+22 Ina],

and are normalized to /(1) = 1. The functions F”(z) are the ones calculated
in (ZI2). The couplings g; denote the U(1) and SU(2) gauge couplings g1 =
e/cosOw and g = e/sin Oy, respectively, and y, is the muon’s Yukawa
coupling (7.20). The interesting aspect of the SUSY contribution to a, is
that they are enhanced for large tan 3 in contrast to SUSY contributions to
electroweak precision observables, which mainly affect Ap which determines
the p—parameter and contributes to Myy. The anomalous magnetic moment
thus may be used to constrain the SUSY parameter space and an expansion in
1/ tan 8 and because SUSY partners of SM particles are heavier (as mentioned
above SUSY is broken in such a way that the SUSY partners essentially all
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are heavier than the SM particles) one usually also expands in My /Msysy
leading to the handy approximation

2 2
o 2 T Gon(uMy) ¢ 1yo( b Mw
BT gon N2, SEAM) S IO 5 ey
2 9 2
X _ 91 —92 My Mo) t 140 1 My
i 19272 Miygy sign(uly) tanf5 |1+ (tanﬁ’ Msusy

where parameters have been taken to be real and M; and My of the same
sign. One thus obtains

SUSY
ay,

5+ tan? © 2 m

o
. tan In
87 sin? O 6 m b T my

(7.25)

m = Mgysy a typical SUSY loop mass and u is the Higgsino mass term. Here
we also included the leading 2-loop QED logarithm as an RG improvement
factor [69]. In Fig. contributions are shown for various values of tan (.
Above tan 8 ~ 5 and p > 0 the SUSY contributions from the diagrams Fig.
easily could explain the observed deviation (3] with SUSY states of masses
in the interesting range 100 to 500 GeV.

In the large tan 8 regime we have

100 GeV'\*
|aSUSY| = 123 x 1071 ( ¢ ) tan 3 . (7.26)
m

aEUSY generally has the same sign as the y—parameter. The deviation (3]

requires positive sign(u) and if identified as a SUSY contribution
m =~ (65.5 GeV)y/tan 3 . (7.27)

Negative 1 models give the opposite sign contribution to a, and are strongly
disfavored. For tan 3 in the range 2 ~ 40 one obtains

i ~ 93 — 414 GeV | (7.28)

precisely the range where SUSY particles are often expected. For a more
elaborate discussion and further references I refer to [45]. The effects in a,,
from two doublet Higgs models (which include the Higgs sector of SUSY
extensions of the SM) are discussed in [70].

A remarkable 2-loop calculation within the MSSM has been performed
by Heinemeyer, Stockinger and Weiglein [71]. They evaluated the exact 2—
loop correction of the SM 1-loop contributions Figs. 1] and These are
all diagrams where the p—lepton number is carried only by p and/or v,. In
other words SM diagrams with an additional insertion of a closed sfermion—
or charginos/neutralino—loop. Thus the full 2-loop result from the class of



402 7 Comparison Between Theory and Experiment and Future Perspectives

diagrams with closed sparticle loops is known. This class of SUSY contribu-
tions is interesting because it has a parameter dependence completely different
from the one of the leading SUSY contribution and can be large in regions of
parameter space where the 1-loop contribution is small. The second class of
corrections are the 2-loop corrections to the SUSY 1-loop diagrams Fig. [7.9]
where the p-lepton number is carried also by fi and/or ,,. This class of correc-
tions is expected to have the same parameter dependence as the leading SUSY
1-loop ones and only the leading 2-loop QED corrections are known [69] as
already included in (Z25).

The prediction of a,, as a function of the mass of the Lightest Observable
SUSY Particle My,osp :min(mﬁ , mig,mﬁ), from a MSSM parameter scan
with tan 8 = 50, including the 2-loop effects is shown in Fig. [Tl Plotted is
the maximum value of a,, obtained by a scan of that part of SUSY parameter
space which is allowed by the other observables like my, Mw and the b—
decays. The 2-loop corrections in general are moderate (few %). However, not
so for lighter M1,0gp in case of heavy smuons and sneutrinos when corrections
become large (see also [72]). The remaining uncertainty of the calculation
has been estimated to be below 3 x 1071, which is satisfactory in the present
situation. This may however depend on details of the SUSY scenario and of
the parameter range considered. A comprehensive review on supersymmetry,
the different symmetry breaking scenarios and the muon magnetic moment
has been presented recently by Stockinger [68]. Low energy precision test of
supersymmetry and present experimental constraints also are reviewed and
discussed, in [73].

In comparison to g, — 2, the SM prediction of My, [75], as well as of
other electroweak observables, as a function of m; for given o, G, and Mz,
is in much better agreement with the experimental result (1 o), although the

80 L L L L L L
>0 tan$=2,5, 10,20,30, 40,50

40 r

° 404 i
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Fig. 7.10. Constraint on large tan3 SUSY contributions as a function of Mgsusy



7.2 New Physics in g — 2 403

MSSM prediction for suitably chosen MSSM parameters is slightly favored by
the data, as shown in Fig. Thus large extra corrections to the ones of
the SM are not tolerated. The radiative shift of My is represented by (Z32])
and the leading SUSY contributions mainly come in via Ap. As we know,
Ap is most sensitive to weak isospin splitting and in the SM is dominated
by the contribution from the (¢,b)-doublet. In the SUSY extension of the
SM these effects are enhanced by the contributions from the four SUSY part-
ners tNL)R, IN)L,R of ¢,b, which can be as large as the SM contribution itself for
my o < my [light SUSY], and tends to zero for my/, > my [heavy SUSY].
It is important to note that these contributions are not enhanced by tan 3.
Thus, provided tan § enhancement is at work, it is quite natural to get a larger
SUSY contribution to g, — 2 than to My, otherwise some tension between
the two constraints would be there as My, prefers the heavy SUSY domain.
Assuming the CMSSM scenario, besides the direct limits from LEP and
Tevatron, presently, the most important constraints come from (g —2),,, b —
sy and from the dark matter relic density (cosmological bound on CDM)
given in (.22)) [61] [62]. Due to the precise value of 2cpm the lightest SUSY
fermion (sboson) of mass mg is given as a function of the lightest SUSY
boson (sfermion) with mass m, /o within a narrow band. This is illustrated in
Fig.[[T3ltogether with the constraints from g,,—2 (73) and b — s+ (7). Since
my, for given tan 3 is fixed by my /o via (L23)) with min(mgz,;i = 1,2) ~ my 2,

70 [ ] alldata
- mﬂl.z LA 1Tev
60 ——— full result B

improved one loop
50

40

aMSUSY [10—10]
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Miosp [GeV]

Fig. 7.11. Allowed values of MSSM contributions to a, as a function of Mrosp,
from an MSSM parameter scan with tan 3 = 50. The 30 region corresponding to the
deviation (Z.3)) is indicated as a horizontal band. The light gray region corresponds to
all input parameter points that satisfy the experimental constraints from b—decays,
myp, and Ap. In the middle gray region, smuons and sneutrinos are heavier than 1
TeV. The dashed lines correspond to the contours that arise from ignoring the 2—
loop corrections from chargino/neutralino— and sfermion—loop diagrams. Courtesy
of D. Stockinger [68]
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the allowed region is to the right of the (almost vertical) line my = 114 GeV
which is the direct LEP bound. Again there is an interesting tension between
the SM like lightest SUSY Higgs mass my, which in case the Higgs mass goes
up from the present limit to higher values requires heavier sfermion masses
and/or lower tan §, while a, prefers light sfermions and large tan 8. Another
lower bound from LEP is the line characterizing m,+ > 104 GeV. The CDM
bound gives a narrow hyperbola like shaped band. The cosmology bound is
harder to see in the tan 5 = 40 plot, but it is the strip up the y —7 degeneracy
line, the border of the excluded region (dark) which would correspond to a
charged LSP which is not allowed. The small shaded region in the upper left is
excluded due to no electroweak symmetry breaking (EWSB) there. The latter

experimental errors 68% CL:
LEP2/Tevatron (today)
Tevatron/LHC

80.70

80.60 — ILC/Gigaz LEP/Tevatron
% 80.50
O,
=
=
80.40
80.30 —
80.20 —
| Heilnemeyer, Hollik, Stockinger, Webler, Weiglein '06 ]
160 165 170 175 180 185
m, [GeV]

Fig. 7.12. Prediction for Mw in the MSSM and the SM as a function of m; in
comparison with the present experimental results for My and m; and the prospec-
tive accuracies (using the current central values) at the Tevatron/LHC and at the
ILC. The allowed region in the MSSM, corresponding to the light-shaded and dark—
shaded bands, results from varying the SUSY parameters independently of each
other in a random parameter scan. The allowed region in the SM, corresponding
to the medium-shaded and dark-shaded bands, results from varying the mass of
the SM Higgs boson from mpy = 114 GeV to muy = 400 GeV. Values in the very
light shaded region can only be obtained in the MSSM if at least one of the ratios
mg, /mg, or my, /my, exceeds 2.5. Courtesy of S. Heinemeyer et al. [74]
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must be tuned to reproduce the correct value for M. The tan § = 40 case is
much more favorable, since g, — 2 selects the part of the WMAP strip which
has a Higgs above the LEP bound. Within the CMSSM the discovery of the
Higgs and the determination of its mass would essentially fix mo and my 5.

Since the SM prediction [76] for the b — sy rate BR(b — sv) = (3.15 £
0.23) x 10~* is in good agreement with the experimental value (7.7), only
small extra radiative corrections are allowed (1.5 o). In SUSY extensions
of the SM [T7], this excludes light m;/, and mg from light to larger values
depending on tan 3. Reference [76] also illustrates the updated b — sy bounds
on Mg+ (> 295 GeV for 2 < tan 3) in the TDHM (Type II) [78].

It is truly remarkable that in spite of the different highly non—trivial depen-
dencies on the MSSM parameters, with g — 2 favoring definitely p > 0, tan 3
large and/or light SUSY states, there is a common allowed range, although a
quite narrow one, depending strongly on tan 3.

The case sketched above is the constrained MSSM motivated by a mini-
mal SUGRA breaking scheme. Already now cold dark matter constraints in
conjunction with R—party conserving mSUGRA (CMSSM) scenarios constrain
the SUSY parameter space dramatically. For a discussion of other SUSY mod-
els based on different SUSY breaking mechanisms I refer to the review [G8]
and the references therein (see in particular [79]). One should be aware that
even when a SUSY extension of the SM should be realized in nature, many

tanp=10, u>0 . tanf=40, u>0

§ My =104GeV

mg (GeV)
m(; (GeV)

P
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100 200 300 400 500 600 700 800 900 1000 1000
My (Gev) My (GeV)

Fig. 7.13. The (mo, mq,2) plane for p > 0 for (a) tan 5 = 10 and (b) tan 5 = 40 in
the constrained MSSM (mSUGRA) scenario. The allowed region by the cosmological
neutral dark matter constraint (Z22)) is shown by the black parabolic shaped region.
The disallowed region where mz < m, has dark shading. The regions excluded
by b — sy have medium shading (left). The g, — 2 favored region at the 2 o
[(287 £182) x 107 "] (between dashed lines the 1 o [(287 4 91) x 10™"] band) level
has medium shading. The LEP constraint on m,+ = 104 GeV and mj = 114 GeV
are shown as near vertical lines. Plot courtesy of K. Olive updated from [61]
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specific assumptions made, leading to the MSSM and specific versions of it,
may not be realized in nature and other variants may be needed. In partic-
ular, one should keep in mind that b — sy branching fractions are rather
assumption dependent (“SUSY flavor” and “SUSY CP” problems). In con-
trast, the possible SUSY contribution to a, is quite universal, provided tan 3
— enhancement is at work. As mentioned, the fact that there is a non—empty
region in SUSY parameter space, is remarkable and an interesting input for
SUSY phenomenology at the colliders LHC and ILC. Thereby the a, con-
straint is crucial as it definitely requires new particles “around the corner”, if
we assume that the deviation is real.

7.3 Perspectives for the Future

The electron’s spin and magnetic moment were evidenced from the deflec-
tion of atoms in an inhomogeneous magnetic field and the observation of fine
structure by optical spectroscopy [80, BI]. Ever since, magnetic moments and
g—values of particles in general and the g — 2 experiments with the electron
and the muon in particular together with high precision atomic spectroscopy
have played a central role in establishing the modern theoretical framework
for particle physics: relativistic quantum field theory in general and quantum
electrodynamics in particular the prototype theory which developed further
into the SM of electromagnetic, weak and strong interactions based on a lo-
cal gauge principle and spontaneous symmetry breakinﬁ. Not only particle
physics, also precision atomic physics and nuclear theory are based on rela-
tivistic QF T methodd™.

New milestones have been achieved now with the BNL muon g — 2
experiment together with the Harvard electron g — 2 experiment. Both ex-
periments exploited all ingenuity to reach the next level of precisions and
together with theory efforts maybe the next level of understanding of how
it works. On the theory side, what we learn from the BNL experiment and
from possible succeeding experiments will depend on how well we can solid-
ify the theoretical prediction. There is certainly common agreement that the
hadronic light—by-light scattering contribution is the most problematic one,
since no theoretically established method exists to calculate this contribution
in a model independent way so far.

A big hope for the long term future are the non—perturbative calculations
of electromagnetic current correlators by means of lattice QCD [82]. This

18With local gauge group SU(3). ® SU(2)r. ® U(1)y spontaneously broken to
SU3)e @ U(1)em-

Not to forget the role of QFT for other systems of infinite (large) numbers
of degrees of freedom: condensed matter physics and critical phenomena in phase
transitions. The Higgs mechanism as a variant of the Ginzburg-Landau theory of
superconductivity and the role QFT and the renormalization group play in the
theory of phase transitions are good examples for synergies between elementary
particle physics and condensed matter physics.
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has to go in steps from two—point amplitudes (vacuum polarization and/or
Adler function) to three—point form factors (NP effects in VVA correlator) and
the four—point function linked to light—by—light scattering. Very important is
to watch for more experimental information for better modeling by effective
theories. An example is the 7%y*~* form factor for both photons off-shell or
direct light-by-light scattering in ete™ — ete y*y* — eTe 7y or ete y*y
with the virtual final state photon converting to a pair.

As a worst case scenario, the a, measurement may be used one day to fix
the value of the hadronic light-by-light contribution after physics at colliders
will have established the relevant part of the spectrum of physics beyond the
SM. Thus confronting a, = a,(SM;predictable) + a,(SM; unpredictable) +
a,(NP), making the reasonable assumption that the relevant NP part is also
calculable in a then more or less established extension of the SM, we may
determine a, (SM; unpredictable) by comparing this “prediction” with the ex-
perimental result a;;P. An alternative strategy, proposed by Remiddi some
time ago, would be to increase the precision of independent measurements of
« and a. by a factor 20 each together with improved QED and SM calculations
and determine a,(unpredicted) utilizing the fact that this is proportional to
m?: thus from

a, = a,(predicted) + a, (unpredicted)

ae = ae(predicted) + (m./m,)?* x a,(unpredicted)

we could determine a,(unpredicted). This would include such unaccounted
new physics which also scales proportional to m?.

The hadronic vacuum-polarization in principle may be substantially im-
proved by continuing eTe~ — hadrons cross-section measurements with
higher precision. Existing deviations at the few % level between the KLOE
result on the one hand and the CMD-2 and SND results?] on the other hand
and the deviations at the 10% level between eTe —data and the appropri-
ately corrected hadronic 7-decay spectral functions, are waiting for being
clarified before we can fully trust that we understand what we are doing.
Fortunately, new efforts are in progress at Beijing with BES-IIT [83], Cor-
nell CLEO-c [84] and Novosibirsk with VEPP-2000 [85] as well as ongoing
measurements at the B-factories (radiative return) at SLAC and KEK and

20The KLOE measurement is a radiative return measurement witch is a next to
leading order approach. On the theory side one expects that the handling of the
photon radiation requires one order in & more than the scan method for obtaining
the same accuracy. Presently a possible deficit is on the theory side. What is ur-
gently needed are full O(a?) QED calculations, for Bhabha luminosity monitoring,
p—pair production as a reference and test process, and m—pair production in sQED
as a first step and direct measurements of the final state radiation from hadrons.
The CMD-2 and SND measurements take data at the same accelerator (same lu-
minosity /normalization uncertainties) and use identical radiative corrections, such
that for that part they are strongly correlated and this should be taken into account
appropriately in combining the data.
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Frascati is discussing plans to set up a new scan experiment going up to 2.5
GeV with DANAE/KLOE-2 [86]. The need for a more precise determination
of the hadronic vacuum polarization effects for the future precision physics
projects including a new high energy e*e~—annihilation facility, the Interna-
tional Linear Collider ILC, has been elaborated recently in [4].

There is no doubt that performing doable improvements on both the theory
and the experimental side allows to substantially sharpen (or diminish) the
apparent gap between theory and experiment. Yet, even the present situation
gives ample reason for speculations. No other experimental result has as many
problems to be understood in terms of SM physics. One point should be
noted in this context, however. An experiment at that level of accuracy, going
one order of magnitude beyond any previous experiment, is a real difficult
enterprise and only one such experiment has been performed so far. There
is also a certain possibility to overlook some new problem which only shows
up at higher precision and escaped the list of explicitly addressed problems
by the experiment. It is for instance not 100% clear that what is measured
in the experiment is precisely what theoreticians calculate. For example, it
is believed that, because radiative corrections in g — 2 are infrared finite to
all orders, real photon radiation can be completely ignored, in spite of the
fact that we know that due to the electric interaction via charges a naive S—
matrix in QED does not exist. Muons, like any charged particles, produce and
absorb continuously photon radiation and therefore are dressed by a photon
cloud which is thought not to affect the g — 2 measurement. The question has
been addressed to leading order by Steinmann [87]. Possible effects at higher
orders have not been estimated to my knowledge. Also multiple interactions
with the external field usually are not accounted for, beyond the classical
level. One also should keep in mind that the muon is unstable and the on-
shell projection technique (see Sect. B.5]) usually applied in calculating a, in
principle has its limitation. As I, ~ 3 x 10716 MeV < m,, ~ 105.658 MeV,
it is unlikely that treating the muon to be stable could cause any problem.

Another question one may ask is whether the measurement of the mag-
netic field strength could not change the magnitude of the field by a tiny but
non-negligible amount?l]. On the theory side one should be aware that the
important 4-loop contribution has not been cross—checked by a completely
independent calculation. What about the hadronic vacuum polarization, in
the unlikely case that the 7-data are the right answer and not the eTe™—
data a substantial part of the difference would disappear, not to forget the
problems with the light—by-light calculation. Nonetheless, according to the
best of our knowledge, the present status of both theory and experiment is as
reflected by the systematic errors which have been estimated. Therefore most
probably, the difference must be considered as a real indication of a missing
piece on the theory side.

210Of course such questions have been carefully investigated, and a sophisticated
magnetic probe system has been developed by the E821 collaboration.
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The anomalous magnetic moment of the muon is a beautiful example of
“the closer we look the more we see”7 however, the efforts to dig even deeper
into the structure of matter remains a big adventure also in future.

The g — 2 measurement is like a peek through the keyhole, you see at the
same time an overlay of all things to a certain depth in one projection, but
to make sure that what you see is there, you have to open the door and go
to check. This will be a matter of accelerator physics, and an ILC would be
the preferred and ideal facility to clarify the details. Of course and luckily,
the LHC will tell us much sooner the gross direction new physics will go and
it is expected to reach the physics at much higher scales. But, it is not the
physics at the highest scales you see first in g — 2 as we learned by the above
considerations.

The Muon Storage Ring experiment on g, — 2 and similarly the Penning
Trap experiment on g. — 2 are like microscopes which allow us to look into
the subatomic world and the scales which we have reached with a, is about
100 GeV, i.e., the scale of the weak gauge bosons W and Z which is the LEP
energy scale (as a, is effectively by a factor 52 more sensitive to new heavy
physics the mass scale which is tested by a. is about 100/ V52 ~ 14 GeV only,
an energy region which we know as it has been explored by other means). So
ge — 2, if it would not be used to determine o, would be the ideal observable
to test the deeper quantum levels of a known theory which is QED as well as
the rest of the SM in this case.

Remember that at LEP-I by electron—positron annihilation predominantly
“heavy light” particles Z or at LEP-II predominantly W+W ~—pairs have
been produced, states which were produced in nature mostly in the very early
universd?.

Particle accelerators and storage rings are microscopes which allow us
to investigates the nature in the subatomic range at distance < 107'% m
and at the same time have the aim to directly produce new forms of mat-
ter, by pair creation, for example. The size of such machines is essentially
determined by two parameters: the energy which determines the resolu-
tion A\ = he/Eem. ~ 1.2GeV/Ee . (GeV) x 107 m and the collision rate
AN/At = L x 0 ~ 1032 6(cm?) /em? sec (luminosity L as for LEP). Usually
projectiles must be stable particles or antiparticles like electrons, positrons
and protons and antiprotons. The Muon Storage Ring experiments work with
the rather unstable muons which are boosted to highly relativistic quasi—stable

22which is not always true, for example if we read a newspaper or if you read this
book.

% This time is given by (see (19.43) in [88]) ¢t = 2.4/\/N(T) (1 MeV /kT)” sec.
Here N(T) = >\ cons 5 98(T) + &3 toimions # 97 (T) is the effective number of
degrees of freedom excited at temperature T, where gp,r(T") is the number of
bosonic/fermionic degrees of freedom in the massless limit. For my < kT ~ Mw
all SM particles except W=, Z, H and the top quark ¢ are contributing. Counting
spin, color and charge appropriately gives N(T) = 345/4, which yields the time
t ~ 0.3 x 10710 sec after the Big Bang for T' ~ 100 GeV .
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muons well selected in energy and polarization before they are injected into
the storage ring which more acts as a detector rather than an accelerator as it
usually does in the case of typical high energy machines. This allows to study
the motion of the muons at incredible precision with very little background.

A very very different type of experiment will start soon at the LHC, which
is kind of the other extreme in conditions. At LHC one will produce enormous
amounts of events, billions per second, of which the overwhelming part of
events are too complex to be understood and the interesting “gold platted”
events which will tell us about new physics have to be digged out like “search-
ing for a needle in a haystack”. Nevertheless, the physics there hopefully tells
us what we see in g — 2. At LEP a big machine was able to measure about 20
different observables associated with different final states at the level of 1ppm.
The strength of the LHC is that it will enable us to go far beyond what we
have reached so far in the energy scale.

So we hope we may soon add more experimentally established terms to the
SM Lagrangian and extent our predictions to include the yet unknown. Thats
how it worked in the past with minimal extensions on theoretical grounds.
Why this works so successfully nobody really knows. One observes particles,
one associates with it a field, interactions are the simplest non—trivial products
of fields (triple and quartic) at a spacetime point, one specifies the interaction
strength, puts everything into a renormalizable relativistic QFT and predicts
what should happen and it “really” happened essentially without exception.
Maybe the muon g — 2 is the first exception!

This book tried to shed light on the physics encoded in a single real num-
ber. Such a single number in principle encodes an infinity of information, as
each new significant digit (each improvement should be at least by a factor ten
in order to establish the next significant digit) is a new piece of information.
It is interesting to ask, what would we know if we would know this number
to infinite precision. Of course one cannot encode all we know in that single
number. Each observable is a new view to reality with individual sensitivity
to the deep structure of matter. All these observables are cornerstones of one
reality unified self-consistently to our present knowledge by the knowledge of
the Lagrangian of a renormalizable quantum field theory. Theory and experi-
ments of the anomalous magnetic moment are one impressive example what it
means to understand physics at a fundamental level. The muon g — 2 reveals
the major ingredients of the SM and as we know now maybe even more.

On the theory part the fascinating thing is the technical complexity of
higher order SM (or beyond) calculations of in the meantime thousands of
diagrams which can only be managed by the most powerful computers in
analytical as well as in the numerical part of such calculations. This book only
gives little real insight into the technicalities of such calculation. Performing
higher order Feynman diagram calculation could look like formal nonsense but
at the end results in a number which experimenters indeed measure. Much of
theoretical physics today takes place beyond the Galilean rules, namely that
sensible predictions must be testable. With the anomalous magnetic moment
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at least we still follow the successful tradition set up by Galileo, we definitely
can check it, including all the speculations about it.

A next major step in this field of research would be establishing experi-

mentally the electric dipole moment. This seems to be within reach thanks to
a breakthrough in the experimental techniques. The electric dipole moments
are an extremely fine monitor for CP violation beyond the SM which could
play a key role for understanding the origin of the baryon matter—antimatter
asymmetry in the universe.

But first, we are waiting for the LHC data to tell us where we go!

References
1. J. Bailey et al., Nucl. Phys. B 150 (1979) 1 376l BT1
2. G. W. Bennett et al. [Muon g-2 Collaboration], Phys. Rev. D 73 (2006) 072003
B76, 377
3. T. Kinoshita, M. Nio, Phys. Rev. D 73 (2006) 053007
4. F. Jegerlehner, Nucl. Phys. Proc. Suppl. 162 (2006) 22 [hep-ph/0608329] B76l 377 379 40
5. J. Bijnens, E. Pallante, J. Prades, Phys. Rev. Lett. 75 (1995) 1447 [Erratum-
ibid. 75 (1995) 3781); Nucl. Phys. B 474 (1996) 379 [Erratum-ibid. 626 (2002)
410] B761 BT
6. M. Hayakawa, T. Kinoshita, Phys. Rev. D 57 (1998) 465 [Erratum-ibid. D 66
(2002) 019902] 376 BT9l
7. M. Knecht, A. Nyffeler, Phys. Rev. D 65 (2002) 073034 370l [379
8. K. Melnikov, A. Vainshtein, Phys. Rev. D 70 (2004) 113006 [376] 379
9. A. Czarnecki, W. J. Marciano, A. Vainshtein, Phys. Rev. D 67 (2003) 073006;
M. Knecht, S. Peris, M. Perrottet, E. de Rafael, JHEP 0211 (2002) 003; E. de
Rafael, The muon g2 revisited, hep-ph/0208251
10. S. Heinemeyer, D. Stockinger, G. Weiglein, Nucl. Phys. B 699 (2004) 103;
T. Gribouk, A. Czarnecki, Phys. Rev. D 72 (2005) 053016
11. H. N. Brown et al. [Muon (g-2) Collaboration], Phys. Rev. Lett. 86 (2001) 2227
376 3811
12. S. Eidelman, F. Jegerlehner, Z. Phys. C 67 (1995) 585; F. Jegerlehner, In:
Radiative Corrections, ed by J. Sola (World Scientific, Singapore 1999) p. 75 B77 BT8|
13. M. Davier, S. Eidelman, A. Hocker, Z. Zhang, Eur. Phys. J. C 27 (2003) 497;
Eur. Phys. J. C 31 (2003) 503 B77 B78 330
14. S. Ghozzi, F. Jegerlehner, Phys. Lett. B 583 (2004) 222 B77 B30
15. S. Narison, Phys. Lett. B 568 (2003) 231 B77
16. K. Hagiwara, A. D. Martin, D. Nomura, T. Teubner, Phys. Lett. B 557 (2003)
69; Phys. Rev. D 69 (2004) 093003 B77 B7TS
17. J. F. De Troconiz, F. J. Yndurain, Phys. Rev. D 65 (2002) 093001; Phys. Rev.
D 71 (2005) 073008 BT
18. S. Eidelman, Proceedings of the XXXIII International Conference on High En-
ergy Physics, July 27 — August 2, 2006, Moscow (Russia), World Scientific, to
appear; M. Davier, Nucl. Phys. Proc. Suppl. 169 (2007) 288 [377 B78|
19. K. Hagiwara, A. D. Martin, D. Nomura, T. Teubner, Phys. Lett. B 649

(2007) 173 BT B8



412

20.

21.

22.

23.
24.
25.

26.

27.

28.

29.

30.

31.

32.

33.

34.

35.

36.

37.

38.

39.

40.

7 Comparison Between Theory and Experiment and Future Perspectives

B. L. Roberts Nucl. Phys. B (Proc. Suppl.) 131 (2004) 157; R. M. Carey et al.,
Proposal of the BNL Experiment E969, 2004; J-PARC Letter of Intent L17
H. Leutwyler, Electromagnetic form factor of the pion, hep-ph/0212324;
G. Colangelo, Nucl. Phys. Proc. Suppl. 131 (2004) 185; ibid. 162 (2006) 256
K. G. Chetyrkin, J. H. Kiihn, Phys. Lett. B 342 (1995) 356; K. G. Chetyrkin,
J. H. Kiithn, A. Kwiatkowski, Phys. Rept. 277 (1996) 189; K. G. Chetyrkin,
J. H. Kithn, M. Steinhauser, Phys. Lett. B 371, 93 (1996); Nucl. Phys.
B 482, 213 (1996); 505, 40 (1997); K.G. Chetyrkin, R. Harlander,
J.H. Kiihn, M. Steinhauser, Nucl. Phys. B 503, 339 (1997) K. G. Chetyrkin,
R. V. Harlander, J. H. Kiihn, Nucl. Phys. B 586 (2000) 56 [Erratum-ibid. B
634 (2002) 413]

R. V. Harlander, M. Steinhauser, Comput. Phys. Commun. 153 (2003) 244
M. Davier, A. Hocker, Z. Zhang, Nucl. Phys. Proc. Suppl. 169 (2007) 22
R. L. Garwin, D. P. Hutchinson, S. Penman, G. Shapiro, Phys. Rev. 118
(1960) 271

G. Charpak, F. J. M. Farley, R. L. Garwin, T. Muller, J. C. Sens, V. L. Telegdi,
A. Zichichi, Phys. Rev. Lett. 6 (1961) 128; G. Charpak, F. J. M. Farley,
R. L. Garwin, T. Muller, J. C. Sens, A. Zichichi, Nuovo Cimento 22 (1961) 1043
50 1]

G. Charpak, F. J. M. Farley, R. L. Garwin, T. Muller, J. C. Sens, A. Zichichi,
Phys. Lett. 1B (1962) 16; Nuovo Cimento 37 (1965) 1241

F. J. M. Farley, J. Bailey, R. C. A. Brown, M. Giesch, H. Jostlein, S. van der
Meer, E. Picasso, M. Tannenbaum, Nuovo Cimento 45 (1966) 281 B81]

J. Bailey et al., Phys. Lett. B 28 (1968) 287; Nuovo Cimento A 9 (1972) 369 B3]l
J. Bailey et al. [CERN Muon Storage Ring Collaboration]|, Phys. Lett. B 55
(1975) 420; Phys. Lett. B 67 (1977) 225 [Phys. Lett. B 68 (1977) 191]; J. Bailey
et al. [CERN-Mainz-Daresbury Collaboration], Nucl. Phys. B 150 (1979) 1 381l
R. M. Carey et al. [Muon (g-2) Collaboration], Phys. Rev. Lett. 82 (1999) 1632
50 1]

H. N. Brown et al. [Muon (g-2) Collaboration], Phys. Rev. D 62 (2000) 091101
BT

G. W. Bennett et al. [Muon (g-2) Collaboration], Phys. Rev. Lett. 89 (2002)
101804 [Erratum-ibid. 89 (2002) 129903]

G. W. Bennett et al. [Muon (g-2) Collaboration], Phys. Rev. Lett. 92 (2004)
161802

J. C. Pati, A. Salam, Phys. Rev. Lett. 31 (1973) 661; Phys. Rev. D 8 (1973)
1240; H. Georgi, S. L. Glashow, Phys. Rev. Lett. 32 (1974) 438

A. Galli, Nuovo Cim. A 106 (1993) 1309

J. R. Ellis, S. Kelley, D. V. Nanopoulos, Phys. Lett. B 249 (1990) 441; ibid 260
(1991) 131; U. Amaldi, W. de Boer, H. Fiirstenau, Phys. Lett. B 260 (1991)
447; P. Langacker, M. x. Luo, Phys. Rev. D 44 (1991) 817

LEP Electroweak Working Group (LEP EWWG), http://lepewwg.web.
cern.ch/LEPEWWG/plots/summer2006

[ALEPH, DELPHI, L3, OPAL, SLD Collaborations]|, Precision electroweak
measurements on the Z resonance, Phys. Rept. 427 (2006) 257 [hep-
ex/0509008]; http://lepewwg.web.cern.ch/LEPEWWG/Welcome.html 384

J. Erler, P. Langacker, Electroweak model and constraints on new physics in
W. M. Yao et al. [Particle Data Group], J. Phys. G 33 (2006) 1 B84

Heavy Flavor Averaging Group (HFAG), http://www.slac.stanford.edu/
xorg/hfag/ http://www-cdf.fnal.gov/physics/new/bottom/bottom.html



41

42.

43.

44.

45.

46.

47.

48.

49.

50.

51.

52.
53.

54.
55.

56.

57.

58.

59.

60.

61.

62.

63.
64.

References 413

I. B. Khriplovich, S. K. Lamoreaux, CP Violation Without Strangeness: Electric

Dipole Moments Of Particles, Atoms, And Molecules, (Springer, Berlin, 1997)

F.J. M. Farley et al., Phys. Rev. Lett. 93 (2004) 052001; M. Aoki et al. [J-PARC
Letter of Intent]: Search for a Permanent Muon FElectric Dipole Moment at the
x107%* e. c¢m Level, http://www-ps.kek. jp/jhf-np/L0I1list/pdf/L22.pdf
A. Adelmann, K. Kirch, hep-ex/0606034

M. Czakon, J. Gluza, F. Jegerlehner, M. Zralek, Eur. Phys. J. C 13 (2000) 275
A. Czarnecki, W. J. Marciano, Phys. Rev. D 64 (2001) 013014 [386] E0T

B. E. Lautrup, A. Peterman, E. de Rafael, Phys. Reports 3C (1972) 193 387
S. Ritt [MEG Collaboration], Nucl. Phys. Proc. Suppl. 162 (2006) 279
R. Barbieri, L. J. Hall, Phys. Lett. B 338 (1994) 212; R. Barbieri, L. J. Hall,
A. Strumia, Nucl. Phys. B 445 (1995) 219; J. Hisano, D. Nomura, Phys. Rev.
D 59 (1999) 116005

R. Van Royen, V. F. Weisskopf, Nuovo Cim. A 50 (1967) 617 [Erratum-ibid.
A 51 (1967) 583

C. T. Hill, E. H. Simmons, Phys. Rept. 381 (2003) 235 [Erratum-ibid. 390
(2004) 553]

F. Jegerlehner, Helv. Phys. Acta 51 (1978) 783; F. Jegerlehner, The ‘ether-
world’ and elementary particles. In: Theory of Elementary Particles, ed by H.
Dorn, D. Liist, G. Weight, (WILEY-VCH, Berlin, 1998) p. 386, hep-th/9803021
59 11

F. Jegerlehner, Nucl. Phys. B (Proc. Suppl.) 37 (1994) 129

P. Mery, S. E. Moubarik, M. Perrottet, F. M. Renard, Z. Phys. C 46 (1990) 229
592)

W. M. Yao et al. [Particle Data Group], J. Phys. G 33 (2006) 1

LEP Electroweak Working Group (LEP EWWG), http://lepewwg.web.
cern.ch/LEPEWWG/lepww/tgc/

J. Wess, B. Zumino, Nucl. Phys. B 70 (1974) 39; R. Haag, J. T. Lopuszanski,
M. Sohnius, Nucl. Phys. B 88 (1975) 257.

D. Z. Freedman, P. van Nieuwenhuizen, S. Ferrara, Phys. Rev. D 13 (1976)
3214; S. Deser, B. Zumino, Phys. Lett. B 62 (1976) 335

H. P. Nilles, Phys. Rep. 110 (1984) 1; H. E. Haber, G. L. Kane, Phys. Rep. 117
(1985) 75; L. Ibanez, Beyond the Standard Model. In: CERN Yellow Report,
CERN 92-06 (1992) 131-237

J. R. Ellis, J. S. Hagelin, D. V. Nanopoulos, K. A. Olive, M. Srednicki, Nucl.
Phys. B 238 (1984) 453

C. L. Bennett et al. [WMAP Collaboration], Astrophys. J. Suppl. 148 (2003)
1; D. N. Spergel et al. [WMAP Collaboration], Astrophys. J. Suppl. 148
(2003) 175

J. R. Ellis, K. A. Olive, Y. Santoso, V. C. Spanos, Phys. Lett. B 565 (2003)
176; Phys. Rev. D 71 (2005) 095007 [397 [403] [405]

H. Baer, A. Belyaev, T. Krupovnickas, A. Mustafayev, JHEP 0406 (2004) 044;
J. Ellis, S. Heinemeyer, K. A. Olive, G. Weiglein, Indications of the CMSSM
mass scale from precision electroweak data, hep-ph/0604180 B97] H03]

H. E. Haber, R. Hempfling, Phys. Rev. Lett. 66 (1991) 1815

R. Hempfling, A. H. Hoang, Phys. Lett. B 331 (1994) 99; S. Heinemeyer,
W. Hollik, G. Weiglein, Phys. Lett. B 455 (1999) 179; Phys. Rept. 425
(2006) 265



414 7 Comparison Between Theory and Experiment and Future Perspectives

65. S. Ferrara, E. Remiddi, Phys. Lett. B 53 (1974) 347

66. J. L. Lopez, D. V. Nanopoulos, X. Wang, Phys. Rev. D 49 (1994) 366; U. Chat-
topadhyay, P. Nath, Phys. Rev. D 53 (1996) 1648; T. Moroi, Phys. Rev. D 53
(1996) 6565 [Erratum-ibid. D 56 (1997) 4424]

67. S. P. Martin, J. D. Wells, Phys. Rev. D 64 (2001) 035003

68. D. Stockinger, J. Phys. G: Nucl. Part. Phys. 34 (2007) 45 [hep-ph/0609168] £00 E02] 03] 4

69. G. Degrassi, G. F. Giudice, Phys. Rev. 58D (1998) 053007 0T {02

70. M. Krawczyk, PoS HEP2005 (2006) 335 [hep-ph/0512371] 01l

71. S. Heinemeyer, D. Stockinger, G. Weiglein, Nucl. Phys. B 690 (2004) 62; ibid
699 (2004) 103 EIT

72. T. F. Feng, X. Q. Li, L. Lin, J. Maalampi, H. S. Song, Phys. Rev. D 73 (2006)
116001

73. M. J. Ramsey-Musolf, S. Su, Low energy precision test of supersymmetry, hep-
ph /0612057

74. S. Heinemeyer, W. Hollik, D. Stockinger, A. M. Weber, G. Weiglein, JHEP
0608 (2006) 052 [hep-ph/0604147] A

75. M. Awramik, M. Czakon, A. Freitas, G. Weiglein, Phys. Rev. D 69 (2004)
053006

76. M. Misiak et al., Phys. Rev. Lett. 98 (2007) 022002

77. R. Barbieri, G. F. Giudice, Phys. Lett. B 309 (1993) 86; M. Carena, D. Garcia,
U. Nierste, C. E. M. Wagner, Phys. Lett. B 499 (2001) 141

78. L. F. Abbott, P. Sikivie, M. B. Wise, Phys. Rev. D 21 (1980) 1393; M. Ciuchini,
G. Degrassi, P. Gambino, G. F. Giudice, Nucl. Phys. B 527 (1998) 21

79. S. P. Martin, J. D. Wells, Phys. Rev. D 67 (2003) 015002

80. W. Gerlach, O. Stern, Zeits. Physik 8 (1924) 110

81. G. E. Uhlenbeck, S. Goudsmit, Naturwissenschaften 13 (1925) 953; Nature 117
(1926) 264

82. C. Aubin, T. Blum, Nucl. Phys. Proc. Suppl. 162 (2006) 251

83. F. A. Harris, Nucl. Phys. Proc. Suppl. 162 (2006) 345 [401]

84. S. A. Dytman [CLEO Collaboration], Nucl. Phys. Proc. Suppl. 131 (2004) 32 [E07

85. S. Eidelman, Nucl. Phys. Proc. Suppl. 162 (2006) 323 07

86. F. Ambrosino et al., Eur. Phys. J. C 50 (2007) 729; G. Venanzoni, Nucl. Phys.
Proc. Suppl. 162 (2006) 339

87. O. Steinmann, Commun. Math. Phys. 237 (2003) 181 08

88. K. A. Olive, J. A. Peacock, Big-Bang cosmology, in S. Eidelman et al. [Particle
Data Group]|, Phys. Lett. B 592 (2004) pp. 191-201



List of Acronyms*

ABJ o Adler-Bell-Jackiw (anomaly)
AF Asymptotic Freedom
AGS o Alternating Gradient Synchrotron
BNL . Brookhaven National Laboratory
BO Betatron Oscillations
BPP Bijnens-Pallante-Prades
BW Breit-Wigner (resonance)
O Charge-conjugation
OO Charged Current
CD M Cold Dark Matter
CERN ..., European Organization for Nuclear Research
CHPT .. Chiral Perturbation Theory
CKM Cabibbo-Kobayashi-Maskawa

2*KLOE, CMD, SND, MD, BaBar, Belle, BES, E821, NA7, CLEO, CELLO,
TASSO are names of detectors, experiments or collaborations see Tab. 5.1l ALEPH,
DELPHI, L3 and OPAL are LEP detector/collaborations, CDF and D0 are TEVA-
TRON detectors/collaborations.



416 List of Acronyms

CL L Confidence Level
CM OT CMle © ettt e e Center of Mass
CP oo parity x charge-conjugation (symmetry)
CPT ............. time-reversal x parity x charge-conjugation (symmetry)
CQM Constituent Quark Model
O Callan-Symanzik
CVO Conserved Vector Current
DESY .. Deutsches Elektronen-Synchrotron
DIS Deep Inelastic Scattering
DR ... Dispersion Relation/Dimensional Regularization
ED oo Extra Dimension (D —4 > 1)
EDM . Electric Dipole Moment
EFT Effective Field Theory
EITL &ttt e electromagnetic
ENJL ... Extended Nambu-Jona-Lasinio (model)
EW Electro Weak
EWSB ..o Electro Weak Symmetry Breaking
exp (suffix/index) ... ..o experimental
FCNC ... Flavor Changing Neutral Currents

FNAL .... Fermi National Accelerator Laboratory (Batavia, Illinois, USA)
FP o Faddeev-Popov (Lagrangian)

B P Finite Part (integral)



List of Acronyms 417

FSR Final State Radiation
GE Gauge Fixing (Lagrangian)
GOR .o Gell-Mann, Oakes and Renner
GS Gounaris-Sakurai (parametrization)
B hermitian conjugate
HES Hyper Fine Structure
HK Hayakawa-Kinoshita
HKS Hayakawa-Kinoshita-Sanda
HLS Hidden Local Symmetry
H.O.or HO ..o Higher Order
ILC ..o International Linear Collider (future ete™ collider)
TR InfraRed
ISR Initial State Radiation
J-PARC ...... ... Japan Proton Accelerator Research Complex
KEK ....... High Energy Accelerator Research Organization, KEK, Japan
KLN Kinoshita-Lee-Nauenberg
KN Knecht-Nyffeler
KNO o Kinoshita-Nizic-Okamoto
LAMPEF ... Los Alamos Meson Physics Facility
575 Light-by-Light
LD.or LD ... Long Distance

LEP o Large Electron Positron (collider)



418 List of Acronyms

LHO o Large Hadron Collider
) ) Leading Logarithm
LMD .. Leading Meson Dominance
LN O Large N,
LO.orLO ... Lowest Order (Leading Order)
LOSP . Lightest Observable SUSY Particle
LSP Lightest Supersymmetric Particle
LSZ Lehmann, Symanzik, Zimmermann
L Minimal Subtraction
ISR Muon Storage Ring
MV Melnikov-Vainshtein
NO Neutral Current
NIL Nambu-Jona-Lasinio (model)
NLL Next to Leading Logarithm
NMR .o Nuclear Magnetic Resonance
NP New Physics/Non-Perturbative
IPT One Particle Irreducible
OPE .. Operator Product Expansion
P Parity (Space-reflection)
PCAC ... Partially Conserved Axialvector Current
PM T Photo Multiplier Tube

PQCD perturbative QCD



List of Acronyms 419

POl o Paul Scherrer Institut
QCD Quantum Chromodynamics
QED . Quantum Electrodynamics
QF T Quantum Field Theory
QM Quantum Mechanics
QP M Quark Parton Model
RG Renormalization Group
RLA Resonance Lagrangian Approach
S.D.or SD o Short Distance
SD o Standard Deviation (1 SD =1 o)
SLAC .o Stanford Linear Accelerator Center
ST Standard Model
SQED L scalar QED
SSB Spontaneous Symmetry Breaking
SUGR A Supergravity
SUSY o Supersymmetry
SVZ Shifman-Vainshtein-Zakharov
0 Time-reversal
the (suffix/index) ...... ..o theoretical
TEVATRON ................... TeV Proton-Antiproton Collider at FNAL
TDHM .o Two Doublet Higgs Model

UV UltraViolet



420 List of Acronyms

VEV Vacuum Expectation Value
VMD oo Vector Meson Dominance
VP Vacuum Polarization
VVA Vector-Vector-Axialvector (amplitude)
WMAP .. Wilkinson Microwave Anisotropy Probe
W Ward-Takahashi (identity)
WZW o Wess-Zumino-Witten (Lagrangian)

Y T Yang-Mills



Index

Adler—function, 198 267 B8],
Adler-Bell-Jackiw anomaly, [[29] [T58]
1611 230 2311
a/e
experiment,
experimental value, [[44] [163]
lowest order result,
QED prediction, [[64]
SM prediction,
theory,
ay, [
experiment, [T43]
experimental value, [366] [377]
hadronic contribution
leading, [[55] [156] 2941
subleading, [[57]
hadronic light—by-light scattering,
153 158
lowest order result,
QED prediction, [I66],
SM prediction, 377
theory,
weak bosonic corrections,
weak contribution, [[4] [I60] [162]
weak fermionic corrections,
analyticity, [67],
anapole moment,
annihilation operator, 23] [46]
anomalous dimension,
anomalous precession,
anomaly
cancellation, [T61] 230} 233] B3T],

anti-screening, [127]

anti-unitarity, 30} 11 304
anticommutation relations,
asymptotic condition,

asymptotic freedom, [§] [0 T09] [[27
234

baryon number
conservation,
violation,
betatron oscillations,
Bhabha scattering,
Bloch-Nordsieck prescription, [[12]
Bohr magneton, B [6] T41]
boost, 24
Bose condensate, [34]
bosons,
bremsstrahlung, [[12]
collinear,
cuts, [270
hard, I18]
soft, [13]
exponentiation,

C', see charge conjugation

Cabibbo-Kobayashi-Maskawa matrix ,
see CKM matrix

canonical scaling,

Casimir operator,

causality, [67] 69, 154

Einstein,
charge conjugation, 8

chiral
currents, 239 2401
fields,



422 Index

perturbation theory, 129 [I53

(239H242] 266] [300), 3141
symmetry, [129)

symmetry breaking,

chronological products , see time or-
dered products

CKM matrix, [33] [71] 226] 299]
Cold Dark Matter, [382]
color, 43]

factor, [R4]
commutation relations,
computer algebra,
confinement,
conformal invariance,
conformal mapping, [85]
constituent quarks, 239 2441 BOTH320

500
masses, 2311 3201
model, 2371

counter terms,
covariant derivative, [44] 1211
cpP

symmetry,

violation, 71} 226 BX4]
CPT

symmetry, [

theorem, [0}
creation operator, 23] [40]
cross—section, (3]

bremsstrahlung,

data,

differential,

dressed, [269]

exclusive, [[17],

inclusive, [[14] 017

total, [B4]

undressed, 269 284]
crossing

particle-antiparticle, [51]
current

conserved, [02]

dilatation, {03

electromagnetic, B0,

partially conserved,
current quarks,

masses, [146] 237]
custodial symmetry,
Cutkosky rules, 190, 237
CV(C, 239

cyclotron frequency, [[44] 359
cyclotron motion, 347

d’ Alembert equation,
decay-rate, 53] (4]
decay law, 54
decoupling,
decoupling theorem,
deep inelastic scattering,
detector acceptance,
detector efficiency,
dilatation current,
dipole moment,
non-relativistic limit,
Dirac
algebra,
helicity representation,
standard representation,
equation, 27]
field, 26|
matrices,
spinor, 2711
adjoint,
dispersion integral,
dispersion relation, [[81]
dispersive approach,
duality
quark—hadron,
quark—lepton, 230]
Dyson
series,
summation, [78]

electric dipole moment, [ @} [0 B3]

42 70} [I71] 226, (36T
electromagnetic

current, 30 [45]
hadronic,
vertex,
electron
charge,
EDM,
mass,

electron—positron annihilation, [153

ete™ cross—section,

in pQCD,
ete”data, [[55)
equation of motion,
error



correlations,

propagation,
Euclidean field theory,
exclusion principle,
exponentiation

Coulomb singularity,

soft photon,

factorization, [T,
Faddeev-Popov
ghosts, [26]
term,
fermion
loops,
strings,
fermions,
Feynman propagator, [47]
Feynman rules,
EFT,
QCD,
QED, E17
resonance Lagrangian,
sQED, 1211
field
left—handed,
right—handed,
field strength tensor
Abelian,
dual, 2341
electromagnetic,
non—Abelian, [[25]
Final State Radiation, [T 293]
fine structure constant, [55]
effective, [I83] M85 284]
flavor
conservation,
mixing, 226]
violation, 38§
Foldy-Wouthuysen transformation,
four-momentum,
conservation, [51]
four—spinor,
Fourier transformation,

g-factor, 6 41} B55, B6R,
gauge
coupling, B4 [[25] 226, 228 392

Feynman, [78] [89] 00, 05 232
fixing, [120]

Index 423

group, (44
invariance, 29 {41 [160] [Tl
Landau, [[04]
parameter, [45]
symmetry, [71]
unitary, B4 [[60, I7T] 228]
gauge theory
Abelian,
non—Abelian,
gauge boson
masses, [[45]
gauge transformation
Abelian,
Gell-Mann Low formula,
gluons, [43] [25] 053] 238] 28] 25T] 287
jet,
Goldstone bosons, 240 P4T]
Gordon identity, 07
GOR relation, 242}
Grand Unified Theory, [383]
scale, [383]
Green function, [46]
time ordered,

hadronic
light—by—light scattering,
hadronic contribution, [[97]
hadronic effects, I3
hadronization,
handedness , see helicity [IT]
helicity, 111 341 235 364,
Hermitian transposition,
hierarchy problem,
Higgs, 23] 16T 227
boson, [I60]
contribution, 229 257]
ghosts, [[71]
mass, [[45] 227]
mechanism, [34] [[29] I71]
phase, [I71]
two doublet model,
vacuum expectation value, 2271
Hilbert space,

imaginary time, [67],
infrared behavior, [[00]

infrared problem, 4] 511 [R]] O7]
infrared save,



424 Index

Initial State Radiation, [[17, 269 2RT]
232

integral
contour, [67] 18T
form factor,
self-energy,
tadpole,

interaction
electromagnetic, [44]
final state,
hadronic, 53]
strong, [[25] 153
weak, [160]

invariance
C,P,T,B1
dilatation,
gauge, [44]
relativistic,
scale,

isospin
symmetry,
symmetry breaking,

isospin violation,

Jarlskog invariant, [['71]

jets,
gluon jet,
Sterman-Weinberg formula,

Kinoshita-Lee-Nauenberg, [[17] [293]
Klein-Gordon equation, 28] [7]

Landau pole, [10, 012}
Larmor precession, [143]
lattice QCD, [70}, 129 [[31] 267, B4
lepton—quark family, 225] 231
leptons, [IG1]
masses,
quantum numbers,
lepton number
violation,
lifetime, [54]
light—by—light scattering, [51]
hadronic, [I57],
pion—pole dominance,
logarithm
leading,
Sudakov,
long distance behavior,
Lorentz

boost, 28] A1
contraction,
factor,
force, B53]
invariant distance, [24]
transformation, 24]
LSZ reduction formula, [52]
luminosity, [54]

magnetic moment, [5]
anomalous, [@9] [T41]
meson
exchange,
minimal
coupling, [44]
substitution, [21]
minimal subtraction, [63}
scheme,
momenta
non-exceptional, [[Q1]
ut—decay,
muon
EDM, 072 B34
lifetime, [
magic momentum,
magnetic precession,
mass, [
orbital motion,
storage ring, [I3]
muonium, [I44]
hyperfine splitting,

Nambu-Jona-Lasinio,

naturalness problem,
non—perturbative effects, 248 274
non-relativistic limit, [35HT40
nuclear magnetic resonance, [[44],

Omnes representation, 303
1PI, see one—particle irreducible
one—particle irreducible, B0, [77]
one loop integrals,
scalar, [[2] [73]
OPE, 241} 2441253, 274 288

operator product expansion , see OPE
24 1)

optical theorem,

orderparameter, 251

oscillations



Index 425

betatron, quantum mechanics
magnetron, 3711 time evolution,
transition probability, 24]
parity, 8 24} quantum field theory, Bl
violation, 226] quantum mechanics
partons, state space, 24
Pauli quark
equation, [I35] condensates, 240] 242] 252] 274]
matrices, quark parton model, [54] 231],
term, (10} [60] 1441 quarks, @3] M25 53] 061 48]
PCAC, 239 quantum numbers,
Penning trap, 144]
cylindrical, R-parity,
perturbation expansion, radial electric field correction,
™ ifdeca}’, radiation
pion final state, 283] 293]
decay constant, initial state, [17] 269, P=1] 287,
form—factor, 276, 280, 282 293] radiative corrections, [76} [[16] 140,
300H300 radiative return, 281]
Brodsky-Lepage, regularization, {7
data, renormalizability, [60, [25] [[44] [61] 225]
mass,
scattering, renormalization, ET]
lengths, charge,
phase shift, coupling constant,
pitch correction, group,
Planck scale, [394] mass,
Poincaré group, MS scheme,
ray representation, on—shell scheme,
polarization, 28 364} scale, [T4]
polarization vector theorem,
photon, wave function, 56| T84
pole mass, renormalization group,
polylogarithms, representation
power-counting theorem finite dimensional,
Dyson, [I0T] fundamental, 37 226]
Weinberg, [10T] non—unitary,
precession frequency, [144] unitary,
resonance, [155]
QCD Breit-Wigner,
asymptotic freedom, [I55] narrow width,
perturbative, [[55] p—meson,
renormalization group, 1291 p — w mixing, 274
running coupling, [[54] p—parameter, 227 [100]
QED in external field, rotation, 241
QPM , see quark parton model [I54] running o, [[31]
Quantum Chromodynamics, [8 [48] running charge, [I84]
I25HI3T]

Quantum Electrodynamics, [l F4H40] S—matrix, @3] BT 304



426 Index

scaling, [T0X]
s—channel, 272}
self-energy
lepton,
photon,
short distance behavior, [[07]
space-like, [I85] 198 267
space-reflection , see parity 8
special Lorentz transformation , see
boost
spectral condition,
spectral function, [I87]
spin, 6] B4HZ4
operator, [6]
spinor
representation,
spontaneous symmetry breaking, [I71]
251
Standard Model, E, T4 E8] 2241
supersymmetry,

T , see time-reversal [§]
T-matrix, B
element,
tadpole,
T—data, [57, 298H300
t—channel,
tensor
antisymmetric,
decomposition,
energy momentum,
integral, [74]
metric,
permutation,
vacuum polarization, [77]
theorem
Adler-Bardeen non-renormalization,
233 238
Cauchy’s, [IZ]]
CPT,EI
decoupling, 1501
Furry’s,
Kinoshita-Lee-Nauenberg, I17]
Noether’s, [71]
optical, 122] 155 189
Osterwalder-Schrader,
renormalization,
spin—statistics, 29
Watson’s,
Thomas precession,

Thomson limit, 58] 184
threshold, R3]
time-like,

time-reversal, [ [24]
time dilatation, (Bl [143]
time ordered products,
translation,

ultraviolet behavior, 07
ultraviolet problem, (B3]
unitarity, (46} [54] 304

vacuum, [20]
vacuum expectation value, [34]
vacuum polarization, [(6} [84] [T48]
hadronic, [154]
Van Royen-Weisskopf formula,
vector—-meson, 253]
dominance, 125] 158]
vertex
dressed,
electromagnetic,
vertex functions,
VMD model, B12] BT4] [320)

Ward-Takahashi identity, 59,
wave function,
weak
gauge bosons,
hadronic effects, 230
hypercharge,
interaction,
isospin,
Wess-Zumino-Witten Lagrangian, [[58]
242]
Wick
ordering, 435] AT
rotation,
Wigner state,

Yang-Mills

structure,

theory, B 225]
Yennie-Frautschi-Suura,
Yukawa

coupling, [34] 396

interaction, [34]

Zeeman effect,
anomalous,



	Frontmatter
	Chapter 01
	Chapter 02
	Chapter 03
	Chapter 04
	Chapter 05
	Chapter 06
	Chapter 07
	Backmatter


<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Gray Gamma 2.2)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (ISO Coated)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Error
  /CompatibilityLevel 1.3
  /CompressObjects /Off
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJDFFile false
  /CreateJobTicket false
  /DefaultRenderingIntent /Perceptual
  /DetectBlends true
  /DetectCurves 0.1000
  /ColorConversionStrategy /sRGB
  /DoThumbnails true
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams true
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo true
  /PreserveFlatness true
  /PreserveHalftoneInfo false
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts false
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 150
  /ColorImageMinResolutionPolicy /Warning
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 150
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /ColorImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 150
  /GrayImageMinResolutionPolicy /Warning
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 150
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /GrayImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 600
  /MonoImageMinResolutionPolicy /Warning
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 600
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile (None)
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /Description <<
    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000410064006f006200650020005000440046002065876863900275284e8e55464e1a65876863768467e5770b548c62535370300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef69069752865bc666e901a554652d965874ef6768467e5770b548c52175370300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /DAN <>
    /DEU <>
    /ESP <>
    /FRA <>
    /ITA (Utilizzare queste impostazioni per creare documenti Adobe PDF adatti per visualizzare e stampare documenti aziendali in modo affidabile. I documenti PDF creati possono essere aperti con Acrobat e Adobe Reader 5.0 e versioni successive.)
    /JPN <>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020be44c988b2c8c2a40020bb38c11cb97c0020c548c815c801c73cb85c0020bcf4ace00020c778c1c4d558b2940020b3700020ac00c7a50020c801d569d55c002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken waarmee zakelijke documenten betrouwbaar kunnen worden weergegeven en afgedrukt. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 5.0 en hoger.)
    /NOR <>
    /PTB <>
    /SUO <>
    /SVE <>
    /ENU (Use these settings to create Adobe PDF documents for journal articles and eBooks for online presentation. Created PDF documents can be opened with Acrobat and Adobe Reader 5.0 and later.)
  >>
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [595.276 841.890]
>> setpagedevice




